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PREFACE. 


THis Reprint of my Electrical Papers comes about by the union ot 
a variety of reasons and circumstances. 

First, there was a demand for certain of my papers, especially for 
a set relating to Electromagnetic Waves. Although I distributed 49 
copies in a collected form, I was asked for more, and also received 
assurances that a republication of my papers in general would be 
useful. But this demand. was too small to lead to an immediate 
supply. 

Secondly, however, at the beginning of 1891 it was proposed to 
me by the publisher of The Electrician that my articles on “ Electro- 
magnetic Theory,” then commencing and now continuing in that 
journal, should be brought out later in book form. This was satis- 
factory so far as it went, but it brought the question of a reprint 
of the earlier papers to a crisis. For, as the later work grows out 
of the earlier, it seemed an absurdity to leave the earlier work 
behind. 

Thirdly, the experimental work of Hughes in 1886, furnishing the 
first evidence (in the sense ordinarily understood, though other evidence 
was convincing to a logical mind) of the truth of the theory of surface 
conduction along wires under certain circumstances, first advanced by 
me a year previously ; followed in 1887-8 by the experimental work 
of Hertz and Lodge on electrical vibrations and electromagnetic waves, 
still further confirming the above, and also broadly confirming the 
truth of the theory of the propagation of disturbances along wires I 
had worked out on the basis of Maxwell’s doctrine of the ether in 
its electromagnetic aspect, and the correctness of Fitzgerald’s ideas 
concerning electrical radiation, and of the nature of the energy-flux 
developed by Poynting and myself from Maxwell’s theory, were the 
means of stirring up an amount of interest in this theory that was 
quite wonderful to witness. That electrical disturbances were pro- 
pagated in time through a medium was raised from a highly probable 
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speculation to an established fact. A careful study by electrical 
physicists of Maxwells development of Faraday’s ideas became im- 
perative, especially on the Continent, where Maxwell’s work had 
hitherto met with a singular want of appreciation, arising, I believe, 
mainly from misconception of his theory of electrical displacement. 
This misconception, I think, exists even now, since some writers apply 
to Maxwell’s theory ideas and processes which seem to me to be 
thoroughly antagonistic to his views. But even in England the theory 
had been much neglected. For one thing, much attention was being 
devoted to the dynamo. Then again, the form in which Maxwell 
presented his theory did not, I think, display its merits in a manner 
they deserve, and suited for legitimate development. Moreover, the 
contrast between the old notions of electricity and Maxwell’s was so 
great that mere natural conservatism stood in the way. A stimulus 
was wanted in favour of a theory so ill-understood and (apparently) so 
far removed from actual observation. But the experimental stimulus 
having come, the result has been a flood of other experimental work, 
mostly tending to confirm the general theory. A work, therefore, like 
the present, which is, in the main, devoted to the elucidation and 
extension of Maxwell’s theory, and of the mathematical methods suited 
to it, should have a legitimate place amongst others. Though it was 
nearly all done before the electrical ‘‘boom” began, it may not be out 
of date, and may perhaps be, in some respects, ahead. 

Fourthly, it had been represented to me that I should rather boil 
the matter down to a connected treatise than republish in the form 
of detached papers. But a careful examination and consideration of 
the material showed that it already possessed, on the whole, sufficient 
continuity of subject-matter and treatment, and even regularity of 
notation, to justify its presentation in the original form. For, instead 
of being, like most scientific reprints, a collection of short papers on 
various subjects, having little coherence from the treatise point of 
view, my material was all upon one subject (though with many 
branches), and consisted mostly of long articles, professedly written 
in a connected manner, with uniformity of ideas and notation. And 
there was so much comparatively elementary matter (especially in 
what has made the first volume) that the work might be regarded not 
merely as a collection of papers for reference purposes, but also as 
an educational work for students of theoretical electricity. 

As regards the question, “ Will it pay?” little need be said. For, 
fiftbly, however absurd it may seem, I do in all seriousness hereby 
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declare that I am animated mainly by philanthropic motives. I desire 
to do good to my fellow-creatures, even to the Cui bonos. 

Having thus justified the existence of this reprint, it remains for 
me to indicate the general nature of the contents, and, in doing so, 
I will imagine myself (usually) to be addressing an intelligent and 
earnest student, who means business. The first twelve articles, pp. 1 
to 46, are on matters dealing mainly with telegraphy, and are but 
loosely connected. But a sort of continuity then begins, for the next 
eight articles, up to p. 179, deal mainly with the theory of the pro- 
pagation of variations of current along wires, beginning with applica- 
tions of the simple electrostatic theory of Sir W. Thomson (1855) to 
cables under different circumstances (terminal resistances, condensers, 
etc., intermediate leakage, etc.), and followed by extensions to include 
selfinduction, or the influence of the inertia of the magnetic medium, 
and the mutual influence, both electrostatic and magnetic, of parallel 
wires. The last of this set, Art. XX., has not been printed before. 
It is, however, in its right place, having been written in 1882 as a 
sequel to the papers preceding it. It may be found useful to those 
who are interested in the subject as an intermediate between the 
papers of this set and the later series in the second volume, wherein 
the subject is treated from a more comprehensive point of view, viz., 
Maxwell’s theory of the ether as a dielectric. There is no conflict. 
The later investigations are generalizations of the earlier, or the earlier 
are specializations of the later; and I can recommend the earnest 
student to read the earlier set first, before proceeding to the more 
advanced treatment in the later set. 

We next come to a series of papers published in The Electrician 
between the autumn of 1882 and the autumn of 1887, when under 
the editorship of Mr. C. H. W. Biggs, to whom I desire to express 
my obligations for the opportunity he gave me of exercising my 
philanthropic inclinations, in the face, as I afterwards learnt, of con- 
siderable opposition. These papers extend over about 500 pages, 
mostly in this, partly in the second volume, and are usually long 
articles, with continuity. They relate to electrical theory in general. 
Beginning with the abstract relations of the electrical quantities, and 
the mathematics of the subject in vector form (of an elementary kind), 
including a general theory of potentials and connected quantities 
expressed in the rational units I introduced, we pass on to the con- 
sideration of the energy of the electric and magnetic fields, and the 
transformations concerned in the phenomenon of the electric currents 
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including an account of Sir W. Thomson’s theory of thermo-electricity. 
Next comes a pretty full study of the theory of the propagation of 
induction and electric current in round cores, to which I was led 
by my experiments with induction balances, in the endeavour to 
explain certain phenomena observed. The analogy with the motion 
of a viscous liquid is also introduced and developed. 

Lastly we come (1885) to a more comprehensive treatment of 
electromagnetism, based upon Maxwell’s theory, in “ Electromagnetic 
Induction and its Propagation,” of which the first half is in this 
volume. I here introduce a new method of treating the subject (to 
which I was led by considering the flux of energy), which may perhaps 
be appropriately termed the Duplex method, since its main character- 
istic is the exhibition of the electric, magnetic, and electromagnetic 
equations in a duplex form, symmetrical with respect to the electric 
and magnetic sides, introducing a new form of fundamental equation 
connecting magnetic current with electric force, as a companion to 
Maxwell’s well-known equation connecting magnetic force and electric 
current. The duplex method is eminently suited for displaying 
Maxwell’s theory, and brings to light many useful relations which 
were formerly hidden from view by the intervention of the vector- 
potential and its parasites. There is considerable difficulty in treating 
electromagnetism by means of Maxwell’s equations of propagation in 
terms of these quantities, as presented in his treatise. The difficulty 
is greatly increased, if not rendered practically insuperable, when we 
pass to more advanced cases involving heterogeneity and eolotropy and 
motion of the medium supporting the fluxes. Here the duplex method 
furnishes what is wanted in general investigations, and is the basis of 
“Electromagnetic Induction” and of the whole of the second volume. 
The electric and magnetic forces (or fluxes) and their variations are 
the immediate objects of attention in the duplex method, whilst 
potentials are treated as auxiliary quantities which do not possess 
physical significance as regards the actual state of the medium, though 
they may be useful for calculating purposes. 

Towards the end of this volume the electric and magnetic stresses 
are considered. The treatment was interrupted, but a later paper, 
“On the Forces, Stresses, etc.,” in the second volume contains what 
was‘to have been its continuation, and developments thereof. The 
reason of the break was that the interest excited by Professor Hughes’s 
1886 experiments made it desirable that I should at once publish other 
matter long in hand, namely, developments of the views relating to 
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the functions of wires and of the dielectric surrounding them, explained 
in Section 11. of “Electromagnetic Induction.” These developments 
are contained in the second half of that article (Art. XXXV., vol. IL) 
and in the article “ On the Self-Induction of Wires ” (Art. XL., vol. 11.), 
published in the Philosophical Magazine in 1886-7. The reader is re- 
commended to read the former first, as it is much more elementary 
than the latter, which contains mathematical developments and ex- 
aminations unsuited to The Electrician. The subject is the diffusion 
of electrical waves into wires from their boundaries and the propaga- 
tion of waves along the wires through the insulator surrounding them, 
supplying the wires themselves with the energy they absorb. Also 
the self-induction of various arrangements of apparatus, and the 
theory of induction balances. 

But in the year 1887 I came, for a time, to a dead stop, exactly 
when I came to making practical applications in detail of my theory, 
with novel conclusions of considerable practical significance relating 
to long-distance telephony (previously partly published), in opposition 
to the views at that time officially advocated. On the official side 
the electrostatic theory was upheld, with full application of the re- 
tardation law of the imverse-squares to telephony; inertia being 
regarded as a disturbing factor, assumed to be of a harmful nature, 
but argued to be quite negligible in long copper-circuits, because 
telephony through such circuits of low resistance was so successful. 
On the other side was my theory asserting that owing to the rapidity 
of telephonic changes of current inertia was not negligible, that it 
was often important, and sometimes, as in the case of wires of low 
resistance, even a dominating factor. Furthermore, that it was not 
harmful, but was, on the contrary, beneficial in its effects, which was, 
in fact, the very reason why long-distance telephony was successful. 
Then, as regards the measure of the inductance, it was asserted on 
the official side that the inductance per centim. of a copper suspended 
circuit was (in electromagnetic units) only a minute fraction of unity ; 
whilst on the other side it was declared to be some hundreds of times 
as big, say from 10 to 20 per centim. of circuit. Here was the most 
complete possible antagonism between my views and official views, 
both in principle and in detail, and a careful consideration and dis- 
cussion of the matter was desirable. Yet I found it next to impossible 
to ventilate the matter. First of all, I was prevented by circumstances 
which need not be mentioned from bringing the matter before the 
S. T. E. and E. in the spring of 1887 (Art. XLI., vol. 11.). Next, a little 
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later, the editor of the Philosophical Magazine could no longer afford space 
for the continuation of my article on “The Self-Induction of Wires,” 
Part vill, dealing with the non-distortional circuit and telephony 
(p. 307, vol. 11.). Thirdly, after a partial exposition in Sections XL. to 
XLVI. of “ Electromagnetic Induction,” a change of editor occurred, and 
the new editor asked me to discontinue. He politely informed me that 
_ although he had made particular enquiries amongst students who would 
be likely to read my papers, to find if anyone did so, he had been 
unable to discover a single one. Fourthly, he returned a short article 
(Art. XXXVIII, vol. I1.) on the same subject of long-distance telephony, 
which pointed out official errors in detail, and directed attention to 
the contrary results indicated by my theory, this paper having been in 
official hands. And lastly, three other journals declined the same, 
for reasons best known to themselves. 

Perhaps it was thought that official views were so much more likely 
to be right that it was safe to decline the discussion of novel views 
in such striking opposition thereto. There seemed also to be an idea 
that official views, in virtue of their official nature, should not be 
controverted or criticized. But there seems something wrong here, 
as the above facts, and the later evidence in support of my views, 
have shown. For what other object have scientific men than to get 
at the truth, and how is it to be done without free discussion ? 

The student is particularly recommended to read the articles referred 
to, not merely on account of the telephonic application, but because 
of the simplicity of treatment which the distortionless circuit allows, 
and as a preliminary to the study of Electromagnetic Waves, to which 
it supplies a royal road. The action of leakage in promoting quick 
signalling is treated of in the early set in this volume; now the 
inductance of the-circuit has also a beneficial effect; and the two 
together conspire to annihilate the distortion which the resistance of 
the circuit produces. The same occurs (approximately) without the 
leakage, by the action of self-induction, if the frequency of alternation 
be sufficiently rapid, and the wires of not too great resistance. 

Now in the theory of electromagnetic waves there is a similar pro- 
perty, which throws considerable light upon the subject of waves in 
general. I had introduced, in 1885, for purposes of symmetry, the 
fictitious quality of magnetic conductivity. When its effects upon 
the propagation of waves in a real conducting dielectric are enquired 
into, it is found to act contrary to the real conductivity, so that the 
distortion due to the latter can be entirely removed by having duplex 
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conductivity. How this strange result comes to pass may be readily 
understood in detail by studying the theory of the distortionless circuit, 
in which the leakage conductance and the resistance of the circuit 
act oppositely in respect to distortion. 

The remainder of the second volume consists of investigations 
growing out of “ Electromagnetic Induction,” viz., the set relating to 
electromagnetic waves; the electromagnetic wave-surface; propaga- 
tion in a’ uniform conducting (duplex) dielectric, with the application 
to plane waves, either free or along straight wires; the connected 
theory of convection currents; the theory of resistance and conduct- 
ance operators; with a few miscellaneous papers concerning propaga- 
tion in moving media; finishing with an article discussing the forces 
and stresses concerned in the electromagnetic field. 

Acting under advice, I have not carried out my original design to 
make large additions. Limitations of space prevented this, and I 
have confined myself to an occasional small addition or footnote. 
These are put in square brackets, all such signs in the original papers 
being cancelled. For the rest, I have corrected misprints and obvious 
slips, and have made verbal improvements and omitted occasional 
redundant matter. The scientific reader may therefore refer to this 
work as to the original papers. Their dates, etc., are given at the 
commencement of the articles. 

I have introduced uniformity in the notation connected with vectors, 
though there was little change to be made except to put all vectors 
into Clarendon black type, as in some of the later of the original 
papers. The vector-algebra, I should mention, is of a rudimentary 
kind, and has nothing to do with quaternions; first, only addition 
and the scalar product are used, whilst later on the vector product 
is introduced and freely employed. 

On the vexed question of vectors, the conclusions to which I have 
gradually settled down are as follows :—The notorious difficulty of 
understanding and working Quaternions will always be a bar to their 
serious practical use by any but mathematical experts. But, on the 
other hand, a vector algebra and analysis of a simple kind, independent 
of the quaternion, and readily understandable and workable, can with 
great advantage take the place of much of the usual cumbrous Cartesian 
investigations, and be made generally useful in all physical mathematics 
concerning vectors, and be employed, comparatively speaking, by the 
multitude. It should obviously be harmonized with the Cartesian 
mathematics. The quaternionic system is defective in this respect ; 
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in its very nature it cannot be thus harmonized. The system I 
recommend is fully explained in “ Electromagnetic Theory,” chapter I11. 
(The Electrician, Nov. 13, 1891, and after). The numerous letter prefixes 
of the quaternionic system, which greatly contribute to the difficulty 
of reading quaternionic investigations, are abolished, retaining only 
the symbol V before a vector product. Another difficulty is in the 
scalar product of Quaternions being always the negative of the quantity 
practically concerned. Yet another is the unreal nature of quaternionic 
formulæ. The terms do not stand for physical quantities. Again, in 
most physical mathematics, the quaternion does not even present 
itself for consideration, or, at any rate, may be readily dispensed 
with. Lastly, the establishment of vector-algebra on a quaternionic 
basis is very hard to understand, as chapter 11. of Professor Tait’s 
treatise shows. These troubles are obviated by the method I follow, 
basing the whole upon the definition of a vector, and of the scalar 
and the vector product of a pair of vectors. The notation is harmonized. 
with Cartesians and transition is readily made. We may, indeed, 
regard a vector investigation, from this point of view, as a systemati- 
cally abbreviated Cartesian investigation, and the latter as the full 
expansion of the former. And, considering that the bulk of special 
investigations are necessarily scalar, it seems to me that we should 
keep in touch with them as far as possible, and not try to abolish 
the Cartesian method, but make it a useful auxiliary to the vector 
method. That quaternionic experts may do valuable work is un- 
doubted, but how can the bulk of mathematicians possibly under- 
stand it? 

Lastly, on the question of units, it is not, I think, generally under- 
stood that the ordinary electrical units involve an absurdity similar 
to what would be introduced into the metric system of common units 
were we to define the unit area to be the area of a circle of unit 
diameter. A rational system of units founded upon a rational defini- 
tion of a pole (electric or magnetic), associating the unit pole with 
one line of the corresponding force or flux instead of with 47, was 
employed by me in some of the earlier papers (1882-3), but was not 
carried out further because I believed that a reform of the electrical 
units was impracticable. Now, I had commenced “ Electromagnetic 
Theory” in January, 1891, with rational units merely to exhibit the 
theory in a fitting manner, intending to transform later to the common 
units. But I came afterwards to the definite conclusion that a thorough 
reform of the electrical units is practicable and perhaps indeed inevit- 
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able, and shall therefore continue the use of the rational units. But 
this decision was only arrived at after a considerable portion of this 
volume was in type. I have, therefore, not altered to rational units 
throughout, as I should have preferred; though, on the other hand, 
the long article LII. at the end of the second volume remains as it 
was written, in rational units. But we are, in the opinion of com- 
petent judges, within a measurable distance of a reform of the ordinary 
heterogeneous British units, by adoption of the metric system. I hope 
and believe that the smaller reform I advocate will be determined upon 
by electricians. 


Paicnron, Devon, June 16, 1892. 
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I.—COMPARING ELECTROMOTIVE FORCES. 
[English Mechanic, July 5th, 1872, p. 411.] 


THE following null arrangement for comparing electromotive forces is, 
as far as I am aware, original :—Join up the two batteries E£] and £E, 
with a galvanometer, as in the diagram, so that their currents go through 
it in opposite directions. Also insert resistances R and r. Let gand y be 
the unknown resistances of the bat- 
teries, and 1,, tẹ îs the currents in the 
three branches. ‘Then we have 

1, —t, +1, =0, 

(R+2)i, + gis =Ey 
(r + y)ia + gis = Ez 

Now, by altering the resistance R, 
bring the needle to zero. Then 1,=0, 
and 1, =1,, therefore 

E R+2% 

E, r+y 
Here we have the unknown resist- 
ances, « and y, in our result; but by 
taking another value of R, say A’, and 
finding the corresponding value of 1, 
say 7”, we get the simple result 


E, ror Or 
the ratio of a difference in the value of È to a difference in the value of 
r. This method, involving no calculation, as only two differences have 
to be observed, and being perfectly independent of the resistances of 
the batteries and galvanometer, gives very good results. A further 
advantage is that, as ¿i =i, and no current passes through the galvano- 
meter, each battery is being worked to exactly the same degree. Thus 
they are compared under similar conditions, which is not the case in 
Poggendorff’s and other methods. 


H.E.P.—VOL. LĒ A 
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II.—VOLTAIC CONSTANTS. 
[Telegraphic Journal, May 15th, 1873, p. 146.] 


THIS journal for April 15th contains an article on a “ New Method of 
Determining Voltaic Constants.” It is new, inasmuch as it is not to be 
found in any electrical books, as far as I am aware, but it is not entirely 
new. The method to which the diagrams 6, 7, and 8 refer was devised 
by me about three years ago, and it will be found in the English 
Mechanic for July 5, 1872, p. 411. A description and proof will be 
found there. I arrived at it nearly as M. Emile Lacoine has, by 
considering the potentials of the different points of a circuit containing 
two electromotive forces of the same sign. Perhaps a few remarks as 
to the value of this method may not be unacceptable. It gives very 
different results from Poggendorff’s, and with reason. Poggendorff’s 
method—in which the battery having the lesser electromotive force is 
not allowed to work—especially as improved on by Latimer Clark, 
most certainly is an exceedingly accurate way of comparing the electro- 
motive forces of elements when not in action, which may be then very 
well called their potentials ; but it is a notorious fact that these potentials 
fall more or less, generally more, when the batteries are called upon to 
make themselves useful. The new method in question compares the 
working electromotive forces of batteries when in action through any 
desired resistance, and can on that account be of some value in practice. 
(What is the use of a battery having a very great potential if it is only 
while sleeping?) Suppose we compare a number of Daniell’s with an 
equal number of Leclanché’s by the new method. Referring to the 
figure, let the right-hand battery be the 
Leclanché’s with the big and lazy potentials, 
10 and the left the Daniell’s with the smaller but 

more industrious potentials. Then 

LAB 
D Ab 

expresses their relative electromotive forces. 
Now we may watch the behaviours of these 
batteries in an instructive manner by commencing with very high 
values of B and 6, and for convenience we may make Ad constantly 
100 ohms. At first AB will be found much higher, say 150, showing 
that the electromotive force of the Leclanché’s is at that moment 
50 per cent. higher than the Daniell’s; but by constantly taking 
100 ohms away from ù, the corresponding difference in B, namely AB, 
becomes smaller and smaller, and if we go on for a little while (for the 
Leclanché’s soon get tired) AB will become actually less than 100 ohms, 
and, if the batteries be left working, may fall much lower. We may 
reverse the process, but AB will not become 150 again unless we give 
the Leclanché’s a good rest. No two series of trials agree, however. 
The meaning of all this is that the electromotive force of the Leclanché 
element, for continuous working, is anything between nothing and 1-2 
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or 1:3 times that of Daniell’s. I have even seen the current of a 
Leclanché cell reverse itself after a few hours’ hard work, but it partially 
recovered after a rest. | 


IIL—ON THE BEST ARRANGEMENT OF WHEATSTONE'’S 
BRIDGE FOR MEASURING A GIVEN RESISTANCE WITH 
A GIVEN GALVANOMETER AND BATTERY. 


[Phil. Mag., Feb. 1873, S. 4, vol. 45.] 


In the figure, a, b, c, and d are the four sides of the electrical arrange- 
ment known as Wheatstone’s bridge or balance, e the galvanometer, 
and f the battery branch. Throughout this paper d is supposed to 
be the resistance to be measured, and e and f both known. The 
problem is to find what resistances should be given to the sides a, 3, 
and c (which we are able to vary), so that the galvanometer may be 
affected the most by any slight departure from the balance which occurs 


f 


when a:b=c:d. The nature of this problem may be more easily 
understood from the following considerations:— _ 
1. If b, c, d, e, and f are given, then there is only one value of a 


which will produce a balance, viz., a =<. 


2. But ifc, d, e, and f are given, but not b, then there is an infinite 
number of pairs of values of a and b which will produce a balance by 
satisfying the relation a:b=c:d; and one particular pair will constitute 
the best arrangement, by which is meant that the galvanometer will be 


most sensitive to any slight departure from the equality of 7 and s 


when those particular values of a and b are used. 
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3. And if only d, e, and f are given, then for any value we give to c 
there is a pair of values of a and b which constitutes the best arrange- 
ment for that value of c; and there will be a particular value of c which, 
with the corresponding values of a and b, will be the best arrangement 
for the given values of d, e, and f. 

In order to find what functions a, b, and c must be of d, e, and f to 
constitute the best arrangement, it will be first necessary to find the 
best values of a and b when c, d, e, and f are given. This I now 
proceed to do. 

It is well known, and may be easily proved by Kirchhoff’s laws, that 
the current passing through the galvanometer is represented by 
a E x (a+b+c+d)(ad-— bc) (1) 

{(a+b)(c+d)+(at+b+ctd)e}{(atc)(b+d)+(atbt+ct+af} — 
in which Æ is the electromotive force of the battery. (ad - bc) may be 
positive, negative, or nothing, in which last case u=0, and a balance is 
obtained, no current passing through the galvanometer. 

Dividing both numerator and denominator of (1) by 


(a+b+c+d)?, 


ad — be 
ape a+b+ct+d 


S atseantenee: (2) 
(a+ b)(c +d) (a+c)(b+d) 
puar maour i \ 


from the form of which it may easily be seen that the best value of the 
resistance of the galvanometer e, when a balance is obtained and the 
other resistances are fixed, is, as Schwendler has shown in the Philoso- 
phical Magazine for May, 1866, 


_ (at+bjc+d)_, ct+d, 
a a ora T (3) 


that is, the resistance of the galvanometer should equal the resistance 
external to the galvanometer, being the joint resistance of the two 
parallel branches (a +b) and (c +d). Also it may be proved that the 
best arrangement of the battery is obtained when its resistance equals 
the external resistance, that is, 
_(a+c)(b+d)_, bed 

Saibecd rg ae T (4) 
the joint resistance of the two parallel branches (a + c) and (b + d). 

(In passing, I may notice that Schwendler, in the paper above 
referred to, and also in a later one in the Philosophical Magazine for 
January, 1867, has assumed it to be necessary for the battery resistance 
to be very small, in order that the relation exhibited in equation (3) 
may be satisfied. This appears to me to be totally unnecessary ; for 
the resistance external to the galvanometer when a balance is obtained 
is quite independent of f, the battery resistance. In fact, the proper 


resistance for the battery when it is to be most advantageously used is 
given by equation (4).) 


it becomes 
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As in 1 the present paper we are only concerned with such values of 
a, b, c, and d as produce a balance, or nearly so, one of these four 
resistances may be eliminated at once. Let it bea. Then 

(a+ b)(c+d)_ p ctd 
at+bt+c+d b+d 
(a+c)(b+d) | b+d 
atbterd e+e 
and a+bactdaOt Mera) 
Substituting these in equation (2), we get 
(ad — bc)d 


ery — b+d)(c+d) : 
{45+} : tots} 
= Ed x ae Ee, seseee (5) 
(bc + ef)(b +d)(c +d) + ce(b+ d)? + bf(c +d)” 
Now c, d, e, and f being fixed, and b the variable, we have to make u 
a maximum. As Ed is constant, it may be dismissed. As to the 
numerator (ad — bc), it vanishes when at a balance ; ; but of course such 


a thing as an exact balance is unattainable. Let d+A be the real 
value of the resistance we are measuring, d being the calculated value 


be 


T and A a small difference, then 


a(d + A) —be= +a. 
Therefore the numerator varies as a or as b, since in the present case a 
and b vary together. Hence we may write b for (ad — bc). Thus 
b 


~ (be + ef)(b6 + d)(c +d) + ce(b +d)? + bfe +d)? 
By differentiation and putting ot =0, we obtain 

(bc + ef )(b + d)(c + d) + celb +d)? + Bf(c +d)? 

= be(b + d)(c +d) + b(bc + ef)(¢ + d) + 2bce(b +d) + bf(c +d)? ; 
therefore 
ef(b+d)(c+d) + ce(b +d)? = b(bc + ef)(c + d) + 2bce(b +d), 
def(c +d) + ce(b + d)? = b?c(c +d) + 2bce(b +d), 
bze(c +d +e) =de(cd + df + fo), 
which gives the relation sought, 
ie eee ae cd+df+fe ,. (6) 


c+d+e 


and as a = be therefore 


N E A m 
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These values of a and b will be found to make on negative; there- 


fore they give the most sensitive arrangement for the fixed values of 
c, d, e, and f. 

If b vary from nothing upwards, it will be found that u rapidly 
increases up to its maximum value and then slowly decreases, from - 
which it may be concluded that it is better to use too large values of a 
and b than too small. 

In case c =d, formule (6) and (7) become 


As a numerical example of these formule, suppose the resistance to 
be measured d = 1,000 ohms, the galvanometer e = 500 ohms, the battery 
resistance f= 100 ohms, and we make c=1,000 ohms; then the best 
values for a and b will be found to be /240,000 = 100 /24, or nearly 
500 ohms. 

Having thus determined the relations of a and b to c, d, e, and f, the 
latter resistances being fixed, we now proceed to the second part of the 
problem, to determine the best values of a, b, and c when only d, e, and 
f are given. This is the case which occurs so often in practice, when 
we have a battery, a galvanometer, and a resistance to be measured, 
and three sides of a bridge ‘to which we may give any values we choose 
(within certain limits). 

Insert the values of a and b, as given in equations (6) and (7), in 
equation (5); then, after some reductions, we obtain 


ad — be 


d cd+df+fe_ 
2d d = E 
e(cd + f+ fe) + {(c+d+e)(cd + df + fe) + cde} qj? e 
We must now consider c the independent variable, a and b being 
dependent variables. (ad — bc) still varies as a. It does not, however, 
vary as b, but as the product bc or ad, since d is constant. Therefore 
we may put the known value of bc in the numerator instead of (ad — bc). 


u = 


Thus 
aae els 
uy = aaa O aaa 
2de(cd + df + fe) + {(c+d+e)(cd+df+ fe) + cde} r- . dta tfe 


Multiply numerator and denominator by af = j Poran and we have 


C 


"9 Jede(e+d +e)(cd + df + fe) + (c+d+e)(ed +df+fe)+ode 


which has to be made a maximum. Differentiating and putting T =0, 
€ 
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2 Jede(c+d+e)(cd + df +fe)+(c+d+e)(cd+df+fc)+cde 
4 
r/cde(cd + df + fc)(c +d +e) 
x {cde(cd + df + fc) + cde(ctd+e)\(d+f)+de(c+d+e)(cd+df+fc)} 
+e(c+d+e)(d+f) + c(cd + df + fc) + cde. 
Therefore 
2 Jcde(c+d+e)(cd+df+fc)+df(d+e)-—c(d+f) 
Aef e(cd +df + fe) +e(c+d +e)(d +f) +(c+d+e)cd +df+fe)} 
vedeled + df + fe)(c+d +e) 
Multiplying both sides of this equation by the denominator on the right 
hand side and reducing, we get 
{4d +e) -e(d +f)} Jede(c+d+ ¢)(cd + df + fe) 
=cdej?(d+ f) -dfid+e)}, 
which is satisfied by 
af(d +e) - {d +f) =0, 
which gives the required relation, 


+f? 
that is, c equals the square root of the product of the joint resistance of 
the battery and the resistance to be measured, into the sum of the resist- 
ance of the galvanometer and the resistance to be measured. Inserting 
this value of c in (6) and (7), we find the values of a and b to be 


DE AIG cated ab Sine ET (10) 
— Jdt 
b fades P tices ces EEE nimenecs (11) 


In using the Wheatstone’s bridge for measuring very high resistances, 
as, for instance, the insulation resistances of (good) telegraph lines, the 
battery resistance is usually very small in comparison with that of the 
line ; hence Te will be very little different from f. When. this is the 
case, formula (9) becomes 

c= Jf(d+e). 7 

If also the galvanometer resistance is small compared with the 
resistance to be measured, then these equations are sufficient for the 
determination of b and c, o 

b= yde, 
c= Ndf. 

As a numerical example of these formule, suppose f=100 ohms, 
e=1000 ohms, and d is known to be about 1,000,000 ohms. Then 
by (10), | 

a= »/100,000 = 316 ohms. 
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106+ 102 
By (9 =,/—_" ~~ (106+ 103) = hms. 
y (9), c 708 19x10 103) = 10,004 ohms 


p=- 31,608 ohms. 


These values of a, b and c will be the best. The more convenient 
arrangement, - 

a = 300, c = 10,000, 

b = 30,000, d = 1,000,000, 
would be very nearly the best. 

It appears to me that the formulæ (9), (10), and (11), or those follow- 
ing, will be found of considerable practical value. If the same battery 
and galvanometer be always used, the side a of the bridge will be a 
constant resistance, and a table of the nearest convenient values of b 
and c could be easily calculated for different values of d. Formula (3), 
which is Schwendler’s, can evidently have only a very limited applica- 
tion, as, for instance, to the construction of galvanometers for particular 
purposes. Formula (4) could be sometimes used; but it is a trouble- 
some thing to make combinations of cells for “ quantity ” or “intensity,” 
besides spoiling them if they are not all precisely similar. 

In conclusion, if, to measure a certain resistance, the best resistances 
for the galvanometer, battery, and the three sides a, b, and c were 
required, then we should have to make a=b=c=d=e=f, which can 
be proved by combining equations (3), (4), (6), and (10). This, 
however, is more curious than useful. 


IV.—SENSITIVENESS OF WHEATSTONE’S BRIDGE. 
(The Electrician, February 15th, 1879, p. 147.] 


Some difference of opinion prevails amongst electricians as to what 
constitutes the most sensitive arrangement of Wheatstone’s Bridge for 
comparing electrical resistances. Now, were Wheatstone’s Bridge little 
used, this would be of no importance ; but as it has, on the other hand, 
most extensive employment, it is certainly desirable that the matter 
should be thoroughly threshed out. When it is considered that Wheat- 
stone’s Bridge is by no means a complicated electrical arrangement, and 
that the laws regulating the currents in the different branches, and the 
proportions in which they are divided when division takes place, are 
extremely simple, and their accuracy as well established as that of the 
law of gravitation, the wonder is that there should be any doubt 
respecting a question which can be brought under mathematical reason- 
ing without any hypothetical assumptions whatever. In the following 
is given an outline of the subject, omitting all the algebraical work. 
Wheatstone’s Bridge consists of six conductors, 4, B, C, X, F, and G, 
uniting four points. Let the small letters a, b, c, x, f, and g stand for 
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their respective resistances. The property which gives so much value 
to the bridge in comparing resistances is that, if the following propor- 
tion holds, viz., a:b::¢:2, then an electromotive force in F causes no 
permanent current in G, or an electromotive force in G causes no current 
in F, Thus, when there is an electromotive force in 
F and no current resulting therefrom in G, we know 
that a:b::c:2; and, therefore, if any three of these 
four quantities are known, the fourth can be found 
by “rule of three.” Or, if c:g::f:0, then an electro- 
motive force in 4 causes no current in X, and vice 
versa. Or, if a:9::f:2, an electromotive force in B F } | 
causes no current in C, and vice versa. It is only ule 
necessary to consider the first case, viz., @:b::c:2, making F and G 
conjugate. 

Suppose X is a conductor whose resistance is to be determined, and 
that 4, B, C are conductors whose resistances are known and adjustable. 
Also, F to be a battery and G a galvanometer. Then, to find z, we 
simply alter a, b, and c, or any of them, till the current in G is rendered 


inappreciable, and then we know that na, Now, there is, theoreti- 


cally, a doubly-infinite number of ways of doing this—of getting a 
balance. For we have four quantities bound by two relations, viz., x 
constant and a:b::c:z. Therefore any two of the three conductors 
A, B, C may have any resistances we please for a balance. 

As every one who has used the bridge knows, some arrangements— 
that is to say, some particular balances—are more sensitive than others. 
For instance, if a and b are extremely small, there is so little difference 
of potential between the terminals of the galvanometer that a want of 
sensitiveness arises that way. And if a and b are enormously large, 
the current from the battery is rendered very small, with a consequent 
want of sensitiveness. Now, if an operator can, by trial, easily find a 
sufficiently sensitive balance, and is satisfied with its sensitiveness, there 
is an end of the matter, and it is not worth while hunting after greater 
sensitiveness. But as it may happen that the greatest sensitiveness is 
desirable, or an approximation thereto, it becomes necessary to answer 
the question, What is the most sensitive balance? Unfortunately this 
cannot be done without algebra, for there is probably no man living 
who could find it out in his head unassisted by symbols. 

It becomes, in the first place, necessary to give a precise meaning to 
the word sensitiveness. If as nearly perfect a balance as possible be 
obtained, and then any one of a, b, c, x be altered by a given small 
fraction of itself—as, for instance, x changed to x(1+ A), where A is a 
small fraction—then a current will appear in G@ of the same strength 
whichever one of the four be altered, though of opposite direction for b 
and c as compared with a and x Obviously one arrangement will be 
more sensitive than another if in the first the change of z to z(1 + A), or 
corresponding changes in a, b, or c, causes a greater current through the 

alvanometer than in the second. And the importance of an error is 
to be reckoned by the ratio it bears to the quantity measured ; thus 
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AFA, Whence the balance of greatest sensitiveness is that one in 


which a given small change from z to x(1 +A) causes the greatest current 
through the galvanometer. For the greater this current the nearer can 
approximation to accuracy be made by adjustment, and if it is inap- 
preciable, as in a coarse balance, no further accuracy can be reached. 

It can be easily shown, for it is a simple consequence of the laws of 
the current, that if Æ is the electromotive force of the battery and T the 
current through the galvanometer, that 


pt ~ be 
T= § 
(a+ (e+) g COLOM, a 


8 


where s signifies a+b+c+z. This is irrespective of a balance. Now 
let a:b::c:y, and x=y(1+4A), and eliminate a. Then we shall have 


peA 


panan [pin +2 +f E ( Pay 
» s , 


s S 


where s’=3(c+y)+y(c+2). When A= 0, we have y= x, I =0, and the 
perfect balance a:b::c:x. 


If now we give different values to b and c, say 0’ and c’, then where 


I” is the new current through the galvanometer, is the ratio of the 
sensitiveness of the first arrangement to the second. The expression for 
I” is the same as that for T with b changed into 0’ and c into c. That 
7 is the ratio of sensitiveness of the two arrangements will be true in 
the limit when A=0, t.e., with an exact balance in each case. There- 
fore, dividing T by I’, and afterwards making y=x and A=0, we 
shall find 
bc 


T _ = po(c+x)+9(b+a)}{c(b+x)+f(c+x)} 

TY = Å e poom 7 

(O(c +a) +g +2) } {o(b +2) +f(c +a)} 

It follows from this that the sensitiveness of any balance whatever is 


proportional to 
be 


{O(c+2x)+9(b+x)} {c(b+xa)+f(c+x)}' 
The most sensitive balance can now be easily found by the ordinary 


rules of the differential calculus, treating b and c as independent variables. 
The result is 


a= Jia, b= | 2 9+), c= y +2), eases (A) 
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The rule, therefore, is, for the most sensitive balance with a given 
galvanometer and battery. Make a= JVfg. This is the same for all 
resistances to be measured. Find z approximately. Then make 


MON fe hace 
b grad tS) 


or a8 near as may be convenient, and get the nearest possible balance 
by adjusting c. Then g=% 


Having found the most sensitive balance, we are able to estimate the 
relative sensitiveness of any other balance, using the same battery and 
galvanometer. If p is the ratio of the sensitiveness of any balance 
a:b::c:æ to the most sensitive balance possible (this may be called the 
ratio or coefficient of sensitiveness), then 


_ {vont Vfe+ V(f+a)(g+)}? 
(ctote+E\(b+f+a+%) 


pis a quantity between 0 and 1, being 1 for the most sensitive balance. 

A few numerical examples will serve to show the variation of the 
sensitiveness in different balances. Suppose æ= 4,000, g= 1,000, f= 90 
ohms. Then, in the following balances— 


p 


a b c x 
l. l: 1:: 4,000 : 4,000, we have p= ‘003 
2. 10: 10:: 4,000: 4,000, ,, = ‘029 
3. 100: 100:: 4,000: 4,000, , p= ‘24 
4, 1,000: 1,000:: 4,000 : 4,000, ,, p= “75 
5. 10,000 : 10,000 :: 4,000 : 4,000, ,, p= ‘38 
6. l: 10:: 400 : 4,000, s p= ‘025 
7. 10: 100:: 400 : 4,000, __,, p= ‘219 
8. 100: 1,000:: 400 : 4,000, , = 90 
9. 1,000 : 10,000 :: 400 : 4,000, , = 58 
10. 10: 1:: 40,000: 4,000, ,, p= °0024 


11. 100: 10 :: 40,000 : 4,000, ,, p= :027 
12. 1,000: 100:: 40,000 : 4,000, _,, = ‘14 
13. 10,000: 1,000:: 40,000 : 4,000, ,, p= :203 
14. 100 : 1 :: 400,000: 4,000, ,, p=-0029 
15. 1,000: 10 :: 400,000: 4,000, ,, p= ‘O15 
16. - 10,000 : 100:: 400,000: 4,000, ,, p= ‘027 
17. 300: 1,800 :: 6662 : 4,000, _,, p= 1l nearly. 


In the first five we have equality between a and b, and the sensitive- 
ness increases rapidly, reaches a maximum, and afterwards diminishes 
‘less rapidly. In the next four, a:b::1:10, and the sensitiveness is 
greater and behaves similarly. There is a falling off in sensitiveness in 
the following four, where a:b::10:1, and a great falling off in the 
next three, where a:b::100:1. Finally, No. 17 is nearly the most 
sensitive balance, and p= 1 nearly. 
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It does not follow that the most sensitive balance is also the most 
convenient. This is obviously the case when the resistances of the 
conductors 4, B, C giving greatest sensitiveness are out of reach. Also, 
if balance be obtained by adjusting the resistance of C, and the least 
change that can be made in C is one ohm, it may be convenient to make 
the ratio of a:b and c:~=10. For, although there may be a loss of 
sensitiveness consequent on using this ratio, yet, since a change of one 
ohm in x then corresponds to a change of 10 ohms in c, x may be 
measured to a. tenth of an ohm without calculation. But that any 
greater accuracy is attained by using the ratio 10: 1 if the resistance of 
the conductor Č can be altered by tenths or hundredths of an ohm, as 
by employing a divided wire with a sliding contact, or a duplicate arc, 
or other means, is a delusion; for the nearest approach to accuracy 
must finally depend on the least current recognisable in the galvano- 
meter, and therefore on the sensitiveness. 

I have given what I believe to be the most general way of estimating 
the sensitiveness of a balance with a certain galvanometer and battery. 
When special conditions are introduced, special results must follow. 
Thus, for example, if the sum of a and c is maintained constant, and 
also the sum of b and x, the most sensitive arrangement subject to these 
conditions isa=c and b=x. And if the sum of a and b is kept constant, 
and also the sum of c and x, then the most sensitive balance is when 
a=b and c=x. Further, if the sum of a, b, c, and x is kept constant, 
then we shall have a=b=c=za. 

Also, if a, b, c, and x are separately kept constant, having any values 
producing an approximate balance, changing the places of the battery 
and galvanometer may produce benefit. The current in the galvano- 
meter is increased or decreased by changing the positions of F and G. 
according as (g — f) (a — x) (b-c) is + or —. From this the rule follows 
for the best position for the galvanometer. Of the two, F and G, place 
the one of greater resistance so as to connect the junction of the two 
greatest consecutive resistances (out of 4, B, C, X) with the junction 
of the two least. (By consecutive is meant that two resistances are 
next each other in the bridge. The two greatest resistances may not 
be consecutive.) This rule is always complied with when the most 
sensitive balance, a@:5::¢:2, is used. 

As to the galvanometer and battery resistances. If the space in a 
galvanometer to be filled with wire is constant, then it is well known 
that the size of the wire should be such as to make its resistance equal 
to the external resistance to get the greatest magnetic force. And, to 
produce the greatest current externally, a battery consisting of a number 
of similar cells should be arranged when possible in so many rows of so 
many cells each, as to make the internal and external resistances equal. 
Applying these principles to the balance, we have 


_ (a+ b)(c +2) Ja (a+c)(b+2) 
at+b+c+a’ at+b+c+xu 


If, with these values of the battery and galvanometer resistances, we 
also employ the most sensitive balance, we shall find that the resistances 


g 
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of all the conductors should be equal, or 


This is absolutely the most sensitive balance if f and g can be varied 
in the manner stated, which is obviously impracticable in the vast 
majority of cases. 


V.—ON AN ADVANTAGEOUS METHOD OF USING THE 
DIFFERENTIAL GALVANOMETER FOR MEASURING 
SMALL RESISTANCES. 


[Phi. Mag., April 1873, S. 4, vol. 45.] 


In the usual method of measuring resistances with the differential 
galvanometer, the current from the battery is divided between the two 
coils, having opposite effects on the needle within them, so that, if the 
currents in both the coils are 
equal, the needle is unaffected. 
The introduction of resistance 
in the circuit of one coil will 
not affect the balance, provided 
an equal resistance is introduced 
in the circuit of the other coil. 
Hence, if on one side we place ; 
a rheostat, and on the other an 
unknown resistance, the latter 
may be determined by varying 
the resistance of the rheostat Fi. 1. 
until a balance is obtained, Fig. 1 is a representation of this arrange- 
ment. The current from the battery, having a resistance b and 
electromotive force E, divides at the point a between the coil g and 
resistance x, and the coil g’ and resistance r. When r= x, the needle 
_ is unaffected. 

By the following method of using the differential galvanometer, a 
much greater accuracy is obtained 3 
when the unknown resistance whose 
value has to be determined is small. 

Instead of dividing the current from 
the battery E between the two coils, 
I join up the coils, so that the same 
current passes through both of them, 
and by reversing one of the coils, g’, 
prevent the current from influencing 
the needle (see Fig. 2). The rheostat 
r is connected to the two ends of one 
coil, and the resistance to be measured, 
z, to the two ends of the other. It sie 
will easily be seen, without further explanation, that when r= 4, the 


14 ELECTRICAL PAPERS. 


currents in g and g are equal; but should r not equal z, there will be 
a greater current in one coil than in the other, and the needle will 
move in obedience to the difference of these currents. It then only 
remains for me to show what, and under what circumstances, advan- 
tages are obtained by this method. To do so, we have only to com- 
pare the expressions for the difference-currents in the two methods. 
By the first method the resistance external to the battery is 
(c+ g)(r+9), 
e+r+2g ° 
therefore the current from the battery is 
= £ —  — El+r+?9) 
p ZIT +9) ~ (a+r + 2g) + (z+ 9)(r +9) 
rr +29 
This current divides between the two paths z +g and 7+ 9 in inverse 
proportion to their resistances ; therefore the current in g is 


G=Bx—7t9_ -= — Eri) 
z+r+2g b(æ+r+2g)+(£+g)\(r+9gy 
and the current in g’ is 
QaBy t9 _ Ee t+9) _ 
t+r+2g W(x+r+29)+(x+9)(r+g) 
The effective current (that influencing the needle) will be the difference 
of G and G’, say 
a nt) ooo " 
(O(a +r+ 29) + (a+g)(r +9) EEEE EEE 
By the second a, the resistance external to the battery is 


OF NG 
+g eT 
therefore the current from the battery is 
pee E -~ Herpe) 
pI 19 blæ+g)r+g)+gaælg+r)+ grig +x) 
+g +9 
The current in g is 
G=Bx Ba(g +1) 


aT ~ Oe + gr +g) + galr +g) + grlet g) 
and the current in g’ 
ka r Er(g +2) 
Vabre a 
r+g bæt +g) + ger +g) + greg) 
The effective current will therefore be 
Egle- r) 
D,=G- A S ee 
Uety) +9) + gal (r-+9) +gr(æ+g) 
Equations (1) and (2) give the effective current in each case; and 


we may ascertain the relative sensitiveness of the two methods by 
comparing D, and D, 
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Dz__  blæ+r+2g)+(æ+g)\(r+g) 

D, blæ+g)(r+g)+gælr+g)+gr(x+g) 
and in the limit, when z =r, 

D 2b+r+g 


—2 = eae x, 
D, oe b(r +9) + 297 


When r=g, A= 1, showing that the two methods are equally sensitive 


xg; 


1 ; ; ; 
for that value of r or x which equals the resistance of one coil of the 
galvanometer. When r is greater than g, the ordinary method is to be 


preferred, for a is then less than unity. It can, however, never be 
1 


g . e oœ . 
less than EETA which happens when r is infinite. 


But for values of r less than g, 7 is greater than unity, and increases 
1 
rapidly as r is reduced, until in the limit, when r=0, a = 2 +3. 
1 

This proves that when the resistance to be measured is smaller than 
that of the galvanometer-coil, the second method is much to be 
preferred. For instance, let the battery have a resistance of 10 ohms, 
the galvanometer (each coil) 500 ohms, and r=10 ohms, then the 
second method is 17 times as sensitive as the first; and if r were 
1 ohm, the second method would be 43 times as sensitive. 

In fact, if, after getting as true a zero as possible by the ordinary 
method, the connections be altered to the second arrangement, the 
slight inequality between r and x, which was inappreciable by the 
ordinary method, will be at once rendered evident by a large deflection 
of the needle. 


VI.—ON THE DIFFERENTIAL GALVANOMETER. 
[Phil. Mag., Dec. 1873, S. 4, vol. 46.] 


THE great similarity between the systems of resistance measuring by 
means of the differential galvanometer and Wheatstone’s Bridge, the 
latter having probably been suggested by the former, must have struck 
everyone who has had anything to do with them. In each case do we 
make one resistance a fourth proportional to three others, and, knowing 
the three, deduce the fourth. As in the bridge, for every resistance to 
be measured there is a certain arrangement of the three other sides 
which gives the most sensitive balance ; so with the differential galvano- 
meter, there must be a best arrangement for any particular case, which 
is the object of this paper to point out. 
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The expression for the strength of the current through the galvano- 
meter in Wheatstone’s Bridge is 


an ad — be 
atb+ctad S (1) 
ea, e}. (a+c)( +d) +f} Eevbes ee ot 
at+b+c+d a+b+c+d 


(where v is the electromotive force of the battery, E the current through 
e, and the resistances as in the diagram) when at a balance, and there- 
fore ad — bc a vanishing quantity. 

To deduce from this the expression for the force acting on the needle 
in the differential-galvanometer arrangement, we must make e infinite. 
Therefore, multiplying (1) by e and 
making e=% , we obtain 


ad — be 


"+ o4btera 
Aa- Bb= CELE a . (2) 


at+b+c+d 


for the differential galvanometer. 
[Here 4 and B mean the currents 
in a and b respectively.| This can, 
of course, be obtained indepen- 
dently of any consideration of 
| I Wheatstone’s Bridge, but makes it 
: evident that the best arrangement 
f of the differential galvanometer 
with a given battery may be derived from the Wheatstone’s Bridge 
formulae by making ¢ infinite in them. 
These formulae are as follows (Phil. Mag., February, 1873) when 
c, d, e, and f are fixed :— 


_ ;  cd+df+fe , 
a= peice Ne A” Ay 
c+d+e 


AET E E te (3) 
j= JEEE, 
cdte O? 
and if c be not arbitrarily fixed, 
a= Nef, 
= d+f 
U Ni ee Eo a EOE EAEE A. (4) 


d - 
cm afar. SE, 


which is the most sensitive arrangement possible with a given battery 
and galvanometer. Finally, if the best resistances for the galvanometer 
and battery are also to be employed we must make every branch of the 
bridge of the same resistance, viz. that of d, the resistance to be 
measured. 
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Making e= œ in (3) and (4) they become 


a= N (ed + af + fo), 


a ec (5) 
b= [Med + f+ fo); 
and “=o, 
= vat} DE NOAE ET (6) 


C=O, 


which may also be obtained by differentiation from (2). These formulae 
(5) and (6) would not be of any particular use if we had no means of 
varying at will the resistance of the coils a and b. This cannot be 
accomplished directly without considerable complication, but by means 
of shunts the same end may be reached. Thus, using (5), if the coils 
of our galvanometer have resistances greater than those best suited for 
the particular resistance to be measured, by means of shunts we may 
reduce their resistances to the required extent; and here a remarkable 
peculiarity presents itself. In general when a galvanometer is shunted 
its resistance and sensibility are reduced in the same proportion. Not 
so with the differential galvanometer, for its sensitiveness will be 
increased or reduced by shunts according as the normal resistance of its 
coils are greater or less than their best values in the particular case 
under consideration. The accuracy of (5) may be easily verified 
experimentally. 

Proceeding to examine (6) we meet practical impossibilities, and can 
only carry it out by making the resistance of the coil a as great as 
possible by not shunting it. But as the values of b and c in (6) 
correspond to a=oo, it will be necessary to find their values when 
a=a. Therefore, regarding both a and d as constant, and b and c 
variable, subject to the condition ad —bc=0, we shall find by differen- 
tiating (3) that 


gives the most sensitive arrangement for measuring a resistance d with 
a battery whose resistance is f. 

It is an evident conclusion that differential galvanometers intended 
for measuring resistances comprised within wide limits, both high and 
low, should have coils of long fine wire, having necessarily a high 
resistance ; for a galvanometer with short and thick wire is only 
suitable for measuring small resistances, whereas if it have coils of 
fine wire it is suitable for both high and low resistances—for the latter 
by shunting. 


H.E.P.— VOL. I. B 
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VII.—ON DUPLEX TELEGRAPHY. (Part I.) 
[Phil. Mag., June 1873, S. 4, vol. 45.] 


DUPLEX telegraphy, the art of telegraphing simultaneously in oppo- 
site directions on the same wire, which was first performed by Dr. 
Gintl in 1853, and subsequently engaged the attention of so many 
inventors, until lately seemed never likely to be carried out in practice 
to any extent. According to the very practical author of Practical 
Telegraphy, “ this system has not been found of practical advantage” ; 
and if we may believe another writer, the systems he describes “ must 
be looked upon as little more than feats of intellectual gymnastics— 
very beautiful in their way, but quite useless in a practical point of 
view.” However, notwithstanding these unfavourable reports as to the 
practicability of duplex telegraphy, the experience of the last year has 
negatived them in a striking manner, and made the so-called “ feats ” 
very common-place affairs. Circuits worked on a duplex system are 
now established in various parts of the United Kingdom—not to men- 
tion the United States, where the resurrection of these defunct schemes 
took place—and continue to give every satisfaction. There seems little 
reason to doubt that this system will eventually be extended to all 
circuits of not too great a length, between the terminal points of 
which there is more than sufficient traffic for a single wire worked 
in the ordinary manner—that is to say, only one station working 
at a time. 

I propose in this paper to give a short account of the theory of 
duplex telegraphy by the principal methods, and to describe two other 
methods, which are, I believe, entirely original. 

To begin at the beginning. Prior to 1853, it is said to have been 
the current belief of those best qualified to judge, that to send two 
Messages in opposite directions at the same time on a single wire was 
an impossibility ; for it was argued that the two messages, meeting, 
would get mixed up and neutralize each other more or less, leaving 
only a few stray dots and dashes as survivors (after the manner of the 
Kilkenny cats, who devoured one another and left only their tails 
behind). However, Dr. Gintl effectually silenced this powerful argu- 
ment by going and doing it. 

In order to be able to receive messages from another station, it is 
necessary for the receiving instrument to be in circuit with the line ; 
and in order to send to another station, the battery must be in circuit. 
Hence, in order to receive and send at the same time, both the sending 
and receiving apparatus must be in circuit together. This can be 
arranged by making one continuous circuit between the two earths, 
and including the line and all the apparatus at each station. But if 
nothing further were done, the receiving instruments would be worked 
both by the received and sent currents; and if both stations worked at 
once, inextricable confusion would be the only result. Now, evidently, 
if the effect of the sent currents on the sending-station’s instrument’ can 
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be neutralized, the “feat” is accomplished. There are many ways of 
doing this. Dr. Gintl surmounted the difficulty in what was, to say 
the least, a very ingenious manner, although from a modern point of 
view, it was decidedly clumsy. He made his key, while being depressed 
to send a current to the line through his own relay, at the same time 
close a local circuit, including a coil of wire outside the principal coils 
of the relay, in such a manner that the current in this local circuit 
(which contained an independent battery) circulated round the cores of 
the electromagnets in the opposite direction to the current going out to 
the line; and by placing a rheostat in this local circuit he was able to 
vary the strength of the local current, so that the effect of the out- 
going current on the relay was exactly neutralized. The relay then 
responded only to currents coming from the opposite station, which, of 
course, passed through the inner coils alone. Did both stations depress 
their keys simultaneously, the current in the batteries, inner coils, and 
the line was that due to both batteries; but in each relay as much of 
this current as was due to the corresponding battery was neutralized 
by the local current. The line-current might even be nothing, which 
would happen if each station had equal batteries and the same 
poles to earth. Then the relays would be worked entirely by the local 
current. 

But local circuits are nuisances, and it is not to be wondered at that 
this method of Gintl’s never came into practical use. But the possi- 
bility of the “feat” having been once demonstrated, it was not long 
before another and much superior method was introduced. It was 
discovered about the same time in 1854 by Frischen and Siemens- 
Halske, and may be called the Differential method. It is represented in 
its simplest form in Fig. 1. The relay at each station is wound with 


two coils of equal length; and the connections with the battery and the 
line are made in the same manner as if each station were taking a test 
of the resistance of the line with the differential galvanometer. The 
resistance 2, then, at station 4 equals the whole resistance outside 
station 4; and z’ at station B equals the whole resistance outside 
station B. Then, when the battery Æ is in circuit, as its current 
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divides equally between the two coils of the instrument g g, the latter 
is unaffected; but that half of the current which passes to the line 
necessarily influences the instrument g’ g’ at the other station, since 
the whole of it passes through one coil, and then divides between the 
other coil and the battery EL’. Thus each station does not work its own 
relay, but only that of the opposite station, and the conditions of duplex 
working are satisfied. 

It is upon this system that nearly the whole of the existing methods 
of duplex telegraphy are founded. As the object is to prevent out- 
going currents from working the sending-station’s instrument, it is plain 
that there may be many modifications having for object the easier 
production of balances under different circumstances—as by varying 
the distance of one or both coils from the armature instead of altering 
the resistance x (Fig. 1). There are also a few small points to be 
attended to before this system can be considered perfect. First, it is 
necessary for the external resistance to be as constant as possible, in 
order that the currents sent by a station (say 4) may never affect its 
own instrument. But this external resistance includes B’s apparatus ; 
and B’s battery is sometimes in and sometimes out of circuit. A varia- 
tion in the external resistance will therefore be caused unless the trans- 
mitting apparatus is so arranged that a resistance equal to that of the 
battery is substituted for it when the latter is not in circuit. 
Again, there should be no interval of time during which neither 
the battery nor this equivalent resistance is in circuit. These 
things can generally be arranged with little difficulty. Thus, taking 
the case-of the simplest transmitting instrument (the common Morse 
key), consisting of merely a lever with a front and back contact, the 
equivalent resistance may be connected with the back, and the battery- 
pole with the front contact; and the interval of disconnection may be 
avoided by the use of suitable springs, or. other means, by which the 
front contact is made just before (or practically at the same time as) 
the back contact is broken, and vice verså. There will then be only a 
very much smaller interval of time during which the received currents 
can pass both through the battery and its equivalent resistance. The 
application of this to more complicated instruments (as, for instance, 
Wheatstone’s automatic transmitter) is not at first sight so evident ; 
but I have done it in a very simple manner, which it is unnecessary to 
describe. On long lines, or with high-speed instruments, an attention 
to these minutie is desirable; but on short lines and with common 
Morse apparatus they are superfluous. 

It is not essential, though sometimes desirable, to use differentially 
wound instruments. Most telegraph instruments are constructed with 
two separate coils of wire, each on its own core. By connecting the 
battery to the wire joining these coils, we have a differential arrange- 
ment, and frequently all that is needed. In fact, if the armature is 
polarized, as in most relays, the result is the same as if they were 
differentially wound. With an unpolarized Morse direct-writer, how- 
ever, the effect of the out-going currents would not be completely 
neutralized. This is of little consequence, as the spring which draws 


ON DUPLEX TELEGRAPHY. 21 


the armature from the electromagnets may have a tension given it that 
only the received currents can overcome. The rheostats vand 2’ (Fig. 1) 
may even be dispensed with and a direct earth-connection substituted, 
provided the external resistance be not too great. 

Quite recently another system has been brought forward, undeniably 
the most perfect, which may be called the Bridge duplex, its principle 
being that of Wheatstone’s bridge. To whom the idea first occurred of 
using this arrangement for duplex telegraphy is unknown to me. It 
has been claimed by Mr. Eden, of Edinburgh ; but it has been patented 
by Mr. Stearns, of Boston, U.S., who also patents a number of plans, 
all depending on the differential system before described. 

The arrangement for the Bridge duplex is shown theoretically in 
Fig. 2. a, b, c and a’, 0’, c' are resistances, g and g’ the receiving 
instruments, and f and f’ the batteries. By the well-known law of the 


Fig. 2. 


balance, when a:b = c :d, where d is the whole external resistance 
between station 4 and the earth at B, the electromotive force E will 
cause no current in g; and similarly for station B. The circumstance 
that the out-going currents do not pass through the receiving instru- 
ments is very important, as it allows any description of existing instru- 
ments to be used, and without any alteration. As in the Differential 
plan, it is not always indispensable to adhere rigidly to the conditions 
which give theoretical perfection. 

Although the signals sent by station 4 are only received at B, and 
vice versa, and it is convenient to assume that the currents producing 
these signals actually come from the opposite station, yet it does not 
always happen that such is the fact. To take an extreme case. Let 
all the apparatus at each station, and likewise the batteries, be exactly 
alike, and the line of uniform insulation. Now let 4 depress his key. 
The galvanometer at B will be deflected, but not 4’s. Let now B 
depress his key. No change will be produced in the deflection of B’s 
galvanometer ; but .4’s will be deflected. But if 4 and B have both 
the same pole of their batteries to line, there will be no current in the 
line, which, by Bosscha’s first corollary, may be removed without pro- 
ducing any alteration in the currents in the remaining circuits. It is 
thus evident that 4 and B are both working their own instruments ; 
and this supplies us with a very easy way of calculating the strength 
of the received signals—which would otherwise be very complicated. 
We have only to consider the current produced in (g + 0) by E having 
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resistance f, with an external resistance c, (g +b) being shunted by a 
resistance a, and we find the strength of the signal to be 


e EREE. EIEE 
(f+c)(a+b+g)+alb+g) 

I will now describe two original methods of duplex working, which 
though perhaps not quite so easily put into practice as the foregoing, 
may be interesting from the theoretical point of view. 

As in the Bridge arrangement, the out-going currents do not pass 
through the receiving instruments at all. In the first of these plans, 
as shown in Fig. 3, the receiving instrument at each station is connected 


Ta a E, 8 E j 
a | line | 
b, b; b, b, 
g g 


Fic. 3. 


between the middle of two batteries and the earth. r and 7’ are rheo- 
stats. The condition that the batteries Æ| and Æ, at station 4 cause 
no current in g is that 

E: E, =7+6,:6,+d, 


d being the exterior resistance as before ; and similarly for the other 


station. The strength of current sent to line is I, or = = 7 In 
1 2 
the second plan, shown in Fig. 4, one of the batteries at each station 


A B, 

E, Eb, 
nl mman ai 
Eð, Eð; 

U 
Fig. 4. 


(E, and E’,) is placed in the same branch as the receiving instrument, 
and both E, and E, tend to send the same current to the line. When 
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E: E,=1+ rey (d having the same meaning as before), the electro- 
motive force Hs is neutralized and there is no current in g. The line- 


current is ——1__., 
r+b +d 

I have adapted these plans to the direct-writing Morse by using an 
ordinary reversing key (which is nothing more than two keys insulated 
from each other and worked by the same lever), in order to put the 
two batteries Æ, and £, simultaneously in or out of circuit. I also 
found it necessary for there to be no interval of disconnection, but did 
not find it necessary to introduce equivalent resistances when they were 
out of circuit, though theoretically this should be done, and the same 
key could be made to do it. 

The last plan will be easily recognized to be based on the method of 
comparing electromotive forces known as Poggendorff’s compensation, 
in which the battery having the lesser electromotive force is not allowed 
to act. The other plan (Fig. 3) is also an adaptation of a method of 
comparing the working electromotive forces of batteries, which I devised 
three years ago, and subsequently published in the English Mechanic, 
for July 5, 1872, No. 380, p. 411. I mention this because it is claimed 
by Emile Lacoine as a “new method of determining voltaic constants,” 
in the Journal Télégraphique, vol. 2, No. 13. See also the Telegraphic 
Journal for April this year. 

The greatest drawback to duplex working (and this is common to all 
known systems) is the changeability in resistance of the line-wire 
itself, caused by defective insulation, variations of temperature, etc.; 
and in such a wet and changeable climate as ours, this fixes a limit to 
the length of line on which a duplex system can be worked with advan- 
tage, making it less than can be worked through in the ordinary man- 
ner. On short lines the resistance never varies much in any weather 
(unless actual faults occur), and it is not necessary to vary the balancing 
resistances. But on long lines this variation is sometimes very con- 
siderable ; and it is questionable whether, in the present state of tele- 
graphy, a long circuit in this country, as from Glasgow to London, 
could be profitably worked in wet weather. But the variations in the 
resistance of submarine cables (having no land-lines attached) are so 
very much less, that it seems probable, à priori, duplex telegraphy 
would be successful with them. Of course their electrostatic capacity 
must be balanced by condensers. It could also be applied to the 
system by which some long cables are worked, where there is no 
metallic circuit through the receiving instrument, which is placed 
between a condenser and the cable. 

Those systems where the outgoing currents do not pass through the 
receiving instruments have a peculiar and perhaps what will some day 
(when telegraphy, now in its infancy, has arrived at years of discretion) 
be considered an important advantage over the Differential system. It 
is theoretically possible to send any number of messages whatever 
simultaneously in one and the same direction on a single wire. Now 
by combination with a “null” duplex system it becomes obviously 
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possible to send any number of messages in the other direction while 
the opposite correspondences are going on, and without interference. 
Thus the working capacities of telegraphic circuits may be increased 
indefinitely by suitable arrangements. Practically, however, it would 
seem that a limit would soon be reached, from the rapidly increasing 
complication of adjustments required. Besides, to keep them going, the 
telegraph clerks must themselves be electricians of a rather higher order 
than at present. Nevertheless from experiments I have made, I find it 
is not at all a difficult matter to carry on four correspondences at the 
same time, namely, two in each direction ; and if we may suppose the 
growth of telegraphy will be as rapid in the future as it has been in the 
past, it seems not improbable that multiplex-telegraphy will become an 
established fact. 

In a following paper I intend giving the formule necessary for calcu- 
lating the proper proportions of the resistances, etc., to suit different 
lines and apparatus, so that the greatest possible amount of current 
may be driven through the receiving instruments, where alone it is of 
practical service. 


VIII.—ON DUPLEX TELEGRAPHY. (Parr IL) 
[Phil. Mag., Jan. 1876, S. 5, vol. I.J 


THE BRIDGE SYSTEM. 
A THEORETICAL diagram of the arrangement of the conductors for 
duplex telegraphy by the Bridge system is given in Fig. 1. g and g’ 
are the receiving apparatus, which may be of any kind, f and f' the 


Fia. 1. 


batteries, and a, b, c, w’, b, c’ are resistances. The letter attached to 
any branch will be used to represent the resistance of that branch. 
The two branches f and f’ are preserved of constant resistance by 
mechanical means, whether the batteries are in or out of circuit. The 
object of the above arrangement of conductors is to enable two 
stations, 4 and B, to signal each other at the same time through a 
single line without mutual interference ; and this is accomplished by 
adjusting the six resistances, a, b, c, a’, b', c’, so that 
a:b::c: x 
and “G20 236 +a, 
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where x is the resistance outside station 4, i.e. the resistance of the 
line plus the resistance of station B’s apparatus, and x’ is the resistance 
outside station B. When the above proportions hold good, f and g 
are conjugate, likewise f’ and g’; hence each station working alone 
produces no current in its own receiving instrument; and when they 
are both signalling simultaneously, the currents in the receiving 
instruments are the algebraical sums of the currents which would be 
separately produced ; thus station 4 gets only B’s signals, and station 
B receives 4’s signals alone. It is obvious without any mathematical 
demonstration that the above is true whatever may be the direction 
and strength of the currents, provided only that the two conditions 
ax=be, a'z'=0'c’ are satisfied, and that these are the sole necessary 
conditions for duplex telegraphy when the line has so little electrostatic 
capacity that the transient currents due to that cause are inappreciable. 
When the capacity of the line cannot be neglected, it may be perfectly 
balanced by distributing artificial capacity along the resistance c 
with the same uniformity it has along the line; and this may be 
approximated to by subdividing the resistance and required capacity 
as much as possible. If / is the resistance and /, the capacity of the 
line, and c, the required capacity, then the condition of balance as 
regards capacity is cc, = ll. 

Since each station has three adjustable resistances, a, b, and c, and 
they are connected by the single relation ags = be, it follows that any 
two of them may be taken arbitrarily and balance made with the 
third. Thus we may take b and c as independent variables, and 
eliminate a. The question then arises, in what respects an arrangement 
in which the resistances b and c have particular values differs from 
another in which b and c have other values. There are three principal 
differences : first, the received currents will be in general different ; 
next, the balances will be of different degrees of sensitiveness, so as to 
be more or less affected by changes in the resistance of the line; and, 
lastly, different amounts of artificial capacity will be required to 
produce a balance with respect to the capacity of the line. Since a 
duplex apparatus is generally set up for permanent use, it is clearly 
of the first importance to obtain the maximum current with a given 
receiving instrument and battery. On cables this is quite a minor 
consideration, on account of the great delicacy of the instruments 
employed. But duplex telegraphy has not hitherto been very. 
successful on cables; whereas on land lines, where such delicate 
instruments would be quite out of place, and much larger batteries 
are employed, the cost of the current is considerable, and it is 
desirable to get as much out of it as possible. I shall therefore in 
the first place endeavour to discover what the actual magnitudes of 
the resistances a, b, and c should be to render the received current a 
maximum,—and when that is done, consider the sensitiveness of the 
resulting arrangement, or its liability to disturbance. 

In order to avoid useless complication, I shall suppose that the line 
is perfectly insulated, and that the receiving instrument at each station 
has the same resistance, and likewise the battery at each station, 
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i.e. f=f' and g=g’. This is very nearly fulfilled in practice ; for the 
same description of instrument and battery is generally used at each 
end of a line. Then symmetry tells us that the resistances a, b, c 
should be the same at each station; or rather there is no reason 
why they should be different; and besides, if we do not make use 
of this simplification, the problem will become almost intractable. 

Let E be the electromotive force of each battery, and G the current 
each station receives from the other through its receiving instrument 
g, and let both 4 and B send the same current to line. Then, 
from the identity of the arrangement at each end, there will be no 
current in the line, which may be removed without influencing the 
currents in the other conductors, Thus we find 


or a(b+g) at+b+g’ 
at+b+g 
or G a ea ie (1) 


(Fr eb+g)+afrcrb+g) 
Now this expression for the strength of the received current contains 
the constants Æ, f, and g, and the variables a, b, and c. The last two 
are independent ; but the first is a function of all the resistances ; for 


a=”, and 
14 Joule +f) + falg +b) + be(g + cb +f) 
aE a CEs Cee Cr ee aaae 2) 


This gives a quadratic equation for the determination of x, which, 
be 


however, it is unnecessary to effect. By eliminating a= > from (1), 
we have 
Ebe 
G = nn, ese cc cece eee 
(f+c)(b+9)x+ be f+cet+b+gQ) (3) 


We have to make G a maximum with respect to b and c; and therefore 
we must have “"=0 and “=0, Thus we have the following 
db dc 

conditions :— 
ge(f-+0) — eB f+ o)(b-+ 9) 


fab+g) — bot elf +0)(b-+ 0) 


The only difficulty now lies with the complex function z. It would 
be most natural to obtain x, af and a as functions of b, c, f, g, and l, 
and then find the values of b and c, in terms of the constants f, g, and 
l, which make G a maximum. But it will be found impossible to 
obtain an explicit solution in this manner, owing to the high degree 
of the final equations. However, a simple solution may be obtained 
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in terms of f, g, and z, the external resistance. Thus, differentiating 


(2) with respect to b and then solving for ae we obtain 


db 
dæ {gæle+f)+bele+g)}? + cele- i 
db {a(g+b)(c+f)+bc(g+b+c+f)}* + be(bc— fg)? (5) 


and since the right-hand side of (2) is unaltered by interchanging 
f and g, and b and c, we can find A by making these changes in (5). 


Thus 
ds _ {fælg +b) + be(b +f) }? + bele - fg)? (6) 
de {x(g+b)(c+f)+be(g+b+ce+f)}? + be(be— fg)? 
Equations (4), (5), and (6) must now be manipulated to obtain 
b and c in terms of f, g, and a After going through the usual 
algebraical drudgery, which it is unnecessary to give here, we obtain 


E a a _ | af 
b= eh) maf L e+) PERE AEE (7) 


whence a= J/fg. 

It will be found that these values of a, b, and c make the received 
current a maximum with any given battery, receiving instrument, and 
line. The strength of the received current is then 


ee ery |) 
wt frg+ far ( Naft Ven af EE + aE) 


or, which is the same, 


Q= E 


atbtorfrgtarball te $ 


It will be observed that in the above solution (7) one of the 
resistances (a) is independent of x, and is the same for all lines with 
the same receiving instrument and battery. Since balance is always 
obtained in practice by adjusting one of the resistances, say c, it 
follows that only the other two, a and b, need be calculated. This 
is readily done for a; but for b it is more difficult, since æ cannot be 
simply expressed in terms of f, g, and l, the equation to determine it 
being of the sixth degree, viz. 


_ (2? -J942 Naf + 2 Næg + Væ + fE + g} 

(f+gta+ Vfg) (+f æ +g)+ (2w +f +g) (Naf + Jag) 

This theoretical difficulty, however, is of no practical importance, 
since the value of « can be determined as closely as necessary in the 
very act of adjusting the instruments for duplex working for the first 
time. For long lines, æ may be considered equal to l+ Jfg. It is 


actually rather greater. 
The next thing to be considered is to what extent this arrangement 
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is liable to disturbance from variations in the resistance of the line. 
Now, as I have shown in a former paper (Phil. Mag., Feb. 1873), the 
values of a, b, and c, which make the most sensitive balance for 
measuring a resistance « with a battery of resistance f and galvano- 
meter of resistance g, are precisely the same as those given in equations 
(7) above as giving the maximum current in duplex working. We 
are thus at once led to the conclusion that the arrangement of 
Wheatstone’s bridge for duplex telegraphy which gives the maximum 
received current at both stations, is also the arrangement which is 
most easily disturbed by variations in the resistance of the line. We 
may show this otherwise. When a: )::c: x, station 4, when sendin 
alone, produces no current in his instrument. Let now the extern 
resistance x be changed to x’, then 4 sending alone will produce a 
current C, in his instrument, of strength 


Ebe(x' — x) 
C= b(c +x) +2(c+2’) 
i (c+ax)(c+2x) re c(b+x)(b+2') +f\- c(a’ — æ) y 
b(c +x) +.2(c +x’) tole +x) +a(¢+ 2’) b(¢ + x) + a(¢ + 2’) 


If another arrangement be made in which b and c are altered to b’ 
and c’, and the current be now C, then C, may be found by changing 


b into b and c into c’ in the expression for C,; and the ratio ron 
2 
when x’ — x is small will express the relative sensitiveness of the two 


arrangements. In the limit, when x’ -x= 0, we have 
be 


= Aer) +o(d+a)}lelb+ a) + flora). 
c 2 


{bc +æ) + (b+) {eU +a) tfe +x)} 
from which we see that the sensitiveness of any exact balance to 
disturbances in the resistance of the line, either in duplex working 
or in testing, is proportional to 


QA 


be f 
{d(c +æ) +9(b+2)}{o(b+a) +fle +a)’ 


and this expression is a maximum when b and c have the values given 
in (7) above. 

Hence it is perfectly hopeless to find any arrangement of Wheat- 
stone’s bridge for duplex telegraphy which shall give the maximum 
received current at both stations and at the same time be least liable 
to disturbance. Generally speaking, the more sensitive the balance 
the stronger the received current. 

Since x, the resistance external to one station, includes the resistance 
at the other station, any alteration of adjustment at one station will 
theoretically cause a disturbance in the other station’s balance; and 
it is true that an infinite series of successive adjustments must be 
made by each station to reobtain an exact balance whenever balance 
is disturbed. But these alterations are so excessively small that 
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practically they have no existence. By making bc=/g and adjusting 
solely by the resistance a, each station’s balance becomes independent 
of the other's; but this is introducing a greater difficulty to avoid a 
lesser and inappreciable one, since to keep bc=/fg frequent measure- 
ments would have to be made of f, the battery-resistance, a variable 
quantity; and besides, such an arrangement would not give the 
maximum current, as is evident from equations (7). 

The above investigations apply to any instrument, battery, and line, 
and therefore admit of immediate practical application in any particular 
case. There are, however, two principles frequently made use of by 
theoretical writers on electric circuits :—first, that if the space to 
be filled with wire in a galvanometer or relay is fixed, the greatest 
strength of signal is obtained when the wire is of such a size that 
its resistance equals the external resistance; and next, that if the 
quantity of metallic surface of a battery is fixed, and also the distance 
between the plates in each cell, to obtain the maximum current the 
cells should be of such a size that the total resistance of the battery 
equals the external resistance. These principles do not often admit of 
practical application in telegraphy ; but we may just see to what they 
lead us when we apply them to duplex working with the bridge. We 
shall have the following equations to determine f and g :— 

x? — 3glæ +f) +2 J fg(u +g) =0, 
æ? — 3f (a +g) +2 J fo(a+f) =0. 
Either of these equations by itself can be made use of to determine g 
when f is constant, or f when g is constant. When they are combined, 
we have 
a=b=c=f=g=-. 

Now, although this result can be applied to the construction of 
instruments for testing purposes where x is constant, there is one 
insuperable difficulty that prevents its use in duplex working; and 
that is, « becomes infinite. We can only conclude that the finer the 
wire of the relay and the greater the number of convolutions, the 
smaller the cells are made, and the greater their number, the greater 
will be the strength of the signals—a fact which might be safely 
predicted without mathematical examination. | 

A comparison of the strength of the received current in ordinary 
simplex working and duplex working with the bridge will be interesting. 
In simplex working the received current is 


and in duplex working, when the arrangement is such as to give the 
maximum current, its value is given in equation (8) above as 


E 
r, E ENET E EAEE 
w+ f+g+ Jfg+( Jat Ja ( 2t =) 


where {x is the external resistance, rather greater than l+ /fg. When 


30 ELECTRICAL PAPERS. 


lis very great compared with f and g, these expressions (8) and (9) are 
nearly equal, the duplex current being a little less than the other. (In 
the extreme case f=0, g=0, they are identical.) Numerical com- 
parison, taking the most general values of f and g occurring in practice, 
will show that the duplex current is about one half or one third the 
strength of the current obtained when the same instruments and 
batteries are used for simplex working; so that in general more than 
double the electromotive force will be required to obtain signals of the 
same strength in both cases. 

The third principal difference between one arrangement of the bridge 
and another, viz. that different amounts of artificial capacity are 
required, is of some importance as regards cables. Condensers of large 
capacity are such cumbrous and expensive affairs that the smaller the 
artificial capacity can be conveniently made the better. Now c, the 


required capacity, equals i where J, is the capacity of the line ; con- 


sequently, to make c, as small as possible, c must be as large as possible ; 
and this will occasion a great loss of working current. This, however, 
will be of little consequence with the sensitive instruments used on 
cables, if ever duplex telegraphy is successful on them. 


THE DIFFERENTIAL SYSTEM. 


Any instrument may be used in the Bridge system without alterations 
being made; but in the Differential system the coils must be differen- 
tially wound, or some equivalent device employed, so that two currents, 
one passing through each coil, may annul each other's action on the 
magnet or cores within them. On the other hand, only one balancing 
resistance is required instead of the three in the Bridge system. The 
following diagram (Fig. 2) is a theoretical view of the Differential 


aw Station A Š Station B x’ 


a 
‘TO Y 


Fia. 2. 


system. g, g at station 4 and g’, g' at B are the coils of the receiving 
instruments, f and /’ the batteries, and x, x the balancing resistances. 
We shall suppose, as is usually the case, that f=f' and g=g’. To find 
the strength of the signals each station receives from the other, let both 
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send the same current to line; then, from the identity of the arrange- 
ment at each end, there will be no current in the line, in the right-hand 
coil at station 4, and in the left-hand coil at B. Therefore, if S is the 
strength of the signal, | 


f+g+a 
where £ is the electromotive force of the battery, m the strength of 
signal produced by the unit current circulating through a single 
coil of the receiving instrument, and x the external resistance. The 
value of x is 


or w= h{l+ J (1+ 29)(1+ 29+ 4f)}. 

In simplex working with the same instruments and batteries the 
strength of the signals is 

2Em 
ft+294+0 

when the current passes through both coils in succession. When f, the 
battery resistance, is very small, we see from (10) and (12) that the 
strength of the signals in duplex working is nearly one half their 
strength in simplex working with the same instruments, since x is a little 
greater than l +g. | 

Since there is only one balancing resistance at each station in this 
system, there is only one arrangement possible with a given receiving 
instrument and battery, leaving out minor details. We may, however, 
inquire what the resistance of the instrument should be to obtain the 
strongest signals on the supposition that the space to be filled with wire 
is fixed. In such case m will vary as the square root of g, and 


e ENI, 
f+g+x 
Therefore for S to be a maximum we must have 
; dæ 
f+g+z=2(1 a 
and we find from (11) 
dx _(f+g+x)P+f?. 
dg (f+g+u)—f?’ 
therefore ga=h{—(atf)t+ S( f+ 2x)? +4 fa} ccs. (13) 
is the best resistance for each coil of the receiving instrument. When 


EE EONS ETES (12) 


f=0, 9 =% Now (13) is identical with Weber’s formula for the resist- 


ance of each coil of a differential galvanometer to obtain the maximum 
sensitiveness at a balance; thus again we see, just as in the Bridge 
system, the arrangement in which both stations get the strongest signals 
is also the most sensitive balance, and most liable to disturbance from 
variations in the external resistance. | 
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Weber’s formula (13) admits of considerable simplification if we 
arrange the battery so as to obtain the maximum current by making 


UTS 
f 2 5 
We then have g= P f= i 


as the best resistances for each coil and the battery. Now although 
this admits of application in testing with the differential galvanometer 
(when « is constant), yet it cannot be applied to duplex working, since 
a becomes infinite, which may receive an interpretation similar to that 
in the corresponding case of Wheatstone’s bridge. 

It is an interesting practical question whether with a given instrument 
and battery it is possible to obtain stronger signals by the Bridge than 
by the Differential system. To make the comparison fairly, in the 
former case the arrangement must give the maximum current. In the 
Differential system the strength of the signal is, by (10), 

Em 
f+g+x 


and in the Bridge system 
zen jee (14) 


49 of, ar R z +f x + “!) 

f+ut2g+ J2fgt+( Jaf + V3ng)( JAF + re) 

which is obtained from (8) by changing g into 2g and multiplying by 
2m. In (10) and (14) x has not the same signification ; but the differ- 
ence is not great. Effective comparison can easily be made numerically 
in any particular case. As general results, we may say that when f and 
g are very small in comparison with /, the advantage is in favour of the 
Bridge system; but when f and g are taken larger, the advantage 
becomes rapidly in favour of the Differential system. It may also be 
observed that in the latter the strength of signal is always less than 
one half the strength when the same instruments are used for simplex 
working, whereas in the former system the strength of the signal may 
be, but generally is not, more than one half. 

If the practical success of duplex telegraphy were dependent on the 
continuous maintenance of an exact balance at each station, then would 
duplex telegraphy exist only on paper. The variations, sometimes large 
and rapid, which are always taking place in the resistance and insulation 
of overland wires would necessitate such frequent changes of the 
balancing resistances as to render efficient working the exception rather 
than the rule. But it is found practically that, instead of an exact 
balance being always required, the signalling can be continued for 
great lengths of time without any change of adjustment; and, more- 
over, the balancing resistances may sometimes be altered very consider- 
ably without actually interrupting the signalling. The actual received 
current may be considered as the algebraical sum of two parts—one the 
proper received current, the other an interfering current produced by 
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inexact balance. In the double-current Morse system in common use 
in England the marks are made by one current (say, positive), and the 
spaces by the negative current. If C is the strength of the received 
current, then the whole range of the current is 2C. In the single- 
current Morse system employed on the Continent and elsewhere there 
is no current during the spaces; hence the range of the current in the 
receiving instrument is only C. Therefore an instrument that admits 
of being worked either by single or double currents, as magnetized or 
polarized relays, will give signals twice as strong with double currents 
as with single with the same battery-power. This applies both to 
ordinary simplex working and to duplex working. In the latter there 
is a further advantage in favour of double currents. It is theoretically 
possible to work duplex with double currents when the interfering 
currents are little less strong than the received currents; for as the 
received current is always either +C or — C, the superposition of any 
current of less strength than C will not alter the sign of C, whether 
+ or —. On the other hand, in single-current working the received 
current is always either C or zero. In the first case the current C 
overpowers the tension of a spring or other opposing force ; and in the 
latter the spring is unopposed. The most rapid signalling is to be 
obtained when the forces moving the armature or tongue of the relay 
are equal in each direction ; and then the retractile force of the spring 
must be equivalent to a reverse current of the strength 4C. Therefore 
the interfering currents in duplex working with single currents must 
never be so great as 4C—thus giving an immense advantage to the 
double-current system as regards freedom from interruption by inexact 
balance or other causes, in addition to the advantage before mentioned 
of giving signals of twice the strength. 

It is found by experiment that duplex working (Morse) will not be 
actually interrupted until the interfering currents are as much as 4 or 4 
the strength of the received currents with double currents, and 4 or 4 
with single currents—although no hard and fast line can be drawn, 
owing to the very numerous causes in operation. On an overland wire 
worked duplex with differential relays and double currents the resistance 
which gave exact balance was, at one end, 2560 ohms, which could be 
increased to 3860 or diminished to 1760 ohms without interrupting the 
working. At the other end the balancing resistance could be varied 
from 3000 to 6000 ohms without interfering with rapid signalling. 
The variation allowable above balance is always much greater than 
below, because the interfering current is inversely proportional to the 
resistance external to the battery, which is increased when the balancing 
resistance is increased. In the above example the line was fairly 
insulated. When the insulation falls the effect is to strengthen the 
sent and weaken the received currents; consequently the interfering 
currents bear a larger ratio to the received currents for a given change 
of balance, and the balance therefore requires nicer adjustment. The 
extreme case is reached with the very low insulation which prevails in 
this country in continuous wet weather, when not much difference can 
be detected between the resistance of the wire whether it is insulated 
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or to earth at one end. Under such circumstances a very small change 
of balance is sufficient to upset the working. The ratio of the interfering 
to the received currents may be diminished ad lib. by increasing the 
resistance of the apparatus, or more simply by inserting a constant 
resistance in the main circuit. As, however, it is only when the insula- 
tion is very bad and the received current very weak that the interfering 
current due to inexact balance attains such a proportional strength as 
to mutilate the signals, the increase in the resistance of the apparatus 
would be an evil rather than a benefit, on account of the reduction in 
the strength of the received signals, already very weak, that would 
ensue. 

The two other systems described in my former paper (Phil. Mag 
June, 1873) are not likely, in accordance with the principle of the 
survival of the fittest, to come into practical use; and it is therefore 
unnecessary to enter into details concerning them. But this I may 
observe, that in both of them the arrangement which produces the 
strongest signals at both stations is also the most sensitive balance. 
That this should be the case in four different systems renders it pro- 
bable that it is universally true for all duplex systems in which some 
kind of balance is concerned. 


IX.—NOTES ON MR. EDISON’S ELECTRICAL PROBLEM. 
[Telegraphic Journal, May Ist, 1875, p. 102.] 


IN the Telegraphic Journal for January 15, 1875, Mr. Thomas A. Edison 
submitted the following problem to its readers for solution :—“ Transmit 
alternately positive and negative currents within a closed circuit from a 
battery all the poles of which are connected in the ordinary manner, 
using an ordinary Morse key, to which no extra point or appliances 
whatever is to be added. No device other than the battery, key, and 
connecting wires is to be used.” 

None of the readers of this journal have as yet come forward with 
any solution. Why is this? It is certainly not because there is nobody 
in the British Isles who takes an interest in such matters, and I can 
only suppose that an excess of modesty has prevented many of the 
readers of this journal from sending a solution for publication. As the 
problem ® of a highly interesting nature, I think it should not be 
allowed to drop out of mind, and so send a few remarks on the problem 
and its solution. Perhaps others will then come forward with improved 
methods. 

The practical telegraphist who has been accustomed to the use of 
the Morse key for sending single currents, and a “‘double-current” key 
for sending reversed currents, will probably be inclined, on a first 
perusal, to consider the problem a sort of electrical conundrum, not 
admitting of any legitimate solution ; but such is certainly not the case. 
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I must, however, in the first place, point out that it is an impossibility 
on the face of it to reverse the current in a closed circuit containing a 
single battery all the poles of which are connected in the ordinary 
manner: the current in the battery itself has necessarily always the 
same direction, and a second battery of greater strength would be 
required to reverse the current in the first. All we can do is to reverse 
the direction of the current, in some or all of the conductors, in the 
circuit which lie outside the battery. I assume, therefore, that this is 
what Mr. Edison means is to be done, and on this assumption we can 
proceed further with the problem. 

The restriction contained in the enunciation that all the poles are to 
be connected in the ordinary manner, I take to mean that the battery 
is to be joined up “for in- , 
tensity,” to use the conveni- i 
ent old-fashioned phrase ; 
that is to say, the positive 
pole of one cell is to be con- 
nected with the negative 
pole of the next, and so on - 
all through the battery. This 
restriction, however, does not 
forbid us to make a connec- 
tion by means of a wire between our Morse key and any intermediate 
pole of the battery, as this will not interfere with all the poles being 
connected among themselves in the ordinary manner; hence we have 
the following arrangement, answering every condition of the problem 
(Fig. 1) :—The battery f has its two terminal poles connected with the 
back and front stops of the key respectively, and any intermediate pole 
is connected through the external resistance, e, with the lever of the 
key. This will obviously produce alternately positive and negative 
currents in the external resistance when the key is worked, and is too 
simple to require any further explanation. This system was in use 
many years ago for signalling on underground or submarine wires, and 
may possibly be still used. 

- It will be observed that in the above system the whole battery is 
never in circuit at once; in fact, we are practically employing one 
battery for the positive currents and another for the negative. If we 
wish to employ the whole battery both for positive and negative 
currents we must seek some other plan. Mr. Edison lays no restriction 
on the resistance of the connecting wires, so that, practically speaking, 
he allows the use of resistance coils. This contradicts the statement in 
the problem that no device other than the key, battery, and connecting 
wires is to be used, but we may produce harmony again by uncoiling 
the wires of the resistance coils. Or, if we have a galvanometer of 
sufficient sensitiveness, we may use short pieces of wire. Fig. 2, then, 
shows a second solution of the problem. The external resistance, e, 
is connected between the back and front stops of the Morse key; one 
pole of the battery is connected with the lever of the key and the other 
with the junction of two wires, a, b, the other ends of which go to the 
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back and front stops of the key. When the key is in the position 
shown in Fig. 2 the current from the + pole of the battery divides 
so that the greater portion goes through b, and the remainder through 
a and e, to the back stop of the key, and so to the — pole of the 
sil battery. When, however, the key is depressed, so 
Fg that the lever is in contact with the front instead 
of the back stop, the current from the + pole divides 
so that the greater part goes through a, and the 
remainder through b and e, to the front stop of the 
key, and so to the — pole of the battery. The 
current is thus reversed in e. It is obvious that we 
can give any relative strengths to the + and — 
currents in e by suitably changing the resistances of 
a and b, and that when a and b are equal the reversed 
currents in e are equal. The galvanometer, e, may of 
course be replaced by a line. The currents sent to 
line will naturally be less than if the battery were con- 
nected direct to line, as in the ordinary double-current key. How much 
less we must call in the aid of Ohm’s laws and algebra to determine. 
Let E be the current in the line, P the electromotive force of the 
battery, f its resistance, and a and b the resistances of the two wires. 
Then when the lever of the key rests on its front and back stops the 
currents sent to the line are 


Pa and Pb 
J(at+b+e)+a(b+e) fiat b+e)+b(a +e) 
respectively ; and when a=b each of these becomes 
P 
E= nP a (1) 
T ta+e+?f 


_— 


a 
To have as strong signals as possible with any given line and battery 
we must make E a maximum subject to the variation of a. Now the 


denominator of (1) is a minimum when a= „/ef; therefore E is then a 
maximum, and its expression is 
P 


2 JSeft+e+ If 
Let us take a numerical case. Let the resistance of the line, including 
the apparatus at the other end, be e=5000 ohms, the battery resistance 
f=50 ohms, then a= 4/50 x 5000 = 500 ohms, and 


B P P 


e—a a aa a 


Now, if the battery were joined direct to line, the total resistance in 


the circuit would be 5050, and the current would be a which is 


greater than the former result in the proportion of 6100 to 5050; so 
that the plan of signalling reversals as in Fig. 2 would be attended with 
a loss of strength of current amounting to about 4 in this particular 
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case. This difference is not very great, but a further disadvantage is 
that the battery is much harder worked in the system of Fig. 2 than in 
the ordinary system. These disadvantages would, no doubt, effectually 
preclude the use of the Morse key for signalling reversals by this 
particular arrangement ; but, on the other hand, it may be adapted to 
form a system of signalling reversed currents having some advantages 
over the ordinary method. The principal points of this plan are as 
follows :— 

(1) The reversals are produced by a Morse key. 

(2) The sending station works his own instrument, so that he may 

hear or register his signals at pleasure. 

(3) Each station can interrupt the others’ sending. 

Let the two resistances a and b, in Fig. 2, be the two coils of a 
Siemens relay, or any other polarised receiving instrument ; replace the 
galvanometer e by the line, and put the front stop of the key to earth. 
Then we have the arrangement shown in Fig. 3, where the two points 
sand ¢ may be joined or separated by means of a switch, or any other 
contrivance. When they are Pig. 3. 
joined and the key is worked 
reversals are sent to line, just 
as in Fig. 2 reversals are sent 
through e. The currents sent 
split unequally between the 
two coils a and b, most going 
through one coil when the 
key is depressed, and most 
through the other coil when 
it is elevated, and the conse- 
quence of this unequal alter- 
nate division of the current | 
will be that the armature of the instrument will exactly repeat the 
movements of the key. This is point (2). When it is desired to 
receive, separate s and ¢ by means of the switch and the battery will be 
cut off, and all received currents will pass through both coils in the 
usual manner. Furthermore, as stated above, the receiving station can 
interrupt, for the sender’s signals will then be no longer correctly 
repeated by his own instrument. Possibly Mr. Edison is perfectly well 
acquainted with this extension, or rather application, of his problem, to 
the discussion of which we may now return. | 

If, in the arrangement in Fig. 2, we make the battery and galvano- 
meter change places, we get another—though somewhat similar—method 
of sending reversals through e. If e is greater than f the currents will 
be weaker, but if f is greater than e they will be stronger. Otherwise 
this arrangement is so similar to Fig. 2 as to call for no further 
comment. 

In the previous three methods both stops of the key have been used. 
In the following only one is used. In Fig 4, e is the galvanometer or 
other resistance through which reversals are to be sent; a, b, and c are 
three resistances; and f the battery. The back stop of the key is not 
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connected with any part of the arrangement. When the key is at 
rest the current from the + pole divides at 4, through the two roads 
ACB and AB, which join at B, and the circuit is completed through c. 
When the key is depressed the 
a del å current divides both at 4 and at B, 
and the current in e is reversed. 
We may also change the positions 
of the battery and galvanometer in 
Fig. 4 and still have reversals in 
the galvanometer. No doubt there 
are other methods, more or less 
simple, of obtaining reversals in a 
conductor by means of a Morse key, 
and, now that a beginning has been made, they ought to pour in from 
all parts of the United Kingdom. Mr. Edison’s own solutions would 
also be very acceptable. 


X.—ON THE RESISTANCE OF GALVANOMETERS. 
[Jour. Soc. Tel. Eng., April 28, 1880, vol. 9, p. 202.) 


Tue well-known result that the resistance of a galvanometer coil of 
given size should equal the external resistance in order to obtain the 
greatest magnetic force is easily verified. If G is the magnetic force at 
the centre of the coil for unit current in the coil, and M the magnetic 
force due to the current y, then M=yG. Also, by Ohm’s law, if R and 
r are the resistances of the galvanometer and of the rest of the circuit, 
and E the electromotive force, y= EH +(R+7r). Whence 


Here G=gl, where / is the length of wire in the coil, and g the mean 
value of G per unit of length throughout the space occupied by the coil, 
and therefore the same for different sizes of wire. Now, if we neglect 
the thickness of the covering of the wire, it is easily seen that the. 
resistance of the coil varies as the square of the length of the wire. 
Thus, in (1) Gal and Ra l, and therefore M is a maximum when 
=%, 
In the next place, suppose the thickness of the covering is constant : 
let the radius of the wire=y and of the covered wire =y+b, then the 
volume V of the coil is 
V =4l(y +b). 
If p = the specific resistance of the wire 


pale l 


T y? 
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Also G=gl, as before. Therefore in (l) Ga(y+5)-*, and 
Re y-*(y+6)-?, and M is a maximum when 
R:r=y:y+b, 

or the resistance of the galvanometer should be to the external resist- 
ance as the radius of the bare wire is to the radius of the covered wire. 
(Maxwell, IL, Art. 716.) 

But if we suppose that the radius of the covered wire bears a constant 
ratio to the radius of the wire itself, the result is again R=r. For let 
the radius of the covered wire = Gy, then 


l agi 
R= 2 V = 41 By. 
Thus, in (1), Ga y~? and R œ y~4, and therefore M is a maximum when 
=, 

In the above, the form of the channel in which the wire is wound is 
arbitrary, and the thickness of the wire the same throughout the coil. 
But when the windings are circles there is a certain form of coil which 
gives the greatest magnetic force at the centre of the coil for a given 
length of wire. The wire should be wound in layers on surfaces 
defined by the polar equation 

T? = x? sin 0, 

where r is the distance of a circle of wire from the centre of the coil, 
0 the angle between r and the axis of the coil, and z a constant deter- 
mining the linear dimension of the layer. With this form of coil, if 
the ratio of the radius of the covered to the radius of the bare wire is 
constant, the diameter of the wire in any layer should vary as the 
linear dimension of the layer to get the greatest electro-magnetic effect. 
(Maxwell, II., Art. 719.) | 

Under these circumstances, what should the resistance of the coil be? 
Professors Ayrton and Perry asked this question, and their answer 
was, A=r again (Journal Society Telegraph Engineers, vol. vii., p. 297). 
For so simple a result to arise out of such complexity is rather striking, 
and, being lately occupied with a similar question, I looked for the 
reason of this result. It appears not to depend on the particular form 
of coil considered, nor on the particular law governing the diameter of 
the wire in the different layers, but solely upon the assumption of a 
constant ratio between the radius of the covered and of the bare wire. 

Thus, let y= variable radius of the wire itself, and z = variable radius | 
of the covered wire. Then 


Rael y = Í 4d, G= | on dl = gl 
But since the coil is a figure of revolution 
| V=2r Í fe sin Odrdð. 
Let the limits of integration for r be z (0) and x, f(0). Then 


rT : ioe on a3 ‘ 
V=2r | {f()}* sin 40-2"? = 3N? — 22), 
0 
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where N is a numerical constant. Therefore 

dV = Nædz = 42dl, 
where dV is the volume of the layer corresponding to dz, and dl the 
length of wire in the layer. Thus, 


_ p( Nedz _ „(Nedz 
m= ef 442z?’ of 422 ? 
Nz?dz 
l 422 
and EE BS ag 8 1 
T) 4y2z2 
Let now z= By, where P is constant, then 
1 (Nedz 
TEN IOo Bey ty 
M= ongyr IT p Nea Neda 
ORTI 


If y is constant with respect to z, Læ y~? and Ra y~4, so that M is a 
maximum when R=r. If y=az, the same result follows. But y may 
be any function of z; say y=ad¢(x), where ¢ determines the law of 
variation of the radius of the wire from layer to layer, and a fixes the 
actual size of the wire. Then 


1 (Nedz 
l aB?) 4p? 
M = Kop, = 49 l p(Nxdx i 
atp? ‘| Apt 
Let a vary, then, as before, R=r makes M a maximum; for læ a~? 
and Ra a~t. 

Thus R =r makes M a maximum when the diameter of the wires in 
different layers is arbitrary and the form of the layers arbitrary (except 
that they are similar surfaces of revolution), provided that z= By. 
Other relations between z and y of course give other results. 

The following is more general: Take a long wire of circular section, 
whose radius varies continuously along its length, and let it be covered 
so that the thickness of the covering along its length varies in the same 
manner: t.e., Z: y= constant everywhere. Now wind this wire into a 
coil of any shape and section. It will have a certain resistance, and the 
unit current in it will produce a certain magnetic force at any point. 


Now, if the radius of the wire is everywhere reduced to -th part, and 


the same space is filled, we have everywhere n? wires instead of one; 
therefore the magnetic force due to the unit current in an element of 
length of the original wire is increased n? times by the unit current now 
passing in n? wires instead of one, and the resistance is increased nt 
times by the change. Since the same is true for each element of length 
of the original wire, it follows that the magnetic force due to the unit 
current in the whole coil varies inversely as the square of the radius of 
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the wire, and the resistance of the coil inversely as the fourth power of 
the same. Therefore, 
| M= EG _ p Aa”? 

R+r — Bater 
where 4 and B are constants depending on the form and dimensions of 
the coil, and a determines the actual radius of the wire at any part. 
Vary a, then M is a maximum when f =r as before. 


XI.—ON A TEST FOR TELEGRAPH LINES. 
[Phiwl. Mag., Dec. 1878, S. 5, vol. 6, p. 436.] 


THE true conduction and insulation resistances of a uniform line may 
be found from the potential and current at the ends, when a constant 
electromotive force acts at one end. Suppose at one end 4 of the line 
there is a battery of electromotive force E, and a galvanometer, the two 
together of resistance = ; also at the other end B of the line a galvano- 
meter of resistance R, the circuit being completed through the earth. 
If the potential at distance z from 4, where z= 0, is v, the current at 
the same point y, the conduction and insulation resistance k and i 
respectively per unit of length, then 


ao 
where wa, 
i 
__1ld, 
and Y= -7 m’ 
whence v=ae™ + be™, 
A co, de. Geeta e (1) 
= — —.(ae — be~™), 
aaa” ales) 


where a and b are undetermined constants. 
If now the potential and current at 4 are v, and y,, and the same at 
B are v, and y, then it may easily be shown from equations (1) that 


2 2 
ki= "1% 


Since the length of the line does not appear in-(2), the relation 
therein expressed applies to any two points of the line. The reason is 
that the product of the conduction and insulation resistances is the same 
for any length, the one varying directly and the other inversely as the 
length. Now the insulation of land-lines is in this country very 
variable, while the real conduction resistance (i.e. its resistance if it 
were perfectly insulated) is nearly constant. It follows that (2) may be 
used for determining i, considering k as vonstant. In (2%, 
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R, and R, being interposed resistances are, of course, known ; so that 
three quantities have to be observed, viz., E, y,, and y,; or equivalent 
information must be obtained. To make the test in its simplest form, 
let the resistances F} and J, be small compared with the line resistance. 
Also let equally sensitive tangent-galvanometers be used, and let n, and 
ng be the deflections corresponding to y, and y, and n; the deflection £ 
gives through 1000 ohms. Then (2) becomes / 
2 
ki = 7 o a (4) 


2 Ne 


where k and 7 are both in ohms; or if k is in ohms and iz in megohms, 
the 106 must be cancelled. 

If #, and R, are taken into account, then instead of (4) we have 

ki= (10°n, - Rm)? — (Rane)? , 
n? — ng i 
and if the galvanometers are not equally sensitive, the deflection n, 
must be multiplied by the ratio of the sensitiveness of the galvanometer 
at B to that at 4. 

Using formula (4), the test can be easily made, though it is obvious 
that the line must be long enough to make an appreciable difference 
between the sent and received currents. 

We may also determine k and i separately from the same data. If Z 
is the length of the line, then 


ae, es EA (5) 
tale tn vit | 
1T NT OB Fy Jii 


It is to be observed that these formulae give the true conduction and 
insulation resistances. The measured resistances, or those deduced 
from observations with the bridge, differential galvanometer, etc., at the 
battery-end alone, are very different from the true, when the line is 
long and badly insulated. The measured is always less than the true 
conduction resistance, and the measured always greater than the true 
insulation resistance; while the measured conduction resistance can 
never be greater than ./ki, and the measured insulation resistance 
never less. 


XII.—ON THE ELECTROSTATIC CAPACITY OF 
SUSPENDED WIRES. 


[Journ. Soc. Tel. Eng., 1880, vol. 9, p. 115.] 


SUPPOSE, itl the first: place, :we-have a single wire suspended in empty 
space, and chargéd--nd matter how—with a quantity g of electricity 
per unit.of length. The resultant force at a point whose perpendicular 


< 
v - . e >» v 
ee ee 
ewe > o é . e Ri 
e 


*e 
e 
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distance from the centre of the wire at any point 4 is r, due to the 
elementary charge qdz at distance z from J is 
gdx + (x2 +r?), 
and this resolved in the direction normal to the wire is 
gaa + (a? +12) xr + (a2 +77); 

therefore the resultant force due to the whole charge is 

° qrdz _ 2g 

| (+r r 

Since the resultant force is the rate of decrease of the potential, the 
potential is Fatio 


where z is a constant. If the potential at an infinite distance is zero or 
constant, the potential of the wire itself is infinite; or, in other words, 
an infinite amount of work must be done to charge the wire-- that is, it 
would be impossible to charge it. This may be made more intelligible 
in another way. The capacity of a wire becomes smaller and smaller 
the further it is removed from other conductors, and in the limit, when 
the wire is alone in space, it vanishes. 

Suppose, now, there is another wire parallel to the first at distance 
2h, and charged with -g per unit of length; the potential due to its 
charge at distance 7’ is 


mo 2q log = 

where 2’ is another constant ; consequently the potential due to both 

charges is 
2q log - 

for z and 2 both disappear on being made infinite. Therefore, if d) and 

d, are the diameters of the wires, their potentials are 


2q log $ and 2q log h, 
1 


Thus the charge divided by the difference of potentials is 


16h? 1 
a+ (24 log dd i 31 LO” 
2 log —— 
did 
and this is the mutual capacity per unit of length of the two wires 


in space. 

The potential is zero at all points where r=7, that is, in a plane 
equidistant from the two wires, whose shortest distance from them is 
h; and the difference of potential between either wire and this plane i is 
half that between the two wires. It follows that the capacity of a wire 
of diameter d suspended alone at height h above the ground is 


1 
c= 


2 log — 2 log 4" 


d 
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per unit of length, in electrostatic measure. (F. Jenkin, Electricity and 
Magnetism, p. 332.) 

If h=3 metres and d=4 millimetres, c=:0624. To bring into 
electromagnetic measure this must be divided by (28:8 x 10°)?; to bring 
the result into microfarads, multiply by 104; and lastly, multiply by 
the number of centimetres in a mile to find the capacity in microfarads 
per mile. The result is ‘(0121 microfarads per mile. 

Next, suppose the line consists of two wires, 1 and 2, of radii 7,, and 
Tə Let 1,,=distance between the centres of 1 and 2, s, the distance 
between the centres of 1 and of its image, s,, the distance between the 
centres of 1 and the image of 2, or of 2 and the image of 1, and s, the 
distance between the centres of 2 and its image. Also let V} and Y, be 
me potentials of 1 and 2, and g4, q,, their charges per unit of length. 
Then 


Vy = 2 log Šu + 29, log wig, 
11 12 


V, = 2g, log “12 + 2g, log “2, 

Tiz T22 

express the potentials in terms of the charges. For 2q, log = is the 
potential of 1 due to its own charge and the opposite charge of its image, 
and 2q, log “12 the potential of 1 due to the charge of 2 and the opposite 


charge of its image, and similarly for V,. From these we deduce 
V= ita» a= CaM + CoV oy 


2 S 2 8 2 s 
=~ log 522 -6.,=/ log 52 2 jori 
where Cy p og A Cig P og F Coo P log T, 
2 
and R=2 log“. 2 log %2 — (2 log 22). 
"1 To9 "12 


Here c, is the capacity per unit length of wire 1, c, the capacity of 
wire 2, and c; the mutual capacity of 1 and 2. 

Suppose the wires have the same radius r, and their distance apart is 
d, at the same height above the ground. Then 


Ty =e =T5 f=; Sy =SyQ% 2h; s= Sd? + 4h’; 
i 
and tn = ta = (2 log =) +R; -c= {2 log CHEN) + R; 


where R= (2 log ZA — (2 log LER 


The capacity of each wire is increased by the presence of the other. 
If the height, as before, is h =3 metres, the radius r = ‘002 metre, and 
the distance apart d = ‘5 metre, then 

Cy, = Cx = 0691, — c2 = 0215, 
in electrostatic measure. Or 

Cy1 = Cg = (0134, — c,, = 00417 
microfarads per mile. 


ELECTROSTATIC CAPACITY OF SUSPENDED WIRES. 45 


` As the capacity of the single wire of the same radius and at the same 
height was ‘0121 microfarads per mile, the presence of the other wire 
increases its capacity about 11 per cent. If one of the wires is charged 
by a battery and the other is to earth, then about ,%,ths of the opposite 
` charge will be on the second wire and ;3,ths on the earth. 

The formule for the capacities of any number of wires may be easily 
obtained, though the subsequent numerical calculations become com- 
plex. Suppose the wires have radii fii, To» 133) ---» potentials V,, Va 
Vy, ..., and charges gi, Yo 9g, --» per unit of length. Let the distance 
between the centres of any two wires m and n be denoted by fmn and 
the distance between the centre of any wire m and the image of any 
wire n by Sm» Then the potentials are expressed in terms of the 
charges by 


Vi = 2q log 211 + 29, log £12 +29, log 213 +...., 
Tu "12 fig 

V= 2q, log 221 + 290 log 522 + 29s log $8 + ..., 
Ta "92 "98 

V, = 2q, log $31 + 2q, log 282 + 29, log 38 + .... 
"31 T32 "33 


To find the capacity of any wire, say 1, with respect to itself and the 
rest, express g, in terms of the potentials, 7 

Qi = Cy Yq t Ga at Cg gt --- 
Then c, is the capacity of 1, c,, the mutual capacity of 1 and 2, and 
SO on. 

If there are four wires of the same radius, one pair, 1 and 2, at one 
height, and the other pair 3 and 4 vertically beneath the first pair at 
another height, 3 being under 1, and 4 under 2, then we have the 
following relations amongst the distances :— 

"1 FT22 = T33 = Teas Ti2= T34; Tig="eas S11 5S223 S33 = S43 
513 = S31 = S4 = $423 S14 = $41 = S99 = Sge 
Let 


S s S S S 
logii =a; loggĉ2 =b; logð8=c¢c; log "4=d; log “88 =e; log% =f. 
gi Tig "14 Ty Nie 


s 
"2 
Then 
C= Cop = {afe — f?) + d(cf — de) + c(df—ce)} +R 
Cgg= Cy, = {e(a? - b?) +d(bc — ad) + c(bd — ac)} + R 
— Cy, = {d(df — ce) + c(ef — de) + b(e? - f?)} + R 
— Cog = — 63 = {e(c? — d) + (de — cf) +a(df—ce)} +R 
— Cog = —C,, = {b(df - ce) +a(de-—cf)+d(?-d’*)} +R - 
— Cy, = {d(bd — ac) + c(bc — ad) + f(a? - B)} + R 
where 
R = (@ -Pe — f?) + (c? — d?)? + 2(ac — bd) (df — ce) + 2(ad — bc)(ef — de). 
These are the whole of the capacity coefficients for the four wires, 
which may now be numerically calculated. 
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Let the height of the top pair, 1 and 2, be 31 metres, of the lower 
pair, 3 and 4, 25 metres, and let the horizontal distance from 1 to 2 and 
from 3 to 4 be ‘5 metre. Then 


a=log3166°6 =3-5006023, loga=:5441428 
b=41log161-4 =1°1040115, logd=-0429695 
c=log 18 = 1:2552725, loge = 0987379 
d = 4 log 100-384 =1:0008344, logd=-0003622 
e=log 28333 =3:4522977, log e= "5381080 
f=}log129-4 =1-0560417, log f= 0236810 


Here common logarithms are used. The results are 
¢,=15°7863+ R; Cz =15:924+ R; -cx = 2:9876+ R; 
-c63 =41992 + R; -¢c,,=2°4558+R; -c= 28517- R; 
R = 88:4668, 
which must be multiplied by ‘4343 for the change of logarithms, making 
€,,= 0775 ; c = 0782; -¢,.=°0147; -—c,,=°0206; -c¢,,=-0120; 
— Cz, = 0140 
in electrostatic measure, which are equivalent to 
c1 ='01503; c= 01517; —¢,.=°00285; -c= 00399 ; 
— c, = 00232; — cą = 00271 


microfarads per statute mile. 

Suppose one of the top wires, say 1, is charged by a battery, while 
the remaining three wires are to earth. Then wire 1 will receive 
a charge = ‘01503 microfarads per volt per mile, and wires 2, 3, and 4 
will receive from the battery opposite charges proportional to ‘00285, 
(00399 and ‘00232. The sum of the latter being ‘00916, and the 
capacity of the first wire -01503, it follows that about ths of the 
opposite charge goes to the three wires, and the other ,%ths to the 
surface of the earth. 

As there are only four wires considered, it is evident that with a 
large number of wires the proportion of the opposite charge on the 
surface of the earth becomes quite small, nearly the whole going to the 
neighbouring wires. | 

F. Jenkin (Electricity and Magnetism, p. 332) says there is experi- 
mental reason to believe that the actual capacity of a suspended wire is 
about double the amount, calculated on the supposition of there being 
no other wires on the same poles, owing to the induction between the 
wires and the posts and insulating supports; but as the posts only 
occur at intervals, it seems reasonable to suppose that a great part of 
the difference is rather due to the neighbourhood of other wires. At 
any rate, a second wire increases capacity about 11 per cent., and with 
three more the increase is about 24 per cent. according to the above 
figures, and a greater number will of course produce still further 
increase. 
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XIII.—ON TELEGRAPHIC SIGNALLING WITH CONDENSERS. 
[Phil. Mag., June 1874, S. 4, vol. 47, p. 426.] 


GIVEN an insulated conductor called the line connecting two places, 
there may be said to be in present use two distinct methods by which 
signals made at one end of the line are observed at the other. The 
first, which is that in most general use, is to connect the line with one 
end of the coils of an instrument affected by electric currents, and the 
other end of the coils with earth. The battery at the sending-end 
being also placed between the line and the earth, a circuit is established, 
through which a current will flow so long as the battery and instrument 
remain undisturbed. This current will in a short time after the first 
moment of contact with the battery become approximately constant at 
any one part of the line—and, if there be no leakage, will attain the 
same strength at every part of the circuit, including the battery and 
recelving instrument. The second method, first introduced by Mr. 
Varley,* and now in pretty general use on submarine lines, is somewhat 
different. The end of the coils of the receiving instrument, which in 
the first method is connected with the earth, is now joined to one arma- 
ture or inductive surface of a so-called condenser, properly speaking an 
electrical accumulator, the other armature of which is to earth ; or, 
which comes to the same thing, the condenser is placed between the 
line and the receiving instrument. As there is now no longer a com- 
plete conductive circuit, no permanent current can flow through the 
receiving instrument, or indeed through any part of the line, if the 
insulation be perfect. 

Imagine the condenser to be a continuation of the cable, in fact a 
length of cable having the same capacity as the condenser, insulated at 
its further extrémity, and the receiving instrument connecting the main 
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cable with its imaginary continuation, as shown in Fig. 1; where f is 
the battery at the sending-end of the line, one pole of which is to 
earth, K a key for making contact between its other pole and the 


* [See, however, Mr. Willoughby Smith’s claims in his paper, ‘‘ Working of 
Long Submarine Cables,” Jour. Soc. Tel. Eng., vol. 8, p. 63, and the discussion 
thereon. ] 
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cable 4, and e the receiving instrument placed between 4 and the 
continuation B. 

Then when contact is made at K it is evident that only so much 
electricity will pass through e as will charge B up to the potential of 
the further end of 4. The current through e will therefore be 
transient, rising to a maximum and then dying away. This method of 
representation would be perfect if we could neglect the resistance of the 
conductor inside B; as, however, in practice the capacity of the con- 
denser is only a fraction of that of the line, there will be little difference 
due to this cause. And if the capacity of B be very small, we may 
consider the flow of current through e to be strictly dependent on the 
rise or fall of potential of the end of 4. 

To find an expression for the potential and the current at any point 
of a cable insulated at one end, at any time after contact is made with 
a battery at the other end, the only way, as far as I am aware, is to 
follow the method given by Sir William Thomson in 1855 (Proc. Roy. 
Soc.), making the necessary alterations to suit the changed conditions 
of the problem. It is to express the actual potential at any time as the 
difference of two functions, one being the known final distribution of 
potential, and the other the departure from the final potential, the latter 
being expressed by an infinite convergent series every term of which is 
of the form 

sin z. e~. ; 


Let / be the length of the line, 
k the electrical resistance of the conductor per unit of length, 
c its electrostatic capacity per unit of length, 


k, the resistance of the dielectric per unit of length to conduction 
in a radial direction, | 


V the electromotive force of the battery, the resistance of which 
is neglected, 


v the potential, and 


C the current at any point x of the conductor, measured from 
the battery- -end, at the time ¢ from the moment of making 
contact. 


The differential equation of conduction in a telegraphic line is 


dv dw 
hae a Sct hoa E (1) 


_ where h= a ES and we must find a solution of this to satisfy the 


following son ditions which are given by the circumstances of the case. 


1, v=V when «=0. 
2 d _ 0 when «=I. 

dx 

3. v=0 when ¢=0, except when z=0. 
4. v=f(x) when t=o. 
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To find the function f(x) expressing the permanent distribution of 
v 


potential after an infinite time, make — =0 in (1), and integrate the 


dt 
resulting equation 
Oo hv 
da? i 
subject to the first and second conditions. We thus obtain 
or e-a) + e~t—2) 
J(z)=V. aa? ar WP a, eneee eneee (2) 


for the final distribution. 
In expanding (2) in a series of sines we must remember that 


T= O when z=], and accordingly use the expansion 


fla) =F 32 sinl Der | fia) sin Va ar 


21 
which gives 
_ ei—2) + e— ht—2) 
f(a)=V ape 
es o 2—1 ° (2i — l)re, 
=4rV E; (2i — 1)? + 4h? e Seppe ) 
consequently the required solution is 
= et-a) 4 7*0) 
o= a 
At ; . (2i—1)2x2t 
-F oo 2i- 1 ~ (2i— lyre -zan 
T g PE ame NG) r a TT a * Ss ae eee ackl e eoeeoe 
rV. e * DX Qin ya? 4 ERP sin, € (3) 
When the insulation is perfect and h=0, this becomes 
gy Vos 1 „ (2i-1ljr -A j 
v= V ~ag a T (4) 
As the current equals -7 ad we have, by differentiating (3) and (4), 


ga Fh ea- Ma 


kO Pp 
2y -1 o (2i-1}r? (2i — 1)ra es 
kb To; 1\te2 adhe’ ofF° | ° E 5 
K aÀ >, (2i — 1)?r? + 4h? oona] : , (5) 
and when h=0, ous 
Woo (2i- lre -map 3 
C= 5,2, cos - « EE tila (6) 


We can employ (5) and (6) to determine the flow through the 
receiving instrument, by giving z a value something less than /; but it 


is preferable to use the series for F obtained from (3) and (4) by 


differentiation. 
H. E. P. — VOL. I. D 
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dv 4V k -* 1 1 (2i -I)re „eiit 
poa oe an i 
Tie 
(2i - (2i — 1)2x? (7) 
Vr -oo 1 De, ae 
+ apes “a . (24-1). sine seki S 
(2i — 1)?x? 
This becomes, when h=0, 
dv _ . (2i— ljg -S 
sái 2i cS a a E ene: 
dt = a A oem 9] . (8) 


A unit of time of a very convenient magnitude for practical calcula- 
tions is 


Employing this unit, we have the following series for v and 7 when 
x=] and h=0:— 
ea) 107 mti, 107 — ete.). ......... (9) 


dv _ 
dt ~ ekl? 


The “arrival-curve ” for 7, calculated from equation (9), is shown in 
Fig. 2. 


FT (1078i— 3, 107 4.5, 107M ete). os. oaan (10) 
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By comparison with the arrival-curve for the current at the remote 
end when to earth, we see that, broadly speaking, it takes about four 
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times as long for the potential to nearly attain its maximum when the 
end is insulated as it takes for the current to nearly attain its maximum 
when the end is to earth. Thus, when the end is to earth, the current 
reaches 98 per cent. of its maximum strength in 20a; and when the end 
is insulated, the potential reaches 98 per cent. of its maximum in 80a. 
This relation does not hold good throughout the whole extent of the 
curves; but there is a general similarity’ We may conclude that 
signalling by means of an electrometer connected with the insulated end 
of a cable would be much slower than the ordinary plan of a galvano- 
meter or recording insfrument worked by the current. 

Fig. 3. represents at from ¢=0 to ¢=80a calculated from equation 
(10), and is closely the same as the arrival-curve for the current in con- 


denser signalling. It will be seen that reaches its maximum in 7a. 


Fia. 3. 


10 20 30 50 60 70 804 


The strength of the current will of course depend on the capacity of 
the condenser, and will be proportional thereto so long as it is small 
compared with the capacity of the line. As, however, an increase in 
the capacity is equivalent to lengthening the line, the maximum strength 
of the current will not be so soon reached with the larger capacity : 
although the signals will be stronger, they will be more retarded. 
Hence the best capacity to be used on any line, which should theoreti- 
cally be as small as possible, must be determined by the sensitiveness 
of the instrument and the battery-power employed. When the capacity 
of the condenser is one-seventeenth part of that of the line, the maxi- 
mum strength of a signal is about one-tenth of the permanent current 
which would flow were the end of the line put to earth. 

The effect of a condenser on the signals varies according to the 
description of instruments used for observing the signals, on the system 
of currents forming the signals, and on the value of the unit of time a 
for the particular line under consideration. Thus on an overland line 
worked on the Morse system with single currents, where the signalling 
consists in alternately connecting the sending-end of the line with one 
pole of a battery and to earth, it would be impossible to make dashes, 
because on land lines the length of a contact is always so great com- 
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pared with the unit a, even in rapid signalling, that the current at the 
receiving-end would have come and gone long before the contact at the 
sending-end was finished. On cables of any considerable length it 
would be different. There would then be only a shortening of the 
dashes, its extent depending on the length of the contact; and it 
would consequently lead to an increase in the speed of working. There 
would similarly be very little direct advantage, save immunity from 
earth-currents, in using on land lines the condenser with polarized relays 
and reversing-keys, although there would be no shortening of the 
marks, as the armature of a polarized instrument will, if properly 
adjusted, remain in the position in which it is placed by a transient 
current. On cables worked with the same instruments, a considerable 
increase in the speed of working results. 

But the condenser is peculiarly applicable to those systems of signal- 
ling where the currents sent are of equal duration and alternately 
positive and negative; for example, Sir C. Wheatstone’s automatic 
system. A succession of reversals, each contact of the length 4a, pro- 
duces through the receiving instrument reversals alternately 50° per 
cent. plus and 50 per cent. minus, being a whole range of 100 per cent. 
Without the condenser the whole amplitude of variation of the current 
is only 24:42 per cent. On a certain circuit worked by the automatic 
system, on which the value of a was about 0:0175 second, the speed of 
working with condenser was 75 per cent. greater than without. 

With Sir W. Thomson’s mirror and recording instruments there does 
not at first sight appear any reason why the speed of working should 
be much raised, as they indicate in the one case and record in the other 
every change in the strength of the current. Yet the condenser is of 
great advantage here, as it keeps the spot of light and siphon within 
very narrow ranges, never departing much from the zero line, and 
naturally the signals are much more distinct. 

dv 
dt 
to earth, reaches its maximum in 3a, as against 7a when the end of the 
line is insulated. ‘Thus it would appear that a considerable increase in 


It will be found on examination that —, when the end of the line is 


Fia. 4. 


the speed of signalling should result from connecting the line to earth 
through a resistance, as shown in Fig. 4, where f is the battery, 4 the 
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cable, e the receiving instrument, C” the condenser, and R the resistance 
introduced between the end of the line and earth. This resistance is 
necessary in order to raise the potential of the end of the cable, and 
give signals of a workable strength. That this plan does increase the 
speed, I have verified on the circuit before mentioned, using a polarized 
instrument and double current key. The increase in speed was about 
20 per cent., compared with the speed obtained by making R infinite. 
The signals were, of course, weaker in the former than in the latter case. 

The effects of defective insulation may be traced by giving A different 
small values in equation (7). In the first place the signals are 
weakened ; and next, the effect of loss is to decrease the time required 


for the signal to arrive at its maximum strength. Thus when A =p 


the maximum is reached in 4a, as against 7a when h=0. This is an 
extreme case, and would nearly correspond to the French Atlantic 
cable if its insulation-resistance were 3 megohms per knot, instead of 
more probably 300. Whether loss does or does not increase the speed 
of working depends on a great many circumstances. It is an undoubted 
fact that, under some systems of signalling, a cable with a very bad 
fault in it has worked quicker than when it was perfect; and it is also 
a demonstrable fact that under other systems the effect of loss is greatly 
to diminish the speed. In a particular case which I have examined 
theoretically and practically, the fact that each signal should be more 
quickly made through a faulty than a perfectly insulated cable is quite 
consistent with the fact that the speed of working is reduced. 

Another method of receiving signals has been tried, though not 
adopted anywhere. The current is passed through the primary wire of 
an induction-coil, in the secondary circuit of which is the receiving 
a the rate of increase of 
the current; and the arrival-curve has its maximum at about 3:5a, 
while with condenser pure and simple it is 7a. It does not, therefore, 
appear evident why, as Mr. Varley states, he found the condenser more 
satisfactory. Mr. G. K. Winter reinvented this system, and reports 
very favourably on its effect (British Association, Brighton, 1872). 


instrument. The signal here depends on 


XIV.—ON THE EXTRA CURRENT. 
[Phil. Mag., Aug. 1876, S. 5, vol. 2.] 


LET a wire possessing uniform electrical properties throughout be of 
length Z, resistance kl, electric capacity cl, and let its coefficient of self- 
induction be sl. Further, let P and Q denote the two ends of the wire, 
and zx the distance of any point from the end P. Let v be the electric 
potential at the point x at the time ¢, and Q the quantity of electricity 


that has passed that point from the time ¢=0, so that Q is the current. 
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The differential equation of the potential of the wire may be found from 
the following two equations :— 


dQ _ ow» 
iy iene eeeneenenenereenee (1) 
-Z a6 +sd Se T (2) 


The first expresses the fact that the quantity of electricity existing 
on the surface of the wire between sections at z and 7+dz at any 
moment is the product of the potential and of the capacity of the 
portion of wire considered. The second expresses that the E.M.F. at 
the point x at any moment is the sum of the E.M.F. producing the 
current Q and the rate of increase of the momentum of that current. 
By eliminating Q we obtain 

eee ee (3) 


If s=0, the above equation becomes 

P oki 

dz” 
the differential equation of the linear flow of heat, or of electricity in a 
submarine cable, the practical solution of which for a wire of finite 
length can only be accomplished with the assistance of Fourier’s 
theorem. And if k=0, we have 

dv 

ax? 
which is of the same form as the equation of motion of a vibrating wire, 
the solution also requiring the use of Fourier’s theorem. It is therefore 
probable that the same method must be adopted to solve the differential 
equation under consideration, viz., 


= CS, 


= di+ e PAE AEE AA (3) 
Let the potential of the wire at any moment be 
sin imr 
v=V ae TAO, E EEA (4) 


where f(t) is a function of ¢ only, and V is constant. From (4), by 
differentiation, 


dv = - uae 
dix? (2? 
therefore, by (3), 
e . Pr? 
cst + cho + pla 05 


the solution of which is 
f i ; ; i 
= etna Adti2a(1—4i%22) i Be (t/20)( 1 - 432492) \ 


if 4i?’ < l; and 
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v= e~tha( A' cos + B sin) (tièr? - = 1), 


if 4m2 >1. Here 4, B, 4’, B’ are constants, and a= p > and B =cki’, 


both time-constants. Therefore if the potential when t= a 18 
sin ima 
cos |’ 
the potential of the wire at time ¢ is 
ini " i a)i} 
v=V aa a PEO ki ' (1- Aye (tha (1 -ait E (5) 


or v=V sin Fre- tfaa cos + B sin); IG Prg- 1); O T (6) 


according as 417? < or > l. The remaining constants 4 and B' 


must be determined from the value of the current at some fixed time. 


By solving (2), where — A is to be found from (5) and (6), we shall find 
Q=Ce Wag OF COB Ui ejz aden -0 gee ae) 


; Vir cos ime tp B 
or = (Oe “t/t = —t/2a 
¢ tU sinl Dai 


; ee ee 1? m, t 9 
x {(1 - Ba] dns 1) cos +(B +v-)sin| EA Hr l, 


where C is a constant current. Let the initial current be C, then 


1+ 4/1- hir?” 
m B 


= poe ee B f = S __, 
2 N 1 — 442927 y 4x2 — 1 
B p 
therefore the expressions for the potential and the current become 
v=V ae a F —{(1 +m)emta — (1 — m)e- OH}, nsssssss. (7) 
or v=V p ee + i “he EENEN E head sGunctmeaneeesy (8) 


where m= {1-408 1- tntg m = = qit 1 fièr? a l; 


e Vir cos imx e-ta 
= Cetha — "1 wash tm/2a@ m gtm] cee 9 
and MEDENS kl sin l m (€ j ) (9) 
Vir costmz 2e-ta/ . tm’ 
t|: t F ea e@ eee eee soe eeeeann eee eene -@e 10 
oF Q= oe P sin l w (sin z) (10) 
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In the intermediate case, when m = m = 0, 


v=V oe ee +z) ava ee Nis si EEA (11) 
: Vir cos irr t 

= —tja pra A T. Bz a -t]2a e e eeeeoevoeeeeeenesees eoao ooe 12 
eal a Thy a (12) 


The current Ce-‘/« does not influence the potential in any way. The 
above solutions suppose that the initial current is C and the initial 


sin irz 
v= K 


potential = and give the potential and current at any time 


sl 
after. When sin is taken the potential at the ends of the wire is 
always zero, and when cos 7 is taken the current is always zero at 


the ends. 

After this preliminary we can pass to more practical cases. In the 
first place, let a constant current V/k? be flowing through the wire, 
caused by a battery of negligible resistance and E.M.F. V, and let the 
potential of the wire be V(1-z2/I), so that it is V at the end P and 
0 at the end Q. By Fourier’s ene 

. inz 
V1 ahs. = Zaye z SIN 3 


therefore if the end P is put to earth at the time ¢=0 the potential at 


time ¢ is ; 
-2y l sin Tt tea l +M, imza _ | — Mu e—tmy/2a 
m 4 l 2m, 2m; 
+22 l sin 2k e=t2a( cos + l sin) g eee (13) 
A mM; 2a’ 
by (7) and (8) ; a the first series includes all integral values of i 


which make 4i242* —1 negative, and the second all the rest up to 


t=oo. And, by (9) and a. 


Q= = A -tje _ ZFS co git ert? G tm;/2a _ ę- tm;/2a) 


a M; 
2 ja ima 2e-t2a . tm, 
> cos —- “i SUD Fo eesseeeeeteeee seenees (14) 


expresses the current at time ¢. If the wire is originally everywhere at 


potential zero, and without current, the potential v’ and current Q at 
time ¢ after the end P is raised to potential V, the end Q being to 


earth, are 
=V (a — 7) —v, 
yV >» 
= ki a) Q, 
where v and Q have the values given in (13) and (14). 
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Suppose tn? > 1, then the first series in (13) and (14) disappears, 


and we have 
2y 1 \ém; 
= e-ta yel z sin T + 7 sin E EE (15) 
_ aec eV cen imz . im; 
g= 7i 2- aT Bin a (16) 


The extra current is exhibited in (16) as consisting of two parts. One 


a current sT uniform at all parts of the wire, which dies away 


without oscillations with a rapidity proportional to 1 This current is 
a 

due entirely to the momentum of the original current V/kl. The 

other part, 


ime tm; 
etkay l E sin Ja? 


14 


is due entirely to the original charge of the wire, and consists at any 
point x of an infinite series of currents alternately positive and negative, 
which die away with only half the rapidity. The oscillations are of 
greatest intensity at the end P and least at the end Q. They are 
insensible both when a/f is very small and when it is very large. In 
the former case only the higher terms in (13) and (14) are periodic with 
respect to the time, and in the latter case they become very rapid and 
weak in the same proportion. But when the time-constants a and B 
are not very different, the oscillations are of considerable strength, and 
may become observable by proper means. Suppose a/@ of such 


magnitude that N tin? -l is appreciably = 2in( 5) then the time of 
a complete oscillation, including a positive and a negative current at 
any point, is nearly 2v/aß, so that there are 4/% complete oscillations 
in the time 2a. The strength of these oscillations is proportional to 

B so that the larger a/8 the weaker the oscillations, they being at 
harem time more rapid in the same proportion. 


The time-integral of the extra current is 

Va Vel/x? 2x 

a r T+) 

kl CE hie 
where the first part is the same at all points, and is due entirely to the 
momentum of the initial current. The second part is the excess of the 
positive over the negative currents due to the initial charge, and is 
twice as great at the end P as at Q. This is the same yaen s=0, or 
there is no self-induction. 
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The work done in the wire by the extra current is 
|, OPa, 
0 


when Q is the same at all points, and 


) \, kQdid t, 
0J 0 


when Q varies with z. Hence the amount of work done by the first 


a) and by the second part 


which was the energy of the initial charge, 
= 14 2e(1 — w/l)?da. 


As another example, suppose that before the time ¿=0 a uniform 
current V/kl existed in the wire, with potential v= V(1 — x/l), and that 
at the time ¢=0 both ends of the wire are instantaneously and simul- 
taneously insulated without allowing a spark to pass. Then we have 


Q=0 at P and Q. Let us first consider v and Q resulting from the 
initial charge, supposing in? > 1. By Fourier’s theorem 


part of the current in equation (16) is ` 5( 


Vl 
6’ 


VO -a= 40 + Se} = OSI gg tt 


2 ie 


where 47 is the final potential. Therefore, by (8), that part of the 
potential due to the initial charge is 


ir ore ayol — cosir — _ irr 1. \ tm, , 
sat ae as oes ™ (cos tee ma EEY (17) 
and by (10) fa part of = current due to the initial charge is 
2V ipa -cosir . irr 2 tm; 
T ae Ea sin Te (18) 


To find the potential and current due to the initial current, we have 
Vi 2V 01 — cosir in iT? , 


T a 
therefore 0-7 Tzi entha yi = sin mA, cos + B, sin) 
and 7D gel esi COST cos tte te 
A i B; e Bim; A mMm, ° tm, ; 
x ( g 008 +g sin +— JF cos — = sin J 


where V’, 4,, and B, are constants. The conditions to determine them 
are that v=0 when ¿=0 and when t=a. Also Q=V/kl when ¢=0. 
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Therefore V'=0, A,=1, B= - Es 
i 
s 2V ço ial — cosir .- e ba j 
Se -thal 75” 2 — maera e wads 19 
Thus Q m € ; sin -7 | cos i sin ) (19) 
v= — AV %e- ttta yt — 008 tr cos TS sin, a. citepeentgac (20) 
B ii; l 2a 


The actual potential is the sum of (17) and (20), and the actual current 
the sum of (18) and (19). When a/f is large the initial charge may be 
neglected altogether. Considering only the potential and current due 
to the initial current we find that the current in the wire consists of a 
series of decreasing waves in opposite directions, causing corresponding 
changes in the potential of the wire. At the first moment after discon- 


nection the potential at the end Q becomes positive = V, |% nearly, and 


the end P negative to an equal extent. Provided the E.M.F. suddenly 
developed is not sufficient to cause a spark, this state of things is rapidly 
reversed, the end P becoming positive and the end Q negative, which 
is followed by another reversal, and so on, till the energy of the initial 
current is all used up against the resistance of the wire. 

It is obvious that the somewhat complex form of the above formule 
must be considerably departed from in all practical cases that occur, as, 
in the above, c and s are assumed to be the same for every unit of 
length of the wire, which cannot be true, except perhaps in an uncoiled 
submarine cable. But we may be sure that, in virtue of the property 
of the electric current which Professor Maxwell terms its “ electro- 
magnetic momentum,” whenever any sudden change of current or of 
charge takes place in a circuit possessing an appreciable amount of self- 
induction, the new state of equilibrium is arrived at through a series 
of oscillations in the strength of the current, which may be noticeable 
‘under certain circumstances. It is naturally difficult to observe such 
oscillations with a galvanometer, but some telegraph instruments show 
them very distinctly. For instance, there is Wheatstone’s “alphabetical 
indicator.” The pointer of this instrument is moved one letter forward 
round a dial by every current passing through it, provided the currents 
are alternately positive and negative. Now if an insulated straight 
wire a few miles in length is suddenly raised to a high potential by 

. means of a single current of very short duration from a magneto-electric 
machine, and then immediately discharged to earth through an indi- 
cator, the pointer does not merely move one step forward, as it would 
if the discharge consisted of a single current, but several steps, indicating 
a succession of reverse currents. The same thing occurs when a con- 
denser of small capacity is first charged to a high potential and then 
discharged through the instrument. Expressed in popular language 
what happens is as follows :—The first discharge is at first retarded by 
the self-induction of the coils, and then acquiring momentum carries to 
earth a greater quantity of electricity than the line or condenser 
originally contained, thus reversing the potential of the line. Hence a 
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reverse current follows to restore the equilibrium, which in its turn 
carries more than enough electricity to restore the deficiency; hence 
another current from line to earth, and so on, till the currents are too 
weak to produce any observable effect. 

By supposing that the current at any moment is of the same strength 
in all parts of the coils, the theory of the alternating currents when a 
charged condenser is discharged through the coil is much simplified. 
Let Q, be the initial charge and V the initial potential of the condenser, 
whose capacity is c, and let R be the resistance and L the coefficient of 
self-induction of the coil. Thus, if Q is the charge and v the potential 
of the condenser at time #, the current in the coil is 


Q= - c, 
and v= RQ + LQ, 


since v is the difference of potential between the ends of the coil. 
Therefore 

clv +chki+v=0; 
the solution of which satisfying the conditions v= V when ‘=0, and 
Q=0 when ¢=0, is 


EAEE (Yoo) 


= -¢/2 o sin a ae ) 
or v=Ve-t my r y) ts l}, 
467! 


according as 1—:_ is + or —. And the current in the coil is 


4a 

B 

ga e eli) e) 
+ 1-47) 
(1-45 


where a = L/R and B=ch. In the first case, when 1 >4a/8, the poten- 
tial and current are never reversed, but in the second case, when 
4a/8>1, they are reversed an infinite number of times, the successive 
charges of the condenser decreasing in geometrical proportion. The 


current changes sign when / is any multiple of , and has its 


Qar 
(4a/ B- 1) 
maximum or minimum values when 


i(i) 


SIGNALLING THROUGH HETEROGENEOUS CIRCUITS. 61 


The quantity Q of electricity conveyed in the first current is 


Q=Q(1 + e Gea), 

where Q, is the initial charge of the condenser. As a/f is increased, 
Q’ approaches 2Q, as its limit, 7.2, when the resistance of the coil is 
reduced, or its magnetic capacity increased, the quantity of electricity 
conveyed by any current increases until it is nearly double the charge 
of the condenser at the commencement of that current, and the oscilla- 
tions are more slowly diminished. The amount of energy expended by 
the first current is | 


Lae (he Sap- pi), 


where £ is the energy of the original charge Q, which becomes 


d 


indefinitely small as a/ increases. The integral current, irrespective 
of sign, is 
o o 


1 — e Gap -Iji | 
which increases indefinitely with a/8. From the number of oscillations 
in a given time L may be determined in terms of R and c. For if the 
current is reversed n times per second, then 

L= (2em*n?)-(1 +41- 2 Rrn?), 

Electrical vibrations due to induction occur under various circum- 
stances. For example, the false discharge from a coiled submarine 
cable; the oscillatory phenomena described by M. Blaserna and others ; 
and Mr. Edison’s “ etheric force” experiments.* 


XV.—ON THE SPEED OF SIGNALLING THROUGH HETERO- 
GENEOUS TELEGRAPH CIRCUITS. 


(Phil. Mag., March 1877, S. 5, vol. 3, p. 211.] 


WHEN the first trials of speed of working were made on the Anglo- 
Danish cable, then recently laid (September 1868), it was found that a 
considerably higher speed could be reached in one direction than in the 
other. The “line” portion of the circuit consisted of a land-line on the 
English side of 240 ohms resistance, then a cable of 2500 ohms resist- 


* (The oscillatory nature of a condenser discharge in association with self- 
induction was first discovered by Joseph Henry (1842), whose work has been 
somewhat overshadowed by Faraday’s; and the theory of the reaction between 
a condenser and coil was given by Sir W. Thomson in his paper ‘‘ On Transient 
Electric Currents,” Phil. Mag., June 1853. The effect of self-induction in 
association with the electrostatic capacity of a telegraph line was first considered 
by Kirchhoff (1857), working on the basis of Weber's electrodynamic theory. ] 
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ance and capacity 120 microfarads, and a land-line on the Danish side 
of 1250 ohms—all approximate. The circuit was completed through a 
battery of 150 ohms at one end and a Wheatstone’s receiver of 750 
ohms at the other, the circuit being worked on the earth-to-earth 
principle, 7.¢., without condensers. ut although the battery and 
receiver at each end were the same, or nearly so, the maximum speed 
obtained with Wheatstone’s transmitter, making mechanically exact 
signals, was 40 per cent. higher from England to Denmark than from 
Denmark to England.* This unexpected result was abundantly con- 
firmed by the subsequent experience of every-day practice, which proved 
the existence of a difference in working-speed in opposite directions 
varying from 20 to 40 per cent. at different times, mainly according to 
the state of insulation of the land-lines. 

Later on the same instruments were introduced between London and 
Amsterdam, on a circuit consisting of a land-line of 130 miles on the 
English side, then a cable of 120 miles, and on the Dutch side a land- 
line of 20 miles (Culley, Journ. Soc. Tel. Eng., vol. i.). In this case the 
maximum speed obtained was 50 per cent. higher from Amsterdam to 
London than vice versa. Again, on the London-Dublin circuit, consisting 
of cable 66 miles and land-lines 266 and 10 miles, the longer line being 
on the English side, the speed from Dublin to London was double that 
obtained in the reverse direction, viz., 80 and 40 words per minute 
respectively. Similarly between London and Belfast. 

In all these cases it is to be observed that the station nearest the 
cable receives the most slowly, and that the greater the inequality of 
resistance of the land-lines the greater is the difference in the working- 
speeds. This seems to point directly to the conclusion that the 
uncentrical position of the cable in the circuit actually causes the 
retardation to be greater in one direction than in the other. The fact 
that the cable receives a much larger charge of electricity when the 
battery is connected to the end of the shorter than to the end of the 
longer land-line might, on a cursory examination, seem to corroborate 
this conclusion. But when the light of theory is thrown upon this view 
of the matter it is at once found to be untenable. 

It is easily shown that if condensers be distributed in any arbitrary 
manner along a line which is to earth at each end, dividing it into 
sections having any resistances, and the condensers be all initially dis- 
charged, the introduction of an electromotive force in the first section 
will cause the current to rise in the last section, in the same manner as 
the same electromotive force in the last section will cause the current to 
rise in the first section. Furthermore, it may be shown that if leaks be 
introduced on the line in any arbitrary manner, the same property will 
hold good. (The differential equation of the current, which is linear 
and of the same degree as the number of condensers, is the same for the 


*It may be interesting to state the actual speeds obtained on this circuit with 
different instruments. Morse, 60 to 75 letters per minute; Wheatstone’s 
transmitter and receiver, 90 to 140 letters per minute ; Wheatstone’s transmitter 
and Thomson’s recorder, 300 to 360 letters per minute—in all cases without 
condensers. 
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first and last sections ; and the conditions to determine the arbitrary 
constants are the same.) Now every telegraph-line, however irregular 
it may be in its resistance, capacity, and insulation in different places, 
may be considered as such a system of condensers and leaks, infinite in 
number if necessary; whence it follows that on any line there is ~ 
absolutely no difference in the retardation in either direction, meaning 
by retardation the time required for an electromotive force at one end to 
cause the current at the other end to reach any stated fraction of its 
maximum, ‘Therefore, to account for the facts, which cannot be gain- 
said, we must look outside the line and fix our attention on the sending 
and receiving apparatus. The actual cause or causes must, however, be 
of such a nature that they only come into operation when the capacity, 
or the leakage, is unsymmetrically situated in the circuit. No percept- 
ible difference in working speed was observed on the Anglo-Danish 
circuit when the correspondence was maintained between the two ends 
of the cable itself. Now, since in all the cases described Wheatstone’s 
transmitter was employed, it is natural to inquire whether the difference 
is due to any peculiarity in the method of making the signals with that 
instrument. If so, then we need not expect any difference to exist 
when simple reversals are made. But, in fact, it exists even then. An 
instance bearing this out was described by Mr. Varley before the 
Submarine-Cable Committee (Sub. Report, p. 156). Experimenting 
with his “ wave-bisector” on the underground lines between London 
and Liverpool, Mr. Varley found that the introduction of resistance at 
the battery-end of the line lowered the speed to a greater extent than 
its introduction at the receiving-end, where indeed it made little 
difference. Here the speed was inversely as the retardation, since the 
wave-bisector made simple reversals. Mr. Varley attributed the differ- 

- ence to the leakage ; but this is in direct contradiction to the theoretical 
result, that neither leakage nor irregularity in distribution of capacity 
can, acting alone, cause any difference. Also the difference existed on 
the Anglo-Danish circuit when simple reversals were made with the 
transmitter, but apparently to a smaller extent. It was quite percept- 
ible (10 or 20 per cent.) with key-sending, using a common reversing 
key—though the exact amount of the difference could then not be 
exactly estimated, since operators differ nearly as much in their hand- 
signalling as in their hand-writing. Although, therefore, in the case of 
Wheatstone’s transmitter the difference in working-speed may be, and I 
believe is, mainly due to a peculiarity of that instrument, yet when 
plain reversals are sent, there must actually be a difference in the 
retardation in opposite directions; and this I believe is due to 
the fact, which comes out on closer inspection, that it is not the 
same circuit which is being worked when the direction of working 
is reversed. 

Let the line consist of a cable of resistance c, having land-lines of 
resistances « and b attached to its ends, and let the battery and receiver 
resistances be f and g respectively. Then Fig. 1 shows the arrangement 
when 4 sends to B. Further, suppose for simplicity, and to avoid 
analytical calculations, that the cable’s resistance is small compared 
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with the total resistance of the circuit. Then we may obtain tolerably 
accurate results by considering the cable’s capacity as collected at its 


Fia. 1. 
J a c b g B 


centre. Then, by the theory of the condenser, when 4 applies his 
battery to the line, the current rises at B according to the formula 


c=4(1 - 5), 


where C is the current, E the electromotive force, R the total resistance 
between 4 and B, ¢ the time, and 


S/c c 
T aters)(5te+9) 

where 8 is the cable’s capacity. Thus the magnitude of T determines 
the slowness of the rise of the current, and we may therefore call it the 
retardation. (In the time 7, the current reaches about 63 per cent. of 
its maximum.) Now when B sends to 4, f and g change places, pro- 
ducing the arrangement shown in Fig. 2. If C’ is the current B 
produces at 4, 


Fie. 2. 
f 
g a e b 
A % B 
C= F(l-*), 
where T’ = Agta+9)(s +b+f), 
A\2 2 


Comparing the values of T and 7”, we shall find that if a=b, T="; 
also if f=g, T=T ; but if a<b, as in the figures, T< T if f<g, and 
T>T if f>g. Or, in plain English, the retardation is the same in both 
directions if the land-lines have equal resistances, whatever may be the 
resistances of the battery and receiver; it is also the same in both 
directions if the battery and receiver have equal resistances, whatever 
may be the resistances of the land-lines; but if the resistances of the 
land-lines are unequal, the retardation is greatest when the station 
nearest the cable is receiving, if at the same time the battery is less 
than the receiver resistance, and least in the contrary case. Now if the 
battery is always in circuit, as in making signals with a reversing key, 
the effect of any arbitrary signals may be calculated by the same 
formula, and the maximum working-speed (always provided it be 
within the reach of the apparatus) will be least when the station nearest 
the cable receives, if the battery is less than the receiver resistance, and 
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greatest in the contrary case. Generally, the more centrally the 
capacity is situated the greater the retardation. 

The influence of leakage or faults may be readily determined in a 
similar manner, since the retardation is proportional to the resistance 
through which the charge in the cable discharges to earth. In all cases 
the retardation is reduced by a fault, and the more so the nearer the 
fault is to the centre of capacity. If a fault be introduced on 
the long land-line b, the difference of the retardation in opposite 
directions is the same as before as regards direction, while its per- 
centage amount is increased. The influence of the natural leakage 
of the land-lines is the same, since nearly all the loss will, under 
ordinary circumstances, take place on the long land-line. But if a 
fault be introduced on the short land-line, the percentage difference 
is reduced instead of being increased, and its direction may even be 
reversed. . 

We have thus found that on any circuit consisting of a cable with 
land-lines of unequal resistance at its ends, a difference in the retarda- 
tion in opposite directions is necessarily introduced when the battery 
and receiver have not the same resistance. Suppose, in Figs. 1 and 2, 
f=1, a=10, c=10, b=100, g=10; then the retardation from 4 to B 
is to the retardation from B to 4 as 184: 265, i.e. 44 per cent. greater 
from B to A than from 4 to B; and the natural leakage of the land- 
line increases this difference. But with Wheatstone’s transmitter the 
observed difference is greater than can be thus accounted for, and exists 
even when there is no inequality in resistance of the battery and 
receiver. This is due to a peculiarity in the method of making the 
signals with that instrument, which is at the same time the cause of 
two other anomalies, viz. :—reduction of working-speed by leakage, 
although the retardation is thereby reduced ; and increase of working- 
speed by the addition of resistance, although the retardation is thereby 
increased. To understand this, it is necessary to examine the way the ` 
sending-end of the line is operated upon. The point k in Fig. 1, or k’ in 
Fig. 2, is always connected with the positive or negative pole of the 
battery, or it is insulated. Currents of equal duration follow each 
other, alternately + and —, separated either by no interval, or by inter- 
vals equal to twice, four, or six times the time of a current.! The 
armature of the receiver is adjusted neutral, so as to remain on the side 
any current sends it to, until an opposite current reverses its position. 
Lines of two lengths are thus made :—a “dot” by first a + current 
immediately followed by a — current to terminate it, thus + —; anda 
“dash ” of three times the length by first a + current, then an interval 
of insulation for twice as long, and lastly a — current to terminate it, 
thus +00-. At a speed much below the limiting speed the sent 
signals are reproduced at the receiving-end without sensible alteration ; 
but as the speed of working is increased and the currents have not time 
to reach their full strength, irregularities show themselves, which 
Increase rapidly as the length of each contact is reduced, until at length 


-1 Mr. Culley’s Handbook contains a full description of the apparatus. 
H.E.P.— VOL. I. E 
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a limiting speed is reached at which some of the signals miss fire 
altogether. Consider the succession of signals 


a b c ade fgh ij 
+ —- + - + — + -0000+ - +00- + -0000 


(illustrating a typical failure), consisting of a series of dots, followed, 
after an interval of insulation, by a dot, a dash, and a dot. If the 
receiver is adjusted so as to record the dots a, b, c, d perfectly, the 
signals g and j will fail. g will fail because the — current e has time to 
die away during the interval of no sent current 0000, thus making the 
succeeding + current f too strong; and j will fail because the + current 
h has time to die away during the interval of no sent current 00, thus 
making the — current 7 too strong. In the first case the dot is continued 
on to the dash, in the second the dot is lost. Thus, although generally, 
to get the greatest possible working-speed, the retardation should be as 
‘small as possible, yet in this system of contacts of equal duration to 
make lines of unequal length, it is important that some of the currents, 
viz. those commencing dashes or spaces, should not die away too 
quickly. They are prevented from doing so, in a great measure, by the 
insulation of the line at the sending-end during the intervals of no sent 
current, which, by closing up the path at one end for the charge to 
escape, prolongs the current at the other. (The compensation currents, 
sent by an improved form of transmitter, have for their object to still 
further lengthen out the currents.) Now it will be seen from the 
figures that when 4 insulates the line at 4, Fig. 1, the charge of the cable 


discharges through the resistance st b+g, and that when B insulates at 


kK’, Fig. 2, it discharges through the smaller resistance st a+g. There- 


fore the current dies away more quickly in the latter case, and, by 
reason of the before-mentioned peculiarities, the station 4 nearest the 
cable receives more slowly than B. The explanation of the reduction 
of speed by leakage is similar. The leakage lessens the retardation and 
consequently quickens the signals.. If every signal were quickened in 
the same proportion, as would happen were the circuit always complete, 
it is evident that the speed of working must be increased ; but it is 
easily seen that the decrease in the retardation caused by the loss is 
proportionally much less when the circuit is complete than when the 
line is insulated at the sending-end, thus increasing the irregularity in 
the received signals due to the unequal intervals between the sent 
signals, and consequently lowering the working-speed. Again, the 
addition of resistance at the receiving-end, as at 4 in Fig. 2, when B 
sends to 4, may increase the working-speed. Now, since the addition 
of resistance obviously increases the retardation, nothing could result 
save a decrease of speed if the retardation of every signal were increased 
in the same ratio. But this is not the case; for the retardation is 
increased in a greater ratio when the line is insulated at the sending- 
end than when the circuit is complete—exactly the opposite to what 
occurs with leakage: then the working-speed was lowered; now it is 
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increased. (This reasoning will not, of course, apply to other systems 
of transmission.) On the other hand, the speed is lowered by mserting 
resistance at the sending-end, B, Fig. 2; for the retardation is unaltered 
with line insulated, and increased with complete circuit. 


To ascertain the exact amount of retardation produced by resistance 
at either or both ends of a submarine cable, each case must be calculated 
‘separately, because the form of the curve of arrival of the current is 
altered, the law of the squares only holding good when exactly similar 
systems are compared. 


A B c D 


Let BC be a cable of length /, resistance k per unit of length, 
capacity c per unit of length; and let 4B and CD be resistances equal 
to mkl and nkl respectively, connected to the cable at B and C, and to 
earth at 4 and D. Let v be the potential of the conductor of the cable 
at distance z from B at the time ¢% Then, according to Sir W. 
Thomson’s theory, v must satisfy 


dv „dv 
dat ai 
between x=0 and x=}. The general solution is 
at 
v= DA sin (Trae, EE E (1) 


where T=ckl?, if v vanishes for =œ. Three sets of constants, 4, a, 
and b, have to be determined from the terminal conditions for x and ¢. 
In 48 and CD the current follows Ohm’s law. Therefore 


v ld 
-0 Li when x=0, 
`v læ _ 
and Ul ~E de hen z=], 


for all values of ¢, Therefore, by (1), 
sin b=ma cosb, or tanb-—ma=(), 


and sin (a +b) = — na cos (a + b), 
or tan (a+b)+na=0. 
Hence, eliminating b, 
EETA (m+ n)a 
mna? — 1’ 


from which the a’s can be found when m and n are given. The bs are 
already known in terms of the a’s, and the 4’s can be found by integra- 
tion if the potential of every part of the conductor of the cable is given 
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for {=0. Let it be that produced by an electromotive force Æ in 


AB, i.e. 
yor, Hitn)—#, 
“U1l+m+n)’ 
then, by integration, 
2E cosb 
as aT 
lne lAa 


and finally, the potential at time ¢ is 


1 
_> 2E 1 + mu; i Apt ae 
tt 1; m n l 


Ll+mu? 1+na? 
from P the arrival-curves of the current may be found by making 
x=]. In the diagram six cases are shown. The abscissas represent 


time, from ¢=0 to {= 40a, the unit being a = aie log.10. The ordin- 


ates represent the arrived current, the maximum strength being in all 
cases = 100. 

1. m=0,n=0. Let N be the percentage amount of received current 
at time £, then 


ir?t 

A = 1+ 2E cos ir e E 
2. m=0, n=}. 

t 10 
an a+ 5 ; 
N l 12 cosa -2 
E ER E 
100 5 + cos 2a 


3. m=0, n=1. 
tana +a=0, 


a*t 


N c7 
100 ““cosa+ seca 
4. m=0, n=2. 
tan a + 2a =0, 
N 6 cosa —%* 
> =] -= EENE T: 
100 ZTT cosa 
5. m=0, n=0. 
(2i—1)2r? 
N _144 on Cia t 


100 24-1 
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6. m=1, n=1. 
tan a= ry 
N 6c? 
€e T 
100717 7340" 


Curve (1) is the arrival-curve when no resistance is inserted at either 
end ; curve (2) when a resistance equal to one half the cable’s resistance 
is inserted at either end ; curve (3) when a resistance equal to the 
cable’s is inserted at either end ; and curve (4) when twice the cable’s 
resistance is inserted at either end. (5) shows the curve of arrival of 
the potential at the insulated end of a cable when the other end is 
raised to a constant potential; (6) shows the arrival-curve when a 
resistance equal to the cable’s is inserted at each end. 

It will be observed from an inspection of the curves that, when 
resistance is added at one end of a cable only, the effect in increasing 
the retardation is very great when the added resistance is small, but as 
more and more resistance is added there is not much further effect. 
The limit is reached in curve (5). But the insertion of resistance at 
both ends has a much greater retarding influence, which increases 
without limit. Compare (4) with (6): in (4) we have twice the cable’s 
resistance at one end and none at the other; in (6) the same resistance 
is equally divided at each end, and the retardation is very greatly 
increased. 

With respect to the change in the form of the arrival-curves, it will 
be seen that, when resistance is inserted, the first part of the arrived 
current is proportionally less retarded than the later parts. Thus, 
comparing (1) with (6), when there is no resistance inserted the current 
reaches 5 per cent. of its maximum in 2°45a, whereas (6) takes 6a, or 
2'4 times as long; to reach 10 per cent. (6) takes 3:3 times as long as 
(1); to reach 40 per cent. it takes 3-7 times as long, and to reach 70 
per cent. 4°5 times as long. 

Curves (1), (7), and (8) show the effect of different distributions of 
the same amount of capacity in a line of given resistance. (8) shows 
the arrival-curve when the capacity is all collected at the centre of the 
line as a single condenser, (7) when the capacity is uniformly distributed 
over the middle third of the line, and (1) when it is uniformly 
distributed over the whole length. The more the capacity is spread 
the longer is the time taken for the current to reach a sensible strength, 
whereas the current rises rapidly the moment contact is made when the 
capacity is collected at one place. Curve (7) is the same as (6) with 
the abscissas of the latter reduced in the ratio 3:1; and curve (8) is 
the limiting form of the arrival curve when very great equal resistances 
are inserted at both ends of the cable, the abscissas being reduced in 
the same proportion as the resistance of the circuit is increased. Its 
equation is 

N t 


= s=l-e 
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XVI.—ON THE THEORY OF FAULTS IN CABLES. 
[Phil. Mag., July and August, 1879, S. 5, vol. 8.] 


1. The only kind of fault to be here considered is either a local defect 
in the insulation, or an artificial connection between the conductor of a 
cable and the earth. When a fault occurs in a submarine cable, its 
most manifest effect on the working is to increase the strength of 
current leaving the sending-end, because the resistance is reduced ; 
while at the same time the strength of current arriving at the distant 
end is reduced, the loss of current through the fault being greater than 
the increase in the current leaving the sending-end. Another effect is 
to increase the speed at which signals can be made through the cable. 
A cable may be considered electrically as a long cylindrical condenser, 
or as a conductor having a great number of condensers of small capacity 
connected at equidistant points to it on the one side and to earth on 
the other. When an electromotive force is applied at one end, to 
establish a permanent current in the circuit these condensers have to be 
charged, an operation requiring time for its fulfilment; and before the 
current can cease when the electromotive force is removed the charge 
must be got rid of: in fact, the current results from the discharge of the 
cable’s electricity. If there is a fault the discharge of the cable is 
facilitated ; for there is not only a smaller quantity of electricity to be 
discharged, but more paths are open to it. Similarly the charging of 
the cable is facilitated, as will be seen by supposing the cable when un- 
charged to contain two exactly equal and opposite charges. Let one of 
these discharge itself. The cable will then become charged with the 
other ; and since the discharge of the first is facilitated, the charging of 
the cable by the second is also facilitated. With a fault a smaller 
quantity of electricity is required in order to produce the permanent 
state of electrification when an electromotive force is applied at one end 
of the line than when there is no fault; and also, other things being 
the same, a given fraction of the final permanent state is more quickly 
reached in the former than in the latter case. Similarly the effect of a 
given signal is more rapidly dissipated in the former than in the latter 
case ; and consequently from both these causes signals can be packed 
more closely together when the cable is faulty; or, in other words, the 
speed of working can be increased with equal legibility. 

2. Before proceeding to the mathematics of the subject, I give some 
of the calculated arrival-curves in simple cases. Referring to fig. 1, 
suppose in the first case the cable is perfectly insulated and free from 
charge, and that both ends are to earth. At a given time ¢=0, intro- 
duce a constant electromotive force E at one end P of the cable. Then 
the well-known curve of arrival of the current at the distant end Q is 
represented by curve 1. Time is measured to the right, and current 


strength upwards. The unit of time is 
chl? 
a = IO? log, 10= 


ck]? 
42°86" 
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where / is the cable’s length, and c, k its capacity and resistance per unit 
of length. For a cable 2000 miles long, with c=4 microfarad, and 
k = 6 ohms, we have cki? = 8 seconds, and a=-‘1866 sec. The current, 
though calculable from the first instant, is relatively insensible for some 
little time. Thus, when ż= 1:5a, it has only reached 0047 of its final 
strength, but, thereafter increasing much more rapidly, reaches half its 


final strength in 6a, :98 in 20a, and its final strength T after the lapse 


of a theoretically infinite time. 


o i 5 10 15 204 


Now compare curve 1 with curve 3. In the latter all the circum- 
stances are the same, with the exception that there is a fault of 
infinitely small resistance situated at the middle of the cable. Of course 
such a fault could not be worked through, since no current would 
arrive at the receiving-end. Nevertheless this is not by any means a 
case of an unpractical nature ; for it is quite possible to work, and very 
well too, a cable containing a fault of next to no resistance. It will be 
seen that with the fault of no resistance the current becomes sensible 
sooner, and increases much more rapidly. It reaches 0017 of its final 
strength in la, ‘044 in 14, :1318 in 2a, -4274 in 3a, ‘68 in 4a, ‘8357 in 
5a, and ‘9826 in 8a. Half the final strength is reached in 3:3a, as 
against 6a with no fault. 

When the fault has a finite resistance the arrival curve of the current 
is intermediate between curve 1 and curve 3. The one shown by curve 
2 corresponds to the case of a fault having a resistance equal to one- 
fourth of the cable’s. This makes the final strength of current = a one 
half its value when there is no fault. In 2a the current reaches ‘0429 
of its final strength, half its final strength is 4'7a, and ‘9845 in 14a. 

3. Now, referring to Fig. 2, suppose both ends of the line to be 
insulated, and the cable free from charge. At any time ż= 0 let a small 


S 
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charge be instantaneously communicated to one end of the cable. This 
corresponds to working with condensers at both ends when the capacities 
of the terminal condensers are very small, and terminal resistances 
negligible. The charge thus communicated then diffuses itself along 
the cable, becoming finally equally distributed. Sir W. Thomson’s 
mathematical theory indicates that the potential at any point 2 rises in 
exactly the same manner as the current rises at the same point when 
both ends of the line are to earth and a constant electromotive force 
operates at one end. Therefore the arrival-curve of the potential at the 
distant end in working with condensers at both ends is the same as the 
arrival-curve of the current shown by 1, Fig. 1. It is reproduced in 1, 
Fig. 2, for comparison with the curves for a fault. 


Fia. 2. 


When there is a fault, or merely general loss through the insulator, 
there is conductive connection between the conductor and earth; con- 
sequently the charge initially communicated to the beginning of the 
line must ultimately all escape, reducing the potential everywhere to 
zero. Therefore, although the current as shown by curve 1, Fig. 1, 
never reaches its full strength, yet, since insulation is never absolutely 
perfect, the potential, as shown by curve 1, Fig. 2, must sooner or later 
reach a maximum and then fall to zero. As the leakage increases the 
time taken to reach the maximum decreases. The maximum is reached 
in 10°3a, as shown by curve 2, Fig. 2, when there is a fault in the 
middle of the line of one-fourth the resistance of the latter; and with a 
fault in the middle of infinitely small resistance, the maximum is 
reached in 6:5a, as shown by curve 3, Fig. 2. It cannot be reached 
sooner with a single fault. 

4. In condenser working, the working current is the current entering 
the receiving condenser—that is, the rate of increase of its charge, and 
therefore proportional to the rate of increase of the potential at the 
insulated receiving end when terminal resistances and capacities are 


74 ELECTRICAL PAPERS. 


neglected. The arrival-curve of the current when there is no fault is 
shown in Fig. 3, curve 1. This curve was given by Sir W. Thomson in 
1854, not however in connection with condenser working (for that 
method was not then invented), but as showing the current at the 
distant end produced by an infinitely short contact with an infinitely 
powérful battery at the beginning, both ends being kept to earth. The 
current reaches a sensible proportion of its maximum much more 
rapidly than without condensers. It reaches its maximum in 3°93a, 
and then decreases. 

With a fault of infinitely small resistance in the middle of the line, 
other things being the same, the arrival-curve of the current is shown 
by 3, Fig. 3. It reaches ‘0081 of its maximum in ‘8a, -0523 in la, and 
its maximum in 2'6a nearly. It then falls to zero, which it reaches in 
65a, and becomes negative, as the electricity runs back to escape 
through the fault to earth. 

Curve 2, Fig. 3, is similar. It corresponds to the fault in the middle 
having one-fourth the cable’s resistance. The maximum is reached in 
3°45a, and zero in 10°3a. 


' Fia. 3. 


5. The influence of a fault on the amplitude of reversals may be 
readily calculated. In the first place, without condensers. Let con- 
tacts, alternately + and —, be made with a battery at the beginning of 
the line, while the distant end is to earth. If the reversals are 
sufficiently rapid, the resulting received current is nearly a simple 
harmonic function of the time. Let c be the capacity and k the resist- 
ance per unit of length of cable of length /, having a fault in the middle 
of resistance zkl. Also let + be the period of a wave, or the time 
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occupied by a pair of contacts. Then the maximum strength I of the 
received-current waves is 


=f mes +e" — 2 cos nye +e” +2 cos n 


+(e —e" + 28in n) + a 


“3 
sale +e" — 2 cos mh 


where n = Ne chl? z and ŒE is the electromotive force of the battery. Or, 


P E 


rz 8nv/2_ (ei 1,1 eat 


Moo 2nz Bn? 
Here A is the current that would be produced in the line if perfectly 
insulated, and permanent contact made with the battery. Bav ,-n 
T 
is the reversal-factor, and (1 + A + san) the fault-factor. Now, if 
Ins 8n? 
I, is the greatest current possible with the fault, 
Es. 
u(i + L ) 
T 
therefore r, =p. (7), 
where fm 
Te 
l t3 Sia amp 
E 


and ¢(n) is the reversal-factor. T; represents the proportion of the 


maximum received current which is arrived at by the reversals, or, for 
brevity, the proportional amplitude. If z=}, 


a aera 
N bees: -a 
n n 
Let n=10, which would make the time r of a pair of contacts 


ca 1:347a, where a is the unit previously used ; then 


T = 
n2 


= P=-= 1°82 nearly. 
Thus the fault increases the proportional amplitude for this speed 82 
per cent. If z=ņ}y and n=10, then p is rather more than 6; and a 
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fault of infinitely small resistance makes 


P = Ea 
J2 | 
6. Now for condenser working. Let everything be the same as in 
the last paragraph, with the addition of a condenser of capacity r,cl at 
the sending-end and another of capacity rcl at the receiving-end, 7, and 
r, being extremely small. We shall now have 


E 16n/2 l 1 \-3 
T2 pa ca at me ee: 
k es (2 t Oz 522) i 


The fault-factor is the same as before ; and if the maximum received 
current possible were also the same as before, we should arrive at 
exactly the same conclusions as regards the influence of the fault on the 
proportional amplitude of the received current. But the comparison is 
here faulty, since 


E 


a i 
we + ) 


is the maximum current possible with both ends to earth, and the con- 
densers do not allow the received current to reach such a strength, 
except in the imaginary case of condensers of infinite capacity ; for a 
condenser of infinite capacity is mathematically equivalent to a conductor 
of no resistance if there is no difference of potential between the coatings 
to start with, or to a battery of no resistance and electromotive force E 
if there is a difference of potentials E. But, as is shown later on, the 
maximum strength of the received current with condensers becomes 
proportional to 
E 


js 
u(ı n z) 


when z is very small; so that for a fault of small resistance the same 
results follow as before for its effect on the proportional amplitude. 

7. Since the proportional amplitude is increased by the fault for the 
same speed, a higher speed is obtained with the same proportional 
amplitude. Thus, with the ends of the cable to earth, as in paragraph 
5, if n, is the value of n when there is no fault, then, to have the same 
proportional amplitude with a fault of resistance 24] in the centre, we 
must increase n to na so that 


mE" = nge "maaa 
ETR a) 
2n Bn 
Now the speed is inversely proportional to 7, and therefore directly 
proportional to n”; therefore the percentage increase in the speed is 


ne 
100% z 1). 
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For n, =8, 9, and 10 we shall find n, =9°7, 10:7, and 11°7, and the 
increase in the speed 47, 41, and 37 per cent., if z= 4%, which would 
make the greatest possible received current a 

For a fault of no resistance, z= 0, and 


2 
— n No ~N 


N,€ "1 = —€ 

With n, =8, 9, and 10 this gives ,= 10:2, 11:3, and 12:4; and the 
increase in the speed is 62, 57, and 53 per cent. These values of n, 
namely 8, 9, and 10, are chosen on account of their nearness to the 
values in the working of long cables. The corresponding values of 7 
are 2°10, 1°66, and 1°34a. 

8. When a natural fault, or local defect in the insulation is developed 
in a cable, it tends to get worse—a phenomenon, it may be observed, 
not confined to cable-faults. Under the action of the current the fault 
is increased in size and reduced in resistance, and, if it be not removed 
in time, ends by stopping the communication entirely. Hence the 
directors and officials of submarine-cable companies do not look upon 
faults with favour, and a sharp look-out is kept by the fault-finders for 
their detection and subsequent removal. But an artificial fault, or con- 
nection by means of a coil of fine wire between the conductor and 
sheathing, would not have the objectionable features of a natural fault. 
If properly constructed it would be of constant resistance, or only vary- 
ing with the temperature, would contain no electromotive force of 
polarization, would not deteriorate, and would considerably accelerate 
the speed of working. The best position for a single fault would be 
the centre of the line; and perhaps + of the line’s resistance would 
not be too low for the fault. 

9. In the cable, the potential v at any point ~ has to satisfy the 
differential equation 


d?y dv 
de ckap E T (1) 
and the current at z is 
_ ld 
1 de 


The particular solutions in paragraphs 5 and 6 regarding the strength 
of the received current when reversals are made with a battery at the 
sending-end are derived from the simple harmonic solution 


. v=e'(4cos+B sin)(— + T) +e (A cos+ B’ sin)(=™ -= T) 
of the above equation (1). When there are faults, each of the sections 
into which they divide the cable has a solution of the above form. In 
the case of a single fault, there are four conditions (namely, two for the 
fault and one for each end of the line) which suffice to determine the 
eight constants. But to determine the maximum strength of the 
received current, it is only necessary to find the sum of the squares of 
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two of the constants. This shortens the labour, which is again greatly 
shortened by neglecting e~" in comparison with 1. `, 

10. The calculation of arrival-curves demands an’ entirely different 
method of proceeding. The general problem may be thus stated. 
Given a cable with faults in it, also the connections at the ends, resist- 
ances, condensers, etc., and given also the electrical state of the whole 
system at a certain time: to find its state at any time after, the system 
being left to itself, and the action of the known laws regulating the 
potential, current, etc. In Fig. 4 let PQ be a cable, of length /, resist- 
ance k, and electrostatic capacity c per unit of length. Also, let the 
terminal connections be as shown, viz. at the beginning P a resistance 
R, and a condenser of capacity C, shunted by a resistance S, with a 
similar arrangement at the end Q. This includes the cases of signalling 
either with or without condensers, shunted or unshunted, at either or 
both ends. Let the signalling be from P to Q; then Æ is the battery 
resistance, and R, the receiving-instrument’s resistance. Let the 
electromagnetic capacity of the latter be Z. Further, let there be n 
faults of resistances Z,, Z, ... at distances z,, £a ... from the beginning 
P, where z= 0. 


Fia. 4. 


At the time ¢=0 let the potential of condenser C, be V}, and V, the 
potential of C, Further, let V=/(x) be the potential of the line when 
t=0. Since we have taken into account the magnetic capacity of the 
receiving-instrument, the specification of the initial state of the system 
is not complete unless we know the current in R, whent=0. Let this 
be G. Then we want to know v, vi, v,, and g at time ¢, where v, V, Vo 
and g are what V, Vi, Vp and G then become. 

11. Between any two faults let the initial potential be expanded in a 
convergent series of the form 

2A sin (+ + b). 
This can be effected in an infinite number of ways. Then 


a% 
2A sin (T + b), AOE TES (2) 


where T=ckl?, satisfies the partial differential equation (1), and will 
therefore represent the potential at time ¢ between the same limits, pro- 
vided the sets of constants 4, a, and b are so determined as to make (2) 
satisfy the conditions imposed by the presence of the faults and the 
terminal connections. This, of course, can be done only in one way. 
At each of the faults two conditions are imposed. First, the potential 
must be continuous at the fault; secondly, the current in the line 
going to the fault on the left side exceeds the current coming from the 
fault on the right side by the current in the fault itself from the 
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conductor ‘to earth; and the latter is, by Ohm’s law, equal to the 


potential of the line at the fault divided by the resistance of the latter. 
Let Vo be the initial potential between z=0 and z= zt, Vaz between 


t= =n and t=% and soon. Then the first condition is satisfied at all 
the faults if 


Vo, =2A sin(7 + b), 
Vz = Von + 2B sine), er ere (3) 
_ - A(T — Ta 
Var = Vnt UC sint, 
and so on. The second condition is satisfied at all the faults by making 
B= 4s sin(“ + bi)» 
Zl; ļ 
C, = Ay sin(“ + by) + Fi inte) Ta) 
Zali l a 


= Ai | sin( + bi) + a ein(“ +b :) sin, 


Rf, l l 
D,= á Lt sin( + b) += i sins — m) 4 C sin) Ta) 
Zal l a ; 
Z. Z 
and so on, where z= zh z= T 7 


12. The terminal arrangements have next to be considered. By the 
theory of the condenser, at the beginning P we have, at time #, 


o% om: _%4-v__l dv 
SA de hk, k da 


. 2 _S Ci 
Hence, if m, = m n= T? Ti T 
we have v =v- mi ABEE bob doaewessieebanseene (4) 


as the relation between the potentials of C, and the beginning of the 
line, and 


pov 
0= v—(m +m mre - mmr’ n OA (5) 


as the equation to be satisfied by the potential at x= 0. 
At the end Q we have 


1 dv _ _%, dv, 
k m Ing a Terre eee rere eS ee ee (6) 
d 
Vv = Vo — gB; + Lt. COP eee Sees eeHeeHeeeeseneeseoe (7) 
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; _R, _ Ss, _G, _ L 
Therefore if m, =F Ny = T m= TP s= TE 
n= v Av 
we have vy =+ mle + sl Fe Ra (8) 
giving v, in terms of v at x=}, and 
_ dv _ pA dv av 

0= l + (m, + Ny + No ol? Jet (s+ Mf go) T + Nof'ysl apt (9) 
as the condition held by the potential at x=/. In (5), (8), and (9), for 
d l æ 
7 has been substituted J qE 


13. Now the law of formation of the a’s and b’s can be found. From 
r=0 tov=2,, 


Von = 2A sin (J +5); 


and from the last fault at z =x, to 7=], 
V,,=3A sin (8 : b) +IB sin ae ty + IC sin LL ee 


Inserting the first of these in (5) and the second in (9), and then 
making «= 0 in the first case and «=/ in the second, we find 


aS 
tan b= MEAM (10) 
1 i NMG 
sin (a; + b;) +q; sin a(1 i F) +g; sin a,(1 = F) +q; sin a,(1 - *) +... 
cos (a; + b,) +g; cos a(i - 7) +q; cos a(1 - 7) +q; cos a(1 - =) +... 
_ (Me + Ng) A, — (S + MN A? + Narsa’ 
So ee aa (11) 
1 — NTA; 
‘ B ” C. m 
where q= T li = T q; = 7 ete. 
é é i 


Equations (10) and (11) serve to determine the a’s and bs. 

14. Now only the 4’s remain to be found. This is to be effected by 
an integration along the line from «=0 to x=], with a similar process 
applied at P and @ to the potentials of C, and C, and the current in R,. 
Collecting the expressions for the separate divisions, we have, from 
r=0 to =r, 


Von, = 2A, sin( %7 + i) SAM SEY e a ETa (12) 
from v=x; to «=, 


Pos =, {sin (£ + bi) +9 ein HE =2A,M!, say ; ...... (13) 


R 172 
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from t=2, to £= £, 


= . /a a(x — t) u To) 
Vep = Asi F +h) +g ; sin +q; sin \ 


SLAM BAY oesie a awe seenetaes (14) 
and so on to the end of the line. 
At the beginning P, by (4) we have 
V, =A, (sin b; — ma, cos b;) = ZA,N,, say. ........ seco. (15) 
At the end Q, by (8) we have 


Vi= ZA {sin (a,+6,) +g sin a(1 - 7) +q; sin a(1 - *) + --} 


+ (Ma, — sa?) f eos (a,+5,) +g; cos a(1 — 7) +q; COS a(1 - 7) Fsi H 


SDAN BAT a aa a E E iedeniaumaanace (16) 
Also, let V, = Gk; then by (6), 


V,=24,x - a cos (a+ b;) +4 cos a(1 - 7) +q; cos a(1 =) F =} 


SZAN BAN rE T E A E (17) 


To find 4, the ith value of 4. Multiply both sides of each one of 
the last equations, (12) to (17), by the coefficient of 4, in that particular 
equation ; e.g. multiply (12) by Ma, (13) by M;, and so on. Next inte- 
grate each side belonging to the line between the limits for which it is 
true. Thus (12) from «=0 to z=2,, etc. Apply a similar process to 
Vo Va and V, by multiplying them by ril, rẹ, and sl respectively. 
Finally add together all the results, right and left sides respectively, 
excepting for V, which must be subtracted, and then equate the two 
sums. The result is 


j Vou Mid + |” V, Midas |" V saz Mi det... + Vir lN, + Vrd N; — VIN; 


v=o 


23 
=? {{" A,MiMidz +f" "AMi M;dz+ | AM; Mide + ... + Ar ININ, 
X9 


+ Ard NIN: - A,sIN;N; }. REPETERA (18) 


It will be found, on making the substitutions in (18) of the ex- 
pressions for the M’s and N ’s, and effecting the necessary reductions, 
that in the summation on the right-hand side of (18), the complete co- 
efficient of every one of the 4’s vanishes identically, by reason of 
equations (10) and (11), except for A,; whence 


|. v w Midea |” Vaa Mid + et Vir lN, + Vard N; — Vasl N; 
A = — r a ———- .. (19) 


i Meda + K Mide + 10. +r IN; + rd N;2 — SIN; 


H.E.P.—VOL. I. F 
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This completes the solution; and the state of the whole system is 
determined for any time t£. 

15. When the initial potentials Von, etc., of the line in the different 
sections are given explicitly as functions of 7, the sum of the integrals 
in the numerator of (19) may be written 


P (2 = = 
\ Vo Sin (= j bi) de + | Vozi sine dy + [Paes sine ds +... 
. J0 | z2 


There is a great simplification when the initial state of the system is, 
not arbitrary, but such as would be finally produced by a constant 
electromotive force E acting at P (Fig. 4). Then the complete numer- 
ator of (19) reduces to 


El cos 6, 
a; 
for any number of faults and for all the terminal arrangements that can 


be made out of those shown in Fig. 4. The denominator of (19) is a 
function of a, and b. Thus 
_ El cosb, 
p(t b) 
16. There is no diffculty in finding formulæ from the preceding 
results which will correspond to any particular example considered. 
Such formulæ, however, have, save to the mathematically curious, little 
value or interest unless they are interpreted numerically. Even then 
the labour involved is, save in special cases, out of proportion to the 
derived benefit. I shall confine myself to the simple cases of direct 
working without condensers, and with condensers, with a single fault in 
the centre of the line. 
Suppose the signalling is made by means of a battery at P and a 
receiving instrument at Q, both of negligible resistance, and to earth 
direct. Then 


ee eee (20) 


0 = M] = Mg = Ny = Ny. 


Let there be a single fault of resistance zkl at the centre of the line. 
Then 
tan b= Q, 


sina +L sin?” =0, 
20 2 
by (10) and (11). The latter splits up into 


- a a 
sin; =0 and tan 5 = LE E E (21) 


Therefore, when 2 is even, a@,=i7; and when ? is odd, a, lies between ir 
and (i+ 1l)r. The denominator of a is 


ms 


la, b) = Fanon {nme 2 sin a(5 - 5) } ae a - Sn), 


A ee ag ee ee ey ee led Meat mS ‘Rtg n 
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| : 2E 
2 Pane ae 
Therefore, by ( 0), A, a; — sin a; 


Hence the potential v at time ¢ after the electromotive force E which 


produced the initial state is removed is, from x = Q0 to z= l 


9’ 
a 
sın 1 aX 
PSR e A (22) 
a—sina 
and from om to x=, 
sin sins sina G 5) 
aS og : -=) am 
v=2E2 te 7 42K? : gee, 
a—sina za a— sina 
which may be transformed into 
. , ar . 
re) (ip adak eae DE EE EE E (23) 
a—sina l - 
(where z' =1—2) by making use of (21). 
Let T' be the current at Q. Then 
_ 2h cosir -$ 
ki) _sin a 
a 
If I’, is the initial current, 
E 
an hy 
H+) 
= J a% ; - 
therefore a ts L ER (24) 
h 22 1 ma 
a 


from which the arrival-curve of the current may be calculated; for 
l- ES is the proportion of the final current received at Q at time ¢ after 


contact has been made with the battery at P. 
17. The most easily calculated cases are z=o and z=0. When 
z= co there is no fault, a,=i7, (22) and (23) both become 


QFaol . ime -Z= 
v= E sin—. 7, 
m li ļ 


and (24) becomes 
Prèt 
S22 OET E Pc a TE (25) 
1 ; 


oie 
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This equation (25) corresponds to curve 1, Fig. 1 (p. 62), and is well 
known. 

To find the limiting form of the arrival-curve when z=0. By (23), 
when z is finite, 


. oat 

. Cosim . az’ -™ 

v=2EZ- — sine T, 
a—sina l 


from 7 =0 to 2’ = A The initial potential v between the same limits is 


_Er 4z 


OST Fir 


EREN y at 
Therefore Ae l Liis pee Bin e Teaio (26) 
VY T 2z a-sina l 


The (2i — 1l)th and 2ith terms are 
, 2 
. Ayt “3-1 
l Ltt S ") 
7 € ’ 


—_—_—_—s > S 
£ 2z \üy-ı-— SIN ay- Zir l 


where ay, lies between (2i -— l)r and 2ir, and ultimately becomes 2ir 
when z is indefinitely reduced, so that the last expression takes the form 


A Evaluating in the usual manner, remembering that 


Coy _ | 
es 2 

= — ey 
2al 


the (2i —1)th and 2ith terms become 


tan 


9 (co irx 4trlt eint) -Ziri 
l eT l 

Consequently (26) becomes, when z= 0, 

v 4irlt . 2irr Dime -2i 

oaz (E i ae) r, 

n awT 7 7 / 
Now, when 2’ is indefinitely reduced, < is the same as 7 ; therefore, 

© w 0 

when x =0, 

Pc (din | (vie 

iv = a a 2 € DT. Selig SENGACEMER AN s Wee sa S EES DOORS (27) 


From (27), curve 3, Fig. 1, is calculated. The intermediate curve 2, 
Fig, 1, for which z=1, is calculated from equation (24). It is necessary 
in this instance to first find the odd a’s from the second equation (21) 
and Tables. 


18. Now for working with condensers at both ends. Let 
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and let r, and r, be both very small. At time ¢ after the introduction 
of E at È the potential of the line is 


cose a 
0 DEY Dam D ccecec ccc tecssocceces (28) 
ie lad 
a 
from z=0 toz =% and 
cos im cos T- as 
v= 2 Er, 2——_—_——< T Cree cccccccvccceccccce (29) 
ie 
a 
from z’ =0 to ums, where x =l — 12. 
The a’s are the positive roots of 
wna I coset a0: 30 
sin a — — Cos 5205 EREE ETA E (30) 
a a 1l 
or cos 5=0, tan 5-5 


zkl being the resistance of the fault in the centre. 


The current T arriving at z=} is T =r a that i is, 


— q2 -2% 
pats TE OE i ceceatiysesisauenies (31) 


Lace 


When there is no fault, z= œ , a, =i, and equations (28) and (29) both 
become 


v= Er, + Er, cost F ee rO (32) 


Here Er, is placed outside the 2, because a,=0, and the value of 
1 


——-—— is 4 for a and 1 for the rest. The current leaving z=0 is 
1 +. Sin 


li 
v 
— ndi ; or 
T= satin T as ee ee ae eee (33) 
and the current arriving at x=} is 
9K 2 Prt 
P= 7i =T TaT 2 SP COS te Ts accainsiciaewar oes (34) 


19. To find the limiting forms of the solutions when z=0. In equa- 
tion (29), when 7 is odd, a;=ir ; and when t is even, including 0, and z 
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finite, a, lies between ir and (i+ l)r, and ultimately becomes (i+ 1)r 
when z=0. The 2ith and (21+ 1)th terms in (29) are 
cos —— (ao; Pt 2 , 
E?r E a EE D ee aait (35) 
1 4 81D Cai l 
gg 
This vanishes when z=0, and (29) takes the form 
| v=0+0+0+..., 
each 0 representing a pair of terms. Now, when z is infinitely small 
aes Ap, = (1 — 4z)(2i + lyr, 
by (30). Expanding (35) in- powers of z, neglecting squares, etc., it 
becomes | ate 
a. axt 1 aw, Qat _ ag) -@ 
2Erz. tad sin—- — = COs | +y cos—- je T, 
where a stands for (2i + l)}r. The same result is reached by finding the 
limiting ratio `of the expression (35) to z when a„ = (2i + 1), making 


z= L cot” 
2a X 
and multiplying the result by z Hence (29) finally becomes 
o» f4az' . ax’, (8art ax \ -% 
v=2Er zz = sin-y + Cr - 4) COB- GE Ty ereners (36) 


where aq = (2i + 1)z. 
The potential v, of the receiving condenser is 


’ Zand — (24+1)2a% 
v= 16 Ez {Sete ar cae aa ee (37) 
and the current I’ entering the receiving condenser is | | 


. 4 _(2i+1)2x2 | 
| Tae ryrgene { -CD i+ 1a R, wees (38) 


Curve 3, Fig. 2, is calculated from (37), and curve 3, Fig. 3, from 
(38); curve 2, Fig. 2, from (29), making z'=0; and curve 2, Fig. 3, 
from (31). In the last two z=}, and the even a’s are found by Tables. 

20. The two important solutions ‘ 


. Pru 
= E(1 Z 7) _ a 2 e Tg Sees vec (39) 
and ww ws. VS Er + 2E TZ COSTE T p usssssissrsersserereereen: (40) 


where, in (39), v is the potential at x at time ¢ after the introduction of 
E at x«=0, both ends being to earth, and in (40) vis the same when con- 
densers of very small capacities rcl and rcl are interposed at the ends, 
there being no fault, may be both deduced from the corresponding 
formula when the condensers are of finite capacity. Suppose initially 
the condenser at x=0 to be charged to potential E, and the potential of 
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the line and the condenser at z=} to be zero, with no impressed electro- 
motive force in the system. Then at time ¢/ the solution is 


at 
v=2A sin (+ be, 


l 
where tanb= - i À, tan (a +b) = 1 
r;a T 
and therefore tan a = ial Saarni E A (41) 
Tira — 1 
Also 
_ Erl cosb 


+ ‘0 x sin(“+b)dz-+0 x Mal cos(a +b) 
Tod 


2 l 2 
E + | sin? (T+ b)de+ rg) OF) 
ria l rea 


The result is 
ra sin” — cos” 
Er, ‘ l l =x (42) 
Tor, 47%, = i F Caan 

14 s+ raa (1 ra) 

EA E 

where the constant term arises from the zero root of (41). Now, when 
rı =1,=0, the other + roots of (41) are r, 27, 3r, ...; and (42) then 
becomes the same as (40). But when 7,=7r,=0, the. roots are the 
same with the addition of a second zero root. In the general term of 


(42) make 


yY = 


_l+cosa 
a sina’ 
which follows from (41); and find the limit when a=0. The result is 


i Vfl v 
E(3-7) 


This, added to ~ what the constant term in (42) becomes when 


E(1 = i) 


which is the constant term in (39). The remainder of (39) is immedi- 
ately deducible from (42) by making 7, =7, =00. , 

21. The solution (40) for the potential in condenser working could 
be deduced from that for the current in working without condensers. 
For, in the latter case, the final result of the introduction of an electro- 
motive force at «=0 is a current in the line of the same strength every- 
where, and v=0 at x=0 and x=}; and in the former the final result is 


11= T 


1, =T=% , makes 


that the potential of the line is the same everywhere, and A =0atz=0 
x 


and z=}. Both the current and the potential must satisfy the same 
partial differential equation. Hence the current in the latter case at x 
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at time ¢ must rise in the same manner as the potential in the former. 
Now 


is the solution for the current in working without condensers, where 


7 is the final uniform current. In the condenser-problem the final uni- 


form potential is ene 


= Er, substituting which for in (43), and 


changing y into v, equation (40) results without a separate investiga- 
tion. It is also very remarkable that (40) and (43) are capable of 
expression in an entirely different form, leading to the identity 


€? se eTe + e7(z+a? ra e- (2- 2a? + e7 (%+2a)? aot 


i ; dr? ; 2 
=iNT (gte i te a os te A soso? i) 
a \2 a a a 

well known to mathematicians. 

When ¢=0, the current as given by (43) is zero everywhere, except 
at x=0, where it is infinite; and in (40) the potential is zero every- 
where when ¢=0, except at x=0, where it is infinite. These impossible 
infinite values arise from the neglect of the battery-resistance in the one, 
and the condenser’s capacity in the other instance. All mathematical 
investigations of physical questions are approximative; and being such, 
impossible results arise in extreme cases. If Ris the battery-resistance, 


the current at <=0 when ¢=0 cannot be greater than : ; but since 
there is always self-induction, the current, when t= 0, is mathematically 
zero, rising in an extremely short time to A and then falling to its final 


strength. The actual rise of the current is more complex, on account of 
electromagnetic oscillations. Thus, from infinity we have got down to 
zero for the current at x =0 when ¢=0. 


22. When we introduce the coefficient s= calculations become 


L 
kl. T 
complicated by the presence of imaginary roots. That there must be 
imaginary terms in the solutions will be evident when it is considered 
that electromagnetic induction imparts inertia to the electric current, 
thus causing oscillations, and that 

art 
v=2A sin(F+b)eF 
cannot contain oscillatory terms with real values of a. When there isa 
pair of terms in which 4, a, and b are imaginary, their addition causes 
the elimination of the imaginary parts, and the result is real, as indeed 
it must be if the problem has physical reality. It is also evident that if 
in a physically real problem we have a single imaginary root, it must be 
of the form a=0+n/—1, which makes a? real. 
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Taking a simple example, let the line be to earth direct at z=0, and 
to earth through a coil of resistance mkl. and electromagnetic capacity L 
at =l. Also let there be initially a potential distribution 


PU -ar 


in the line, and a current 
E 


I +m) 


through the whole circuit. This state would be produced finally by Æ 
atz=0. Atxz=0, v=0, and at z=l, 


E 
= p 
O=v+ mle +s T 
At time ż, 

: a% 
v=2A singe T, 


where the a’s are the + roots, including imaginary roots with + real 
parts, of 


tS ie sa’, 
a 
and 
El 
He O z 2E 
[sine © Ix — sla? cos? a a1 - 3 sin 2a — 2m cos? a) 
ó l 2a 
For simplicity, put m =0, then 
2E - ax -% 
= a aca — Tn od EE E E EEA 44 
ý ( a) i (a) 
afl- - 
2a 
where T E E E E E E A A ET (45) 
a 


When s is large, there is no trouble with imaginary roots. There is 


a root of (45) a little above zero, another a little under 53 and the rest 


are nearly — 2 ie ... Hence, when s is large, (45) becomes 
1 = sa? 
to determine the lowest root, or 7 
‘iia: l_T.kl 
s L` 


Therefore (44) is nearly the same as 
Er -7 aye 2h 2E sin? = pra E 


p 1 (i — $r i 
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and the current nearly the same as 


y= gE E4.. 

This case corresponds to a short land-line, the self-induction of the 
receiving instrument causing greatly more retardation than the electro- 
static capacity of the line. The current at x=/ is always +. Atz=0 
it is first — for a very short time, and thereafter +. Except at first, 
the current is of the same strength throughout the circuit. Of the line’s 


initial charge of potential ae - i) a portion of potential E constant 


everywhere discharges quickly, nearly as if the line were insulated at 
x=}. The other part of potential - fe 
decays, after the first moment. Or, more simply, the inertia of the 
current in the electromagnet causes.the current at z=} at any time to 
be stronger than it would have been without self-induction, in which 
case the current would be simply due to the line’s charge. This charge, 
therefore, cannot supply enough electricity for the current; and the line 
becomes negatively charged, first at the end z=}, and afterwards all 
along. When this has happened the line-current is constant every- 
where, and the - charge and + current die away uniformly. 


As s decreases, the two roots of (45) lying between 0 and 2 approach 


each other. When s reaches 1°47, they both become=1'1396, and 
simultaneously 


disappears exactly as the current 


l= 3 sin 2a. 

. 20” 
so that in the solution (44) the first term becomes -o, the second 
+ oo, their sum remaining finite. As s sinks below 1°47, the pair of 
roots become imaginary, and the first two terms of (44) may be put in 
a rather complicated mixed real form, indicating oscillations. When s 
reaches zero, the cable discharges in the ordinary way. 

From (44) it follows that the potential at time ¢ after introducing an 
electromotive force E at x=0 is 


= se — s 2E j ie T 
v (1 5) (1 Tom i EE (46) 
2a 


The electromagnet is here at x=/. Suppose now it is transferred to 
æ = 0, other things being the same ; then instead of (46) we shall have 


x 2E cosa ; gN -2% 
= -7 p a aA Ea Eear 
” B(1 Jt Te sina(1 1) i eh) 
a 


Except when s = 0, the permanent state of charge is arrived at in an 
entirely different manner in the two cases. v in (46) is generally 
greater than v in (47) at any time. In the extreme, when s is large, the 
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potential of the line according to (46) becomes nearly E everywhere, 
and afterwards settles down to x1 - i) thus, 
| v= E-EN -et 


whereas according to (47) it rises, thus 
v= (1 -30 i ee 


In spite, however, of this great difference in the phenomena of the 
charge, the current at x=? rises in precisely the same manner in both 
instances, as will be seen on differentiating (46) and (47), and making 
x=. 

23. In the following example we have to deal with a single imagin- 


ary root. Suppose the line is initially charged to potential L *, that the 


l 
end x=0 is to earth, and that the current entering the cable at z=] 
after ¿= 0 is simply proportional to the potential there at any moment. 


That is, v=0 at «=0, and v = mil at «=/, where m is a + constant. 


At time ¢ the solution is 


2E(m—1) cosa . ax -% 

Se SI Cy sai E 48 
a(l — m cos?a) as (49) 
where tan a = ma. 


There is one particular case where the potential remains unchanged, 
viz. when m=1. All terms in the expression for v in (48) vanish except 
the first, for which a=0. The limiting value of 


2E(sin a — a cosa) sin“ 


A sin = aA i 
l a(a — 4 sin 2a) 
when a=0 is = so that (48) is simply 
Y = Ex 


l 
when m=1. If m is greater than 1, v ultimately vanishes ; but if m is 
less than 1, an imaginary root a =n — 1, where n is the + root of 


e” 2 e” 
aoa M; 
+e 
comes into operation. The first term of (48) then increases with ¢ 
without limit, the rest ultimately vanishing. 

24. In general, the conditions imposed at the ends of a cable, when 
there are no impressed electromotive forces, are of the following 


form :— 


2 
At 2=0, Oe oh aye + MPEG n5 csseceecececeereecees (49) 
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RE = v AV 
at x= 1, Om Od me + JE + ose sesscecceseececeeceeen (50) 
Here m,, ..., ny ..., are constants, and v is the potential at any time. 
Supposing there are no intermediate conditions, there is a single 
solution of the form 


v=2A sin (S+ b) rea EEEE (51) 


provided that the right-hand side of (51) can be made to satisfy (49) and 
(50), and to equal f(x), an arbitrary function of « when ¢ = 0. 
It follows from (49) and (50) that 


Ye i cL a Le cs (2) 
1 —m,a? + mat- 
3 5 
aiats et ct RL eA 53 
a l- na? + nyat nnn’? (53) 
and from these tan a can be expressed similarly, say 
h,a - h,a? + h,a5 — 
t ee aa 5 
E l- ha? + hyat- n’? Ua 


and the a’s required are the + roots, real and imaginary, of this 
equation. 
l 
Let | u=7 sin (4? +) sin (“¥ + b )da, 
0 
where @,, bj, da, bo are any two pairs of values of a and b. Then, by 
integration, 


u= 192, cos (ay +,) cos (a + bp) | $22 (A +44) _ tan (a, + bs) 
ay — Ay ay a, 


a tats b, cos b,4 t228 _ tan by PEIN 
eos cos b| cos f T A (55) 

Substituting in (55) the values of tan (a + b) and tan b from (53) and 
(52), the bracketed quantities are always divisible by a?—a3, and u is 


expressible as 


U =T b(t by) by (dys b2) + ToPo(My, Oy) bo(dys bg) +o.. 5 sereen, (56) 
i.e. In the form of the sum of a number of products, each being a 
function of a, and b, multiplied by the same function of a, and b, and 
by a constant 7. 
Then assuming 
E, =2A¢,(a, b), E, =2A¢,(a, b) ...; 
it follows that 


i | fe) sin (+ + bd -rE pla, 6) -r Epa, 6)— ... 
i [sim (T+ Bde -r {dla 0)}?—r9f b(t B)}?— ... 


When there are intermediate conditions, producing discontinuity in 


dv be Ace : ; 
Dor p etc., at certain points 2,, Z etc., each section must have its own 


|.. (57) 
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series of the form (51). The a’s are the same for every section, being 
determined by the resultant of all the conditions. The 4’s and 0’s are 
different for each section. Thus 


fl) =A sin (T i r +b) from z=0 to r=", 
= 2A’ sin (T + v) P Ge y ia 


= 2A"sin (T + 0") 3 To a Tg 


The intermediate conditions enable 4’, b', A”, b”, ... to be expressed in 
terms of 4, a, and b. If 


egea) 
+f 4? +0) sin ("+0 )de+..., 


then w’ may, as before in the case of u, be put in the form (56), and the 
value of 4 follows :— 


jony +0)de+ “| Heysin( F+ ye _ SErd(a, b) 
r|eim*(4 7 +5) d+ ak sin'(F = ) de +... — 2r{p(a, b)}? 


The arbitrary ey E,, E» ... in (57) and (58), or rather, as 
many of them as turn out to be independent, are easily found to depend 
on the initial electromotive forces residing in those parts of the system 
in connection with the cable, either at the ends or intermediate, which 
influence v at time ¢ independently of its value f(x) when ¢ = 0. 

If, for example, we join two points z, and z, through a coil, its self- 
induction will introduce one E; and if this coil have a closed circuit 
near it, a second independent E will be introduced. 

25. Considering the line as of infinite length both ways, it will be 
found that if 


. (58) 


v=f(z)=2A sin (T + b), ITA abe (59) 


where the a’s are determined from 
ha- hê +h,ad—... 


tana= — e o e a (60) 
then will v satisfy the differential aaa 
d d? yd 
(4nd shee thie + pa 
d 
=(1- = yl + hal? Po hel’ Za. .-) fla l) ... (61) 


everywhere, thus expressing ta relation lane the values of f(x) at 
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any two points separated by a distance 2/. Or, which is the same thing, 
sy doy 
3 pA v 


0 = hI? + kel + bd a (62) 
where k=1+h, 
k a heh +h 
8 3 2 2 3) 


1 hi, ho, hg 
hogtatg ptt 


In the particular case h, = 0, h,= 0, ..., equation (61) reduces to 


Set D= O= a (63) 
which simply expresses that f(x) is periodic, repeating itself at inter- 
vals 21. 

Starting from this equation, or an equivalent one, Mr. O’Kinealy 
(Phil. Mag., August 1874) proves Fourier’s theorem for periodic func- 
tions; that is, solving the linear equation (63), its solution is found to he 


f(z) =2A sin (= + b). A (64) 


Hence it is concluded that an arbitrary function f(x) may be expanded 
in such a series as the right-hand side of (64), though this proof of the 
possibility does not tell us how to do it. Mr. O’Kinealy, however, com- 
pletes the solution in the usual way, leading to 


}(x) = a1), fee + x cos 7 | fe) cos rae 


bes 
+ > sin F| f(x) sin Tdr, EEEO (65) 
0 

Similarly, if we start from equation (61), which is linear, with con- 
stant coefficients, and includes the above case, we may easily prove that 
its solution is (59), with the condition that the a’s therein are the + 
roots, real and imaginary, of (60), the 4’s and b’s being undetermined. 
Or we may get the same result from (62), the a’s being now found from 


O = kya — kga? + kad — 1... ees eee e ee ee sence (66) 


It will be observed that (60) or (66) have numerically equal + and — 
roots, each pair of which go to a single term of (59). Ja 

Here again the proof, if it may be now called a proof, gives us no 
information as to how to find the coefficients settling the amplitudes ; 
and even the phases are undefined without further knowledge. But in 
working out practical problems requiring arbitrary functions to satisfy 
certain conditions when expanded in a harmonic series, the physical 
nature of a particular problem will usually suggest, step by step, the 
necessary procedure to render the solution complete, as in the last para- 
graph 24; and the completion of a solution is of far greater importance 
than any proof that the solution is possible. 
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With respect to the periodic series (65), it is only applicable to a cable 
when the ends are joined so as to make a closed circuit, changing 2l 
into l; and there must be no external electrical connections with the 
cable. If there are connections at a point, or at several points, even 
without interrupting the continuity of the cable, although the potential 
of the cable will now repeat itself every time æ is increased by / or 21, 
etc., yet the periodic form (65) will obviously not be suitable. The 
proper series are of course more general, and pass into the form (65) in 
limiting cases. | 


Cd 


XVII.—ON ELECTROMAGNETS, Etc. 
[Jour. Soc. Tel. Eng., 1878, vol. vii., p. 303.] 


1. The following investigations have reference to the magnetic 
induction of electromagnets and suspended iron wires, especially as 
regards its influence on the speed of working. The resistance of 
electromagnets to obtain the greatest magnetic force from reversals is 
also considered, as well as other matters which may be useful to the 
members of the Society. , 

2. Suppose we have a circuit containing a battery and an electro- 
magnet, and that a constant current is flowing through the circuit, 
which is so far removed from other circuits, etc., that there is no 
appreciable induction between them. If the electromotive force is 
removed without breaking the circuit, say by shunting the battery, or if 
a new circuit is made containing the electromagnet, the current, which 
has now no impressed electromotive force to support it, nevertheless 
does not cease immediately, but continues to flow iń the same direction 
with continuously decreasing strength, until it is stopped by the resist- 
ance of the circuit. We may compare the electric current under these 
circumstances to a material current, as of water flowing through a pipe. 
If it be set in motion by external force, and the latter be then removed, 
the water will continue to flow until it is stopped by frictional resist- 
ance. There is an exact analogy if we suppose that the water meets 
with a resistance exactly proportional to its velocity. Suppose the 
pipe to be of unit section, M the whole mass of water in the pipe, and v 
its velocity, at any time ¢. Its momentum is Mv. Let the whole 
frictional resistance, which is a force acting against the stream, be Rv, 
proportional to the velocity. Then the equation of motion, when 
external force is removed, is 


Rt 
whence v=Ve#; 
which gives the velocity v, at time 4, compared with V, the starting 
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velocity. The total quantity that flows past every section of the pipe 
is MV/R. 

3. In the electric circuit the electromotive force arising from magnetic 
induction is proportional to the rate of decrease of the current, and to a 
constant depending on the form and position of the coils, cores, etc. If 
y is the current at time ¢, and L the coefficient of self-induction or 
electromagnetic capacity of the circuit, and # its resistance, the equa- 
tion of electromotive force is 7 

. Y_ S 
Lai Ry. 

Therefore the current at time ¢ is 
Re 

y=Te 2, 
where T is the initial current ; and the integral extra-current Q, or the 
amount of electricity that flows in the circuit after the electromotive 
force that produced the current in the first place is removed, is 


Q= a = ir 
0 


These equations are exactly similar to those used in the waterpipe 
analogy. LT is the electromagnetic momentum of the circuit contain- 
ing the current T, corresponding to MV, the momentum of the water. 
Also 4MV? is the kinetic energy of the fluid, and 4ZI°? the electro- 
kinetic energy of the current, which, however, does not reside merely 
in the wire, as the kinetic energy of the water is confined in the pipe, 
but in the surrounding space as well. The fluid by friction produces 
an amount of heat =4/V? before it is brought to rest, and the electric 
current produces an amount of heat =4LT? in the wire before it ceases. 
For, by Joule’s law, the rate of generation of heat is Ry?, therefore the 
whole amount ìs 


Í Ry*dt = R | “Pee t dt=4LT°, 
0 0 


The analogy between the electric current and the flow of a material 
fluid, which is a very useful one, may be carried much further if 
required. As an example, if a pipe containing water connect two 
reservoirs of limited capacity, and a difference of pressure be established 
between them, a state of equilibrium will be arrived at through a series 
of oscillations of the water through the pipe. The first current from 
the higher level to the lower will not cease when thé levels are equal- 
ized, for the water in the pipe must keep moving on till its momentum 
is destroyed, partly by frictional resistance and partly by the excess of 
pressure produced in the reservoir to which the water flows. This excess 
of pressure causes a reverse current to set in, and the process is repeated 
forwards and backwards until all the potential energy due to the 
original difference of level is used up, a portion being converted into 
the kinetic energy of heat during each oscillation, the kinetic energy of 
the moving water being its intermediate form. An exactly parallel 
case is produced by charging a condenser, i.e., causing a difference of 
potential between the two coatings, and then discharging it through a 
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coil. The first current, from the higher potential to the lower, as it 
acquires momentum, carries more than enough electricity to restore 
equilibrium, thus causing a reverse current, and so on. Thus there may 
be a series of currents, each in the opposite direction to and carrying 
less electricity than the preceding. The electrostatic energy of the 
original difference of potential is finally wholly converted into heat in 
the wire (if no external work has been done), a portion during each 
oscillation, the electrokinetic energy of the current being its intermediate 
form. The analogy must not, however, be carried too far, for the start- 
ing or stopping of a material current in one pipe does not cause any 
current in a neighbouring pipe, as the starting or stopping of an electric 
current in one wire does in a neighbouring wire. 

4. Maxwell (vol. it) gives the necessary information for the calcula- 
tion of L from the form of the circuit, etc. ; also how to measure it 
experimentally by comparison with the capacity of a condenser, using 
the Bridge arrangement. Or, it may be roughly determined by obser- 
ving the integral extra-current Q. Send a known current I’ through 
the electromagnet whose electromagnetic capacity is required, and 
calculate Q from the throw of the needle of a galvanometer through 
which the extra current is then made to flow. 

Then L= RQ/T, 
where R is the resistance of the circuit through which the extra current 
passes, starting from the electromagnet. The electromagnetic capacity 
of the galvanometer does not affect the result, though the motion of the 
galvanometer magnet introduces an error. Neither will it be affected 
by shunting the galvanometer, whatever may be the self-induction of 
the shunt, or the induction, if there be any, between the galvanometer 
coil and the shunt, for the integral extra-current will divide between 
the galvanometer and shunt in the inverse proportion of their resist- 
ances. Of course Q is increased by the shunt, F being at the same time 
equally reduced ; hence it is necessary to know R. Mr. Preece, in his 
lecture on “ Shunts,” has described numerous observations of the extra 
currents from electromagnets under various circumstances, but we 
cannot calculate L from them, even proportionately, since # is not given. 

5. When an electromotive force is introduced into a circuit, the 
current rises from zero to its final strength, in the same manner as it 
falls from it when the electromotive force is removed and the circuit 
unbroken. If E is the impressed electromotive force, as of a battery 
inserted in the circuit, then 

dy 


E=Ry+ I I A R dens (1) 


Thus, when the current is rising, at time ¢, a portion of E, viz., Ry, 
is employed in maintaining, according to Ohm’s law, the current y 


already established ; the other portion of £, viz., Ly is employed in 


increasing the electromagnetic momentum Ly. The solution of (1) is 


E Rt 
itary ee (2) 


H.E.P.—VOL, T. G 
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The current rises in the same manner as it does in a wire connecting 
the two terminals of a condenser, which allows the determination of L 
by comparison with the capacity of a condenser, as before mentioned. 

If the circuit be broken at any point when a current flows through it, 
the current does not cease quite instantaneously, but, as there is no 
conductive circuit, + electricity accumulates at one of the broken ends, 
and — at the other. The electrostatic capacity of the ends being 
extremely small, a high difference of potential is produced between the 
ends, and the dielectric breaks down, with the well-known spark as a 
result. This is analogous to the bursting of a pipe by the great 
pressure produced by the sudden stoppage of the flow of a fluid 
through it. 

If a suspended wire, especially an iron wire, as is usual, form a part 
of the circuit, there may be oscillations in the current during its estab- 
lishment and decay. They are due to the combined action of electro- 
static and electromagnetic induction, for the wire is not only a 
conductor but a condenser as well, or rather one coating of a condenser. 
The establishment of the permanent state of the potential of the wire 
may take place with oscillations, and is quite a different sort of pheno- 
menon to what occurs in a long submarine cable similarly acted upon by 
an electromotive force at one end. The presence of an electromagnet 
in the circuit, however, has a material influence. 

6. Let there now be a simple harmonic variation of electromotive 
force 

| E sin mt 


in the circuit of resistance R and electromagnetic capacity L; then 
E sin mt = Ry + I”, 

at 
where y is the current at time ¢. The solution is 


y= i sin (mi -— tan 

NR + Dm? | RÈ?’ 

neglecting a vanishing term. Thus the amplitude of the current waves 
_ is reduced from £/R, what it would be were there no retardation, to 


fo 3 
~ TR + Lm? * oe cceveescccesccs + eecnecces ( ) 


where I signifies the maximum strength of current. 

If Lm is large compared with A, T is a small fraction of E/R. Also, 
variations in the value of R cause much smaller variations in T. 

7. This has application to the Bell telephone. This most sensational 
application of electricity appears to be very indifferent to resistance 
(sometimes), it being said to be sufficient merely to make earth through 
the boot and a blade of grass. Let 

m = 2r]T, 
then T is the period of a complete wave. L/R is also a time-interval. 
Suppose T = -ypy second, and L/K=,2, second, then a simple calcula- 
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tion applied to equation (3) will show that £ must be increased about 
110 times to reduce the current to a half, and about 625 times to reduce 
the current to a tenth part. 

Since m is proportional to the pitch, for sufficiently high pitches T is 
inversely proportional to the pitch. Hence it is impossible for a receiv- 
ing telephone to give forth the same sounds as produced at the sending 
end, irrespective of mechanical and acoustical difficulties, except in the 
case of a single pure tone. For in any tone the second partial will be 
weakened twice as much‘as the first, or fundamental, the third three 
times as much, and so on; thus producing a want of brilliancy. 

We do not deal in such rapid reversals when using ordinary record- 
ing telegraphs. The above value of T, viz., zy second, would, with 
. the Morse code, produce at least 2500 words per minute, or 424 per 
second, which is considerably faster than the most rapid speaker can 
talk. As, however, the telephone is sensible to very much more rapid 
reversals that 1000 per second, the enormous speeds possible on short 
lines is easily conceivable, could the action be sufficiently magnified and 
recorded, so as to appeal to the eye instead of the ear. 

8. Let now È and L belong to the electromagnet alone, and R, and 
L, be the resistance and electromagnetic capacity of the remainder of 
the circuit. Then 

E 
r IATA oe (4) 


Suppose the diameter of the wire of the electromagnet to be variable. 
Let n be the number of turns in unit of length, or number of layers in 
unit of thickness. Then the magnetic force will vary as n?, while 
both & and L vary as nt. This makes the strength of the signals 
- capable of a maximum, dependent on the variation of n; which by (4) 
will be when 


R24 Lem? = R? + LM voccccccececsesees aaa (5) 


The left side refers to the electromagnet, the right to the remainder of 
the circuit. We may write (5) thus :— 
R [+m] 
l fy 1 + Lem?/ hy 
Now L/R, is constant for the same line wire, whatever its length, 
since both and R, vary as the length of the line. Also L/R is 
constant for the same solenoidal coil, if only the diameter of the wire is 
variable, since L and È both vary as nt. But the time-interval L/R for 
the electromagnet is in general much greater than the time-interval 
L/R for the line wire, whence it follows that R must be much less than 
R, to produce the maximum magnetic force when the speed is consider- 
ably high; and the higher the speed, which is proportional to m, the 
smaller should the resistance of the electromagnet be. 
The calculation of L/R} is easy, as the line wire is long, straight, and 
parallel to the earth; but the calculation of Z/f is not so easy, owing 
to the variety of shapes assumed by electromagnets used for telegraphic 
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purposes, with their cores, pole-pieces, armatures, etc., which all 
influence the electromagnetic capacity, though they do not influence the 
resistance. It is therefore impossible to enunciate a general law, that 
the resistance of an electromagnet should be such or such a fraction of 
the external resistance to obtain the maximum effect, for the result will 
be different not only for different speeds, but also for different construc- 
tions of the electromagnet. 

9. Taking the case of a solenoidal electromagnet, approximate results 
are easily obtainable. Let its length be l, external radius 2, internal 
radius y, with an iron core of radius z. Its electromagnetic capacity is 


L= f mnitdr{ [nadar + 4x72?) + (earr? + 4rk ra?) } 
y r td 


or L = $rlnt(x — y)?(a? + 2xy + 3y? + Q4ak2?), 0... ceccee ees (6) 


(Maxwell, vol. ii., p. 283), where « is the coefficient of magnetisation. 
The resistance is | 


R = zplnt(x? — y?), 


where p is the resistance of unit of length of wire, of unit diameter. 
Therefore 


omitting z? + 2zy + 3y? in the expression for L, as small compared with 
24mrkz?, which is a large number, unless the core is very small. Let 
k = 32; also, if the specific resistance of copper is taken at 1-7 microhms 
= 1700 c.g.s., then p= 1700 x 4/r, and 


| 7- shear 2? SECOMUB n= sas hiddetuaweevaiacn (8) 


10. Maxwell (vol. ii., p. 289) gives the coefficient of self-induction of 
a straight wire, when the circuit is completed by a parallel straight 
wire. The same method of calculation is applicable to any number of 
straight parallel wires by finding the integral 


T=} | | Hw dedyde, 


where T is the kinetic energy of the system, and H, w, are the vector- 
potential and the current at the point x, y, z. Thus, for parallel straight 
wires of length /, conveying currents Ci, Ca C,, ..., of radii a,, @,, ..., 
specific magnetic capacities u, Ha ...; then, representing the distance 
between the centres of two wires m and n by bmn we shall have 


a (pC? + pCi +...) — 2u (C? log a, +C? loga,+...) 
= dpg(C,Cy log Byy + Cy Cy log byg + C'yC'y log bag + +--)y eeveeeee (9) 
with the sole condition 
0=C +C tC t .... 
From the last two equations the coefficients of self and mutual induc- 
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tion may be found. Let there be only four wires, forming two circuits, 
l and 3 for one circuit, 2 and 4 for the other; then C,= - C}, and 
C,=—-—C, Substituting in (9), 

2a C? (tM + 2u log 


is) y(t A 9 Zu) 
(40h, + C 2 5 + “Po log Gath, 
+20,0, x 2p log 71428, -n (10) 
Disb 

The coefficient of C? in (10) is the coefficient of self-induction per unit 
of length of the circuit conveying the current C}. Similarly for C,; and 
the coefficient of 2C,C, is the coefficient of mutual induction of the two 
circuits per unit of length. 

From (10) we may find the coefficients of self and mutual induction 
of two suspended wires, the circuits being completed through the earth. 
Let M be the coefficient of mutual, and L,, L, the coefficients of self- 
induction of two wires of length l, radii a,, a, heights above ground 
h,, hp horizontal distance apart d, and specific magnetic capacities 
Pay Mg; then * 


Lm 2h, 

7= + 2 log A 

L, pe 2h, 

T E E E EE EEE (11) 
M _; d+ (h + ho)? 

TOBEE h 


where m has been put = 1. 
As a special case, let 


h,=h,=3 metres, d=°5 metre, 
a, =a, = "002 metre, 
fy = hg = l + 4x = 315, if «x = 25, 
then L,=L,=173, and M=5, approximately. 
Also, if the resistance per mile is 13 ohms, the resistance per centimetre 
is 80778 c.g.s., therefore 
L,_ 173 
R, 80778 
11. This time-interval being in general very small compared with 
L/ E for the electromagnet, we may neglect it, and then 


inn = approximately. ..............ceceeeeeee (13) 
The resistance of the electromagnet is thus inversely as the speed to 


= 00214 seconds. ............c.cceeees (12) 


* [These are derived by the method of images. The return currents are assumed 
to spread over a thin conducting sheet on the earth’s surface. The calculated 
inductances in (11) are therefore minimum values, by reason of the ignoration of 
the magnetic force in the earth. But as regards the first terms, depending upon 
the inductivity of the wires, they are maximum values, implying full penetration 
of the current into the wires, a matter considered in later papers. ] 
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obtain the maximum strength of signals, except for low speeds. Insert- 
ing in (13) the value of L/R given in (8), 
R T 


Ri 1464 T- Ya 
t+HY 


where T = 2r/m. 
At 100 words per minute, Morse code, T = about 4, second, there- 


fore at this speed 
Fa 586-6 Yer, 
R +Y 

Suppose z= 2, y= z = 1 centimetre, then 

R/R = 195-2, 

or the resistance of the electromagnet is ;1,th of the external resist- 
ance to obtain the maximum magnetizing force. This is increased to 
yth when the self-induction of the suspended wire is taken into 
account. * 

12. Having made the magnetizing force a maximum for a given 
speed and dimensions of electromagnet, we may next find the ratio 
between the outer and inner radius of the coil to make the attractive 
force on a soft iron armature a maximum. We have 


re E 
~ IRF By)? + Dm? 
neglecting L; where 


L =3xln*(x — y)? (<? + Qay + 3y? + 24rr2?), 
and R=plnt(x? - 4?) ; 
also F=TG, 
where F is the magnetizing force, and 
G = 4rn*(a — y). 
To make F a maximum we found 
R+ L?m? = Rè, 
= EG 
R,V2(1 + R/R) 


Substituting 4 N T(z -y)B 


therefore F 


for G, we have Pea Pety) 


* (These very low estimates arise from the largeness of the time-constant of the 
type of electromagnet considered. Short telegraphic electromagnets have far 
smaller time-constants. It may also be mentioned that the assumed constancy of 
the inductance of an electromagnet with core under reversals implies that its core 
is non-conducting or is properly divided. The nature and effects of the currents 
induced in conducting cores is considered later on. ] 
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Now R,/R= Lm/R approximately, 
eee 
~ 8p z+y 


therefore P= 


(a? + 2xy + 3y? + 24rrz?) ; 
12E? 
7 3pl e+ y 
2 + Dey + 342 + 24rxz?) + 
lm(x? + 2ay + 34? + Tk?) + 5 a 
Now the magnetization of the core is proportional to the magnetizing 
force, and the attractive force between the core and a soft iron arma- 
ture placed close to it is proportional to the square of the magnetization 
and to the cross section of the core. Therefore, if 4 is the attractive 
force, 
z2 


a TEET 


lm(x? + 2xy + 3y? + 24rxKz?) + me 
This increases with z, so let z= y, the inner radius of the coil. Let z 
be constant and y variable, then 4 is a maximum when 
a Qe 3p ary 
pry mym aay 


is a minimum ; i.¢., when 
2rm.o___ yl — (1 -y°/2”) 


Bp (L—y/a)( — y*/2*) 
The least value of y/x is 


y_V5-1_ 618 
z 2 l 

Using the former value of p, viz., 1700 x 4/r; also m = 80r, and 
v = 2 centimetres, 

y/x= "7 nearly. 

y/x increases very slowly as z and m increase. 

If y be constant and x variable, smaller values of y/x are obtained. 

The attractive force also varies inversely as the length of the coil; 
that is to say, if the length of the coil is halved, preserving its other 
dimensions, as well as its resistance constant, the attractive force is 
doubled. Although this result is only true for long coils, it points in 
the direction of short coils being the best, especially as the attractive 
force is increased by increasing the transverse dimensions for any fixed 
ratio of y/x. We have, however, neglected the increase in the self- 
induction due to the armature. | 

13. In the determination of the resistance of an electromagnet in 
paragraph 11 and before, only one electromagnet is considered to be in 
the circuit. The results are inapplicable when there is another in 
circuit, used for sending the signals for example. Let two similar 
electromagnets, each of resistance R and electromagnetic capacity L, be 
used telephonically, on Bell’s principle. Let Æ sin mt be the electro- 
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motive force induced in the sending electromagnet, then the maximum 
strength of the currents in the circuit is, by equation (3), 


E 
E VOR + R) + 4L?m? 
where R, is the line-resistance. Let F be the magnetizing force in the 


receiving coil, then 
a a 
(QR + By)? + 42m 
where G is the magnetizing force of the unit current. Now, suppose 
the thickness of the wire in both coils variable together, then E and G 


both vary as the number of turns, i.e., as n?, while R and L both vary 
as nt. Let G=n’g, E =ne, R= nír, L= nhl, then 


F= 1I 


Jer + “a y + amè 


whence it may be seen that F increases with n, solely by the reduction 
of the term f,/n*; but the increase is very slow after passing certain 
limits, as will be seen from the following example. Let F= 1000 
ohms, L/R=,';, m=1200. Then for the following values of R, viz., 
19, 10, 160, œ, ohms, we have the following proportional value of F, 

ae aa stop zayo, Thus under 10 ohms the increase is rapid ; 
after that, next to nothing. 

14. Two suspended circuits, 4 and B, have resistances P, and Ra, 
electromagnetic capacities L, and Ly, mutual capacity M. If reversals 
are made by an electromotive force Æ sin mf in the primary circuit £, 
and there is no electromotive force in B except that induced by changes 
of the current in 4, then 


E sin mt= (2, + LS) yı + um, 


0= (2, eh 5) ya un 


where y, and y, are the currents in 4 and B. From these we shall 
find, if D, and T, are the amplitudes of the currents in 4 and B, 


E ESR? + Lèm 

VNR R,- m4 L,L, - M?) P + m(R L; + Roly)? 

T Mm 

Di Vig + Lim 
This ratio cannot be greater than M/L, If the wires are as in the 
special case of paragraph 10, M = 5, and Í. =173; therefore M/L; = 3%, 
expresses the greatest value of the ratio of the induced to the inducing 
currents. 


Let each of the lines 4 and B be 10 miles in length, of resistance 130 
ohms, and let the secondary circuit have an electromagnet at each end 


L 


and 
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of resistance 65 ohms. If L,=L',+L",, where L’, belongs to the 
electromagnets, and L”, to the line, then 


L",=173 x 160,934 x 10 = 278,415,820, 
since there are 160,934 centimetres in a mile. And 
M=5 x 160,934 x 10 = 8,046,700. 
Tr, $M ___ 8,046,700 
T, L+ L", L+ 278,415,820 
If, further, the time-constant for each coil = ;1, second 

L'a = x% x 65 x 10°? x 2 = 130 x 108, 


and 8 CON 
r ~ 13278 1659 


If the time-constant is as small as ;j, second,* then 
L’, =130 x 10”, 

r, 8 _ 1 

Tr, 1578 197 

Increasing the length of the lines, or of the portions in proximity, 
increases the ratio of the induced to the inducing currents; and 
decreasing the electromagnetic capacity of the instruments in the 
secondary circuits does the same. Sudden changes in the primary 
current of course cause greater induced currents. 

15. If a condenser be discharged through more than one circuit 
simultaneously, in what manner does magnetic induction affect the 
division of the charge? Suppose we have a condenser of capacity c, 
charged to potential E with a charge Q= Ec, and that the condenser is 
discharged through any number of circuits in parallel arc, of resistances 
Ra Ry ..., coefficients of self-induction Lı, Zə .... and of mutual 
induction Mio Mos, Mig .... If v is the potential of the condenser at 
time ¢ after the commencement of the discharge, we have a system of 
equations equal to the number of the circuits, viz. :— 


Therefore 


and 


d 

v= hy + an + Miya + Mysyg+ MaYa t --+)s 
A 

v= Boya t aleve + Myo, + Mogys + Mogg + sea) 


d 
v= hY + a bhsts + Mygy, + Mogyq + Myat), 


etc., where y,, Y» Yg --- are the currents at time ¢ in R, Ba Ry, .... 
Integrating both sides of all the equations with respect to ¢ between 


* (The time-constant of most instruments is a good deal smaller, so that the 
ratio of induced to inducing current is greater. Also, the inductance of the iron 
wire in the example will be less than stated (on account of imperfect penetration), 
still further increasing the ratio. ] 
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the limits {=0 and t=00, we have 
[edt = RQ, = ByQ, = RQ, =. 
0 


where Q= f ndi, Q= f yt, 
0 0 


since the currents are zero both for ¢=0 and t=. It follows that 
Qu Qa ... Which are the integral currents through Ff, Rọ ..., are 
inversely proportional to the resistance, or that the total charge Q 
divides between the circuits in the inverse proportion of their resist- 
ance. This only applies to the whole current, for at any particular 
moment the currents in the different circuits do not bear the same pro- 
portion. In fact, the current in one circuit may be from, and in 
another to, the condenser at a certain time. The current in any 
circuit at any time may be calculated by finding the roots (all negative, 
or imaginary with real parts negative), of an algebraical equation of the 
(n+1)th degree, n being the number of circuits. The equation needed 
to be added to the above system of n equations is 


See + Yo + Yg + 
di Yi T Y2 T Yg t.5 


or the current leaving the condenser = sum of currents in the wires. 

In a similar manner it may be shown that if, instead of the charge of 
a condenser, the extra current of a coil be discharged through any 
number of parallel circuits, the total quantity passing through any 
circuit will be inversely proportional to its resistance. 

16. As a special case,* suppose the charge Q of a condenser of capacity 
c is discharged through a single coil of resistance R and electromagnetic 
capacity L. Then, v being the potential of the condenser and y the 
current in R at time t, 


2 dy 
v=hy+ Lap 
Le 
dt? 
dv d?o 
whence O=v+ Rez + Le Pr 
= dy, 7 
0=y+ Reji 4 Legg ; 
therefore y= Act + B”, 


where 4 and B are constants, and a and b are the roots of 
Lex? + Rex +1 = 0, 


_ ft k 1l 
r c= -— ° 
° a An Pe 
z . = 
therefore y=e % (A sin + B cos)t Ta Lia 
Le 4r 


* [See footnote on p. 61.] 
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Now when ¢=0, y=0, therefore B=0; and when ¢=0, E= i, E 
being the initial potential of the condenser ; therefore 
Š E 
LE 
c 4 
and eet sin ¢ pe 
c 4 


Let L/R = a, and Re = B, both time-intervals, then 
E e~t/2a . t ha 


Ree B l; 
B 4 


which may be put in the exponential form if 4a/8<1. In the latter 
case the discharge is continuously in one direction, but if 4a/8>1, the 
discharge is oscillatory. 

Let the condenser have a capacity of 1 microfarad = 10715 c.g.s. and 
L/R = 10-2, then 


da _ 4L 4x10- 4x 104 
B Be rx10 r ? 
if r is the number of ohms in œ, since the ohm = 10° c.g.s. Thus the 
discharge is oscillatory if R is less than 40,000 ohms, and continuous if 
it is greater than that amonnt. 
Suppose R = 100 ohms, then 4a/8 = 400, and 
y=% . 7 sin 504/399 
R` S399 
E ; 
=p sim 1000, approximately. 
The period of an oscillation is 27/1000 second = 006 sec. The quantity 
in the first current is Q (l+ «7"”0), a little less than twice the original 
charge. In the next current (in the reverse direction) it is a little less 
again. The total current, irrespective of its direction, is 
SEEN Jere ee nearly. 


T 


T 
l—e Vīap-i l—e % 


The discharge is practically over in +} second. 

If the coil is shunted by a coil of resistance S, and no self-induction, 
other things being the same as before, the current y at time ¢ in the 
first coil will be found to be 


2Ea’ 


y= — sin É a 
Aa 2aN p 


B' 
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af = Ž B= ck+ L/S 

R+ LJ Se 1 + RJS 
Although the total currents through the coil and its shunt are in the 
inverse proportion of their resistances, yet the same is not true of the 


heat produced in the wires. The energy converted into heat in the 
coil £ is 


where 


S RSe 
` R+S RSct+ L 

Here cE? is the electrostatic energy of the original charge, and 
S/(R+8) the shunt factor. Since the remaining factor is less than 
unity, it follows that the amount of heat produced in the wire = is 
always less than in the inverse proportion of the resistances. 

17. Let us next examine the influence of a fault on rapid reversals on 
a land-line. Let R be the resistance from one end of the circuit up to 
the fault, L its electromagnetic capacity; let A’ and L’ be similar 
quantities for the other section of the circuit, and S the resistance of 
the fault itself. Let y, y’, and y” be the currents in k, Ff’, and S; and 
let E sin mt be the electromotive force in R, and v the potential of the 
wire at the fault. Then 


E sin mi- v= (B+) 


|; zvar = hock? 
0 


d 
== d ’ 
js (EALS) 
v=S8y", 
yY +Y =Y 


by the conditions of the problem ; from which, for the current in 2’, 
we have 


E sin mt = (r+ e+) 4 (L+r ttd e dy, 


5 Ss dt’ S dt’ 
whence the amplitude I” of the waves in F is 
"= ee ee, Le eee f 
y (r++ Elem N tm ( LAr EAER 


To find the effect of the fault, we may compare this expression with 
its value when S=oo, or no fault. | 

lst Case.—Electromagnet at one end only. =A’, or the fault in 
the middle of the circuit, L=0. Then 


E 


"Re NE 
IR E 27/2 fy 
Rit R+) + mL (1+3) 


Let S=3R. This would reduce the strength of the current received 
in Æ from a constant electromotive force in R to one-half. In the 
above expression, however, the change of S from œ to 4k doubles 
(22 + R/S) and trebles mL’ (1+ R/S); so that the fault weakens the 
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strength of rapid reversals much more than it weakens a permanent 
current. 
2nd Case.—Electromagnet at each end. R=R', L=L’, and 
Im]R=n. 
r” Z 


a E ar cee 2 
TAE 


When there is no fault, or S=oo, 


pa. E 
ORJ1 +n? 
and when S=4F, 
pa. E&E 
IRNI + 72/4 +n? 


Thus the fault reduces the current received in Ff’ to less than an 
1/nth part, and for high speeds n may be a large number, whereas a 
permanent current is only reduced to one-half. This applies to a tele- 
phonic circuit with a fault in the middle, and the result shows that 
leakage has a most prejudicial effect. We may also conclude that 
circuits worked by magneto-electric transmitters are more affected by 
leakage than when worked in a similar manner from a battery.* 

18. Suppose the receiving instrument has resistance # and electro- 
magnetic capacity L, shunted by a coil of resistance S and capacity L’. 
Let the line resistance be 4. First let there be a constant E.M.F. in 
A, The shunt reduces the strength of the final current in R 


E E S 
from JP to ———_.—- 7 ——T * Bas = Cp say. 
R+S 


At the same time the shunt alters the manner in which the current 
rises in the electromagnet. If the shunt has no self-induction, or L’ = 0, 
the current y in È rises according to the equation 


T~ C1 - ea), 
ance : a = ETELA 
A+S 


The time the current takes to reach any stated fraction of its final 
strength is proportional to a. This time-interval is increased by the 
shunt of no capacity 


from ee to — 
fe 
A+S 


* [We are not here concerned with a line where electrostatic charge is important. 
See Art. xiii., p. 53; Art. xv., p. 61; and Art. xvi., p. 71.] 
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While the current is rising in R, it is falling in S from the strength 
E 
A+8 
which is almost instantaneously reached, to 
E R 
Jy RS RFS 
HFS 
its final strength. When the electromotive force is removed, the end 
of the line being put to earth, the currents in # and S fall to zero in a 
similar manner, że., in R the current is continuously in the same 
direction as at first; whereas in the shunt it is immediately reversed. 
The integral extra current in R is 


(tex ESL(A +8) 
1! (AR+ RS + AS)? 
This is greatest, as depending on the resistance of the shunt, when 
_ AS 
er a 


or when the resistance of the electromagnet = resistance external to it. 
Since, when the current is falling in the electromagnet it draws 
electricity through the line and the shunt, the potential of the line is 
negative, 
= —2/l x current in line, : 

at any point distant x from the beginning of the line of length J. 
Similarly for the shunt. 

Now let the shunt have electromagnetic capacity L’. The differential 
equation for the current y in È is 


ES =7(RA+S84 + RS) +% T{1(A+8)+L(4+h)\ + + SUL. 
For simplicity let 4=R=8. Then, when the shunt is not on, the 
extra current in È is 


t 
y= mea ap Where a, gi. 


2A 

With the shunt on, of no again 
E= 2L 
1s A where a,= wk 


Thus a is increased in the ratio $ to $, or 3:4. Now let L’=3L, 


then 
E3467, Ba | MB at 
Bete): 
and, since the bracketted expression is > 1, a > L/3A. 
When L’ =L, 


E - ,L 
(=a i where a,= 37 
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and the current rises in the line in the same manner as it would if for 
the electromagnet and shunt were substituted a single coil of resistance 
44 and magnetic capacity 4L. At the same time the shunt reduces the 
retardation from a,=2L/3A to a,=L/3A, or as 2:1, as L’ increases 
from 0 to L. But since a=L/24 when there is no shunt at all, the 
shunt of equal capacity to the receiver’s only reduces the retardation in 
the ratio 3: 2. 

L’'=2L. Here the extra current in the receiver is 

V3 3 At 
ya Ec E(B BAAN 

This becomes zero when 


L 
j= log (2 +,/3), 


and a minimum negative when 
t= log (7 + 4,/3), 


Thus when the shunt has a greater capacity than the receiver, when 
the current is put on the current in the receiver first rises above, and 
then falls to its final strength. When the battery is removed and earth 
put on at the sending end, the current in the receiver falls through 
zero, becomes reversed, and then rises to zero again. But we cannot 
exalt the current from an electromagnetic shunt so as to send back a 
current fo the line immediately after each signal, as has been stated. 
When, as above, the extra current in the receiver becomes reversed in 
direction, this reverse current does not go to line, but goes round by 
the shunt. 

Joining the two coils of a relay in parallel arc has the effect of 
quartering the resistance and quartering the capacity of the relay con- 
sidered as a whole; or rather, it would be so if the coils were at a 
distance apart instead of being close together, with the cores connected 
by an armature, which lessens the reduction in the retardation. But 
if, instead of joining the coils in parallel to reduce the retardation, we 
wind the coils with thicker wire, we get much more advantageous 
results. 

19. With the same notation, let us examine the influence of the shunt 
on rapid reversals. Suppose the E.M.F. in 4 is E sin mé, then the 
amplitude of the currents in the electromagnet R is 


pe i 
~ S{(AR+ BS + AS) — m2LL'}? + m2{ A(L +L’) + RI + SL}? 


Let R =S= A, then 
p- — PAte m _ 
SJOA- mL + tm AML 4+ LP 
First, with no shunt at all, or S=o, and R=, 
a 
Ann? +4 
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where »=Lm/A. Now put on shunt without capacity, S=4, L=0, 
and : 


a. ae 
2AN + 9/4 
The current ig thus reduced about a half. Next let the shunt be a 
similar coil to the receiver, then R=S= A, L = L, and 


nearly the same as without any shunt. Thus the strength of the 
currents in the receiver is scarcely affected by putting on a similar 
electromagnet as a shunt, while the initial retardation is reduced in the 
ratio 3:2, as we found in the last paragraph. Further increase of L’ 
has little influence on the magnitude of the signals.* 


XVIII.—_MAGNETO-ELECTRIC CURRENT GENERATORS. 
(Jour. Soc. Tel. Eng., June 1881, vol. 10, p. 271.] 


PERHAPS the simplest specimen of a magneto-electric current generator 
is a coil rotating with uniform velocity in a uniform field of magnetic 
force. To get the greatest effect, the axis of rotation must be at right 
angles to the lines of force. The variation of the amount of induction 
through the coil induces a simple harmonic E.M.F. in it, and the result, 
when the initial effect has subsided, is a simple harmonic current. But 
the phase of the current is behind that of the E.M.F., owing to the self- 
induction of the circuit, which also diminishes the amplitude of the 
current waves. 

Otherwise, we may consider the current at any moment to be that 
due to the actual E.M.F. round the circuit at that moment, according to 
Ohm’s law, remembering that the actual E.M.F. is the algebraical sum of 
the E.M.F. due to the motion, and that due to the variation of the 
current itself. 

Symbolically, let M be the induction through the coil when its plane 
is at right angles to the lines of force of the external field, wi the angle 
turned through from this plane at time ¢, the angular velocity of rotation 
being w; then Mw sin œt is the impressed E.M.F. in the coil. And if È 
is its resistance, KR, the externa] resistance, L the coefficient of self- 
induction of the coil, L, the external ditto, the equation of the 


current is 
Mw sin ot =(R+ R,)y+(L+L,)7; 


* [The above paper incorporates one ‘‘On the Resistance of Electromagnets in 
Telegraphy,” Phu. Mag., Sept. 1878, S. 5, v. 56, which is therefore not reprinted 
here. ] 
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consequently [if D stand for d/dt], 
= Mo sin wt _ h+h, -(L4+L,)D 
Y=R+R)+(L+L)D (R+R,) + (Lt Le 
_ Mo sin(wt- 0) 
MBF RY +L 


Mo sin wt 


where 0 = tan~% t lw, 
i+ l 
The amplitude of the current is therefore 


Mw 
{(R+ RF +(L+ Lo 
and the angular displacement of the zero is 0. 

The above is applicable, or nearly so, to tny magnetic machine with 
a single coil: for example, a Siemens’ armature revolving between the 
poles of powerful magnets, the effect of the iron armature being in the 
main simply to increase M and L. 

By reversing the connections of the coil with the external circuit at 
the moments of zero current—that is, something between 0 and 4 
revolution after zero E.M.F., according to the speed, etc.—the externa 
current is put into one direction; but since the current varies greatly 
in strength, the effective E.M.F. of the machine must be taken as the 
product of the mean external current into the resistance of the circuit, 
supposing, of course, that there are no other E.M.F.’s acting in the 
circuit than already considered. 

If T is the mean external current, 

2 Mw 
m (R+ RF + (Lt L,)?w?}? 
and the effective E.M.F. of the machine is 
T(R +R) 

The mean current increases directly as the speed at first, but after- 

wards more slowly, and its limiting strength is 

2 M , 

Tr L+ L, 
that is, the ratio of the mean amount of external induction through the 
coil to the self-induction of the circuit per unit current. 

The theory of multiple coils is quite similar, and resembles that of 
galvanic cells joined up in series or in multiple arc. If any number n 
of similar coils rotate simultaneously in the same magnetic field, and 
are equally acted upon by varying induced E.M.F.’s, all in the same 
phase, the coils may obviously be joined up all for “quantity” or 
“intensity” without any interference, a simple harmonic current result- 
ing equivalent to that from a single coil with constants nM, nk, and 
nL in the intensity case, and M, R/n, and L/n in the other. And 
reversing the coils all at the same moment, the external current is put 
in one direction, as before, though of very varying strength. 

H.E.P.—VOL. I, H 


114 ELECTRICAL PAPERS. 


With only one coil, we cannot get rid of this great variation, but 
using many coils we may reduce the variations as much as we please, 
multiplying their frequency at the same time, by making the phases of 
the induced E.M.F.’s differ by equal amounts and reversing every coil at 
the moment of zero current for that coil, supposing the others not to 
act. And, curiously enough, the resultant mean external current is not 
affected by the changes. 

Thus, to fix ideas, suppose we have any number of coils arranged at 
equiangular intervals round a circle, and revolving together in a uniform 
field of force. It is unnecessary to specify any particular form of 
machine. The two coils at opposite ends of any diameter have exactly 
equal E.M.F.’s acting on them at any moment, so they may be joined 
together permanently, and treated as a unit in the arrangement. Thus 
we have, say, n pairs of coils, which have all equal simple harmonic 
E.M.F. acting on them, but at different times. * 

Joining them up in series by means of an n-fold commutator, which 
reverses the coils one after another in proper order, let M, R, and L be 
the constants used before, but now referring to a pair of coils, and 
suppose No. 1 pair to act alone. We have 


Mo sin ut =(nB + R,)y +(nL+L,)y; 
og. «Dhani 6) 
Y[@R+ B+ (Le Loy 
-\nb+L, 


therefore 


where _ 0=tan i 
1 

Here y is the current in No. 1 pair, due to its own motion, but as it is 
reversed at the moments of zero current for itself the mean external 
current due to pair No. 1 is 


ETER- PE 

m {(nk+ i) + (nL + Lyo) 
Now, letting all the coils work, and superimposing the currents, we 
have a mean external current T, where 


ra2 2 b 
m {(nR+ RE +(nL+ Lop? 


the same as from a single coil with constants nM, nR, and nL, but with 
the difference of having many small variations from its mean strength 
in place of few large ones. 

It is to be remarked here that although every pair is successively 
reversed at the moments when its own current is zero, yet, since it has 
to carry the currents from the remaining n—1 pairs, this current is 
necessarily reversed suddenly: so that whilst externally we have a 
nearly steady current, and also in the coils in series, considered as a 
whole, yet a regular succession of abrupt reversals of current is going 
on all through the series. : 


* [The coils must be well separated, as their mutual induction is assumed to 
be nil.] | 
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So to minimise the unavoidable sparking we should theoretically 
subdivide the coils as much as possible, thus making the inertia of the 
currents to be reversed as small as possible; or make the reversal a 
continuous operation, instead of intermittent. 

Joining the circle of coils in one continuous series, and putting the 
external circuit on between opposite ends of the neutral diameter, gives 
an external current equivalent to that from a single coil, with constants 
nM, ink, 4nL. 

Now, arranging the commutator to connect the n pairs of coils for 
quantity, we have, considering the first pair alone to act, 


Mo sin ot = Ry + Ly + Ry + Ly; 3 
and also Mow sin wt = Ry + Ly - (Ry, + Lye) ; 


where M, L, R, L, Rh, are as before, but now y is the current in No. 1 
pair, y the external current due to it, and y, the total current in the 
remaining n—1 pairs due to No. 1. 
Also, by continuity, y+y.=y, Therefore 
Z Mw sin wt : 
n= (R+nk,)+(L+nL,)D’ 


-(n- yet E Y =V Yer 


For the external current we have 
Mo sin (wt — 0) 
n RFR y+ (L4 nly 


: - -1L +nL, 
where 0 = tan Rin PE 


This is due to pair No. 1, supposing it not reversed. But reversing it 
at the proper times, we have a mean external current = 2/7 x ampli- 
tude of y,; and consequently n times as much when all the coils act, or 


“+ [@rays (Says 


the same as from a single coil with constants M, R/n, and L/n, with of 
course the difference of being nearly steady. 

For simplicity of expression we may replace a multiple coil machine 
by its equivalent single coil machine, say, with constants M, L, R, and 
with external current :— 

_ 2 Mw 
w {(E+ By + (L+ Lo wht 

Varying the size of the wire, since M varies as the number of turns, 
whilst Æ and L vary as its square, the following expression follows as 
the condition for maximum current with a given speed of rotation :— 


+ Lo = R? + Liw. 
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Neglecting the self-induction of the external wire, the resistance ot 
the machine should be less than the external resistance, and more so 
with higher speeds. 

Professors Ayrton and Perry advocate extremely high speeds. Only 
make the speed high enough, and R becomes relatively small. At the 
same time a counterbalancing factor will come into play, namely L.. 
Also at excessively high speeds the electrostatic capacity of the line and 
other things would need consideration, so that on the whole it is perhaps ` 
premature to say what the resistance of excessively high speed machines 
should be. But as the experiments mentioned in Mr. A. Siemens’ paper 
show that the current is nearly proportional to the speed, it is possible 
that there is still left a wide margin for further increase. 


NoTE.—Since the above was in print there has appeared in the 
Electrician (June 18, 1881, p. 70) an article on “The Theory of Alter- 
nating Current Machines,” relating to M. Joubert’s experiments and 
theoretical conclusions. Finding experimentally that the current from 
an alternating current machine could be represented exactly by the 
formula 


e 
i (R2 +07)? 

where J is the mean current, Æ the total resistance, a a constant pro- 
portional to the speed, and e a constant = quotient by /2 of the 
maximum E.M.F. of the machine with open circuit, measured by a 
Thomson portable electrometer, M. Joubert sought to justify it by 
theory, and gives the theory of a revolving coil, similar to that in the 
early part of the above paper. There is, however, this peculiarity, that 
although M. Joubert assumes the existence of a simple harmonic induced 
E.M.F., which implies a uniform external field of force, he only brings in 
the speed as a factor afterwards as an experimental result, whereas it is 
a necessary consequence of uniform speed in a uniform field ; thus, 


E.M.F, = — $m cos wt = Mw sin wt. 


Also M. Joubert employs the numerical factor 1 IN 2 instead of the 2/t, 
which I have used. 


XIX.—ON INDUCTION BETWEEN PARALLEL WIRES. 
[Jour. Soc. Tel. Eng., 1881, vol. 9, p. 427.] 


1, ELECTRICAL induction is of two kinds, electrostatic and electro- 
magnetic. The electrification of one conductor is always accompanied 
with electrification of others that may be in its neighbourhood, and one 
way of expressing this is to say that the charge on the first conductor 
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induces an opposite charge on a neighbouring conductor. Also, any 
change in the amount of magnetic induction passing through a circuit 
is accompanied by an E.M.F. in the circuit proportional to the rapidity 
of the change, which E.M.F. produces a current in the circuit. The 
change in the amount of induction may be due to a change in the 
current flowing through another circuit in the neighbourhood, or to 
relative motion of the circuits, or to changes in the magnetic field due 
to other causes, as the motion of a magnet for instance. In any case, 
the transient current accompanying the change is said to be induced. 
Both inductions are in action together, which considerably complicates 
the matter, but either one or the other may be frequently ignored for 
the time, without serious loss of accuracy. 

To illustrate the general nature of induction between parallel wires 
it is sufficient to consider two wires. Suppose that both wires were 
originally free from charge and at potential zero, and that we then put 
a battery on at the beginning of the first wire, whose remote end is to 
earth, as are both ends of the second wire. After a little time a steady 
current is found to be flowing through the first wire and no current 
through the other. The value of the steady current is E/R, where Æ is 
the potential at the beginning of the first wire and œ its resistance. 
But before this steady current is reached a somewhat complex state of 
things exists, due to the action of electrostatic and electromagnetic 
induction. Considering the electrostatic alone in the first place, the 
surface of the first wire forms one coating of a condenser, of which the 
other coating is the surface of the earth and of the second wire, which 
is in connection with the earth. Now one pole of the battery is 
connected to the first line and the other pole to earth, and therefore 
with the second line. The first line receives a charge, say, positive, 
while the earth and second wire receive an equal negative charge, the 
amount of these charges depending on the size and position of the two 
wires. As the first wire is being charged, a positive current flows in 
from the battery to do it. The negative charge on the earth and second 
wire may be considered as resulting from a negative current from the 
battery to earth and the second wire. Or we may say, using old- 
fashioned language, that the + electricity on the first wire attracts — 
from the earth to the second wire. Or that the + charge on the first 
wire induces a — charge on the earth and second wire. Or that the 
potential of the second wire due to the + charge on the first is +, 
therefore a + current must flow from the second wire to earth until its 
potential is brought to zero, leaving it negatively charged. Or, more 
accurately, because more comprehensively, we may consider all the 
elementary circuits, partly conductive and partly inductive, from one 
pole of the battery to the first wire, and from the latter to earth direct, 
and also vid the second wire to the other pole of the battery, in every 
one of which circuits a + current flows, producing electrical polariza- 
tion of the dielectric, whose residual polarization appears as a + charge 
on the first wire, and a — charge on the second wire and the earth. 
But whatever mode of expression be used the result is the same. The 
final distribution of potential and charge when equilibrium is reached 
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may be easily stated. By Ohm’s law, the final potential v, of the first 
wire is A(1 mie a being the distance from the battery to any point, 
and J the whole length. And the density p, per unit of length of the 
first wire is 


Gv, = &E(l — 2/1), 


where ¢, is its electrostatic capacity per unit of length, The final 
potential of the second wire is of course zero. The linear density p, of 
its charge is 


GW = Gg h(1 - xjl) ; 


&> being the coefficient of mutual electrostatic capacity of the two wires 
per unit of length. cĉ it should be remembered, is —, so that p, is —. 
(The ratio —¢,.:c, may be taken roughly at about + when the wires are 
suspended at the shortest usual distance apart: the exact value may be 
readily calculated.)* Thus the potential and density of the charge on 
the first wire fall uniformly from their greatest at the beginning to zero 
at the distant end, while the density of the charge on the second wire 
rises from its greatest — value at the beginning to zero at the far end, 
the densities at corresponding points being roughly as 4:1 at the most. 
Thus the second wire has } the opposite charge of the first, and the 
earth the remaining 3. 

2. Now removing the battery and putting earth on instead, the wires 
are discharged. The charge of the first wire flows out at both ends, 
reducing its potential to zero, twice as much going out at the battery 
end as at the other. As its potential falls, that of the second wire also 
falls: from zero it becomes —. For its potential due to its own 
— charge is —, and this was only neutralized by the equal + potential 
due to the original charge of the first wire ; so as the latter is reduced 
the former comes into play. During the whole time the first wire is 
discharging the potential of the second wire is therefore —, causing a 
+ current from earth at both ends, which lasts until enough electricity 
has entered to cancel its original — charge and bring it to potential 
zero again. Or we may say equivalently that its — charge flows out 
at both ends simultaneously with the discharge of the first wire, and in 
the same proportion, $ at the battery end and 4 at the other. 

3. Now insulate the second wire at both ends, and again apply the 
battery to the first. It becomes charged, and after a little time a steady 
current E/R flows through it, and its potential is £(1—</l) as before. 
But as the second wire is now cut off from earth it cannot receive any 
charge, that is, its total charge must be zero. Likewise its potential 
must be +, and of the same value all along. 

If v, v are the potentials, p,, p the linear densities at distance 2; 
C, Cy the finear electrostatic capacities, and c; the linear mutual electro- 
static capacity, the potentials and densities are connected by the 
equations 


Py = CV, + Woy Po = Cog + Cr 


* [See Art. xii., p. 42 ante.] 
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Now, since v, is constant, and the second line has no charge on the 
whole, 


Cool + A =0; where =F @ - 7) ; 
From these data it follows that 


ÀN g w\ c 
v= — 338 5 p= 48(1 -7) oe p= Eo(1 -7) Ea 
Thus the potential of the second wire becomes uniformly about one- 
eighth of the potential at the battery end of the first, on the former 
assumption that —-4c,,=c,. The density of the charge of the first wire 
falls uniformly from E(c,—c},/2c.) at the beginning to — (c3./2c.)H at 
the end, thus dividing the line into a positively and a negatively 
charged portion, the length of the latter being (on the same assumption) 
giz Of the whole length. And the density of the charge on the second 
wire rises uniformly from }¢,,# at the beginning to — “el at the far 
end ; thus the second half is positively, the first negatively charged to 
the same amount. The total charge of the first is 4H1(c,—c%,/c¢.); of 
the second, zero. 

Thus during the establishment of the steady current in the first wire 
there is a current in the second in the same direction, a transfer of 
electricity from the first half of the line to the second, leaving the 
former negatively charged and the latter positively. Removing the 
battery and earthing the first wire, the discharge of the first wire will 
make the potential of the second wire less in the first half than in the 
second, so that the disappearance of the first wire’s charge is accom- 
panied by a — current in the second, restoring it to zero potential 
again. 

4. These examples are perhaps sufficiently elucidative of the part 
that electrostatic induction plays during the establishment of a current 
in a wire, and of its influence on the final potentials and densities. All 
disturbing influences have been of course ignored ; perfect earth con- 
nections have been supposed, also perfect conductivity of the earth, 
perfect insulation, and absence of earth currents and atmospheric 
electricity. 

When the number of parallel wires is not limited to two, the 
phenomena, though more complex, are essentially of the same nature. 
The final states of potential and charge assumed by any number of 
wires with batteries applied to one or more of them may be found from 
the general equations— 


Py = Cy Vy + Cia + CygVg + C144 Tae ty 


Pais Cia Vary ae ek a EON oo ET (1) 
Here ¢,, Cy: Cg, ... are the electrostatic capacities of wires 1, 2, 3, ..., 


c,, the mutual capacity of 1 and 2, c that of 1 and 3, and so on, all 
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per unit of length; v,, Va 
densities per unit of length (See Maxwell’s Electricity, vol. 1, ch. 3.) 
These equations will be referred to later on. 

5. Now there is electromagnetic induction to be considered. For 
simplicity suppose it to act alone; and as before, take the case of two 
parallel wires, both earthed, and apply a battery to the first. During 
the establishment of the current in the first wire (supposed to take 
place uniformly all along its length), a current in the opposite direction 
is induced in the second (also uniform all along), which ceases when the 
current in the first reaches its steady strength. And on the cessation 
of the current in the first wire a current is induced in the second in the 
same direction. But this, though sufficient for many, is but a very 
rudimentary statement of the case. 

According to Thomson and Maxwell’s theory, the electric current is 
a kinetic phenomenon, involving matter in motion, and the motion is 
not confined to the wire alone, but is to be found wherever the magnetic 
force of the current extends. As matter has to be set in motion when 
a current is in course of establishment, inertia has to be overcome, the 
- real inertia of moving matter, having the negative property of remaining 
in the state of motion it may have. So that the current cannot be 
established instantaneously, but rises gradually. And if the current be 
left to itself without any impressed E.M.F. to support it, it does not 
cease instantaneously, but gradually decays in the same manner as it 
was set up, in virtue of the real momentum of the moving matter. 
That it decays at all is due to the production of heat by the current, 
which is inseparable from its existence, t.e., the kinetic energy of the 
current is degraded into the kinetic energy of heat. Thus when the 
source of energy is cut off by removing the battery the momentum of 
the current begins immediately to fall off, drawing all the while upon 
its reserve store of energy to maintain it. Now respecting the currents 
induced in neighbouring conductors. The momentum exists in all 
parts of the field, and on the removal of the E.M.F. becomes visible in all 
of them, the energy becoming degraded into heat in all. Granting this, 
the currents induced must be all in the same direction, viz., as that in 
the primary wire; and it follows immediately that on setting up a 
current the opposite occurs, currents in the opposite direction to that 
set up being caused in all the wires. In the secondary wires it is 
evident as such; in the primary it is evident as retarding the rise of 
the current. | 

Not knowing the actual mechanism of the current and of the magnetic 
force, we cannot know what the actual amount of real momentum is, 
although the amount of energy, the connecting link between all forces, 
may be calculated. But, in a dynamical system, it is not at all necessary 
that the mechanism should be known completely. If the state of the 
system is completely defined by the values of a certain number of 
variables the relations between forces, momenta, etc., corresponding to 
these variables may be calculated on strictly dynamical principles. 
Thus Maxwell’s electromagnetic momentum of a circuit bears the same 
relation to the impressed E.M.F. in the circuit that momentum does to 


v, ... the potentials, and p,, Pa ... the 


iP vg ty — —_ 
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a, ee RE 
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force in ordinary dynamics. Ohm’s law, however, remains an experi- 
mental fact, and is taken as such alone. 
In the case of two circuits, the equations of motion are 


d 
B=hy,+ j (Liyı + Wy), 


d 
O= Royz + di (Liya + MY). 


Here y, and y, are the currents at any moment in the circuits 1 and 2 
of resistances f, and Ra, and E the impressed E.M.F. in circuit 1. 
Liy, + My is the electromagnetic momentum of the first circuit, and 
Lya + My, that of the second ; L,, La and M being constants depending 
on the form and position of the circuits. In the first circuit the E.M.F. 
E is employed partly in maintaining the current y, against the resist- 
ance R, and partly in increasing the momentum of the first circuit. 
In the second circuit, where there is no impressed force, the induced 


E.M.F. 18 - 5 (Lay + My), that is, the rate of decrease of its electro- 


magnetic momentum. Further than this it is only necessary to mention 
here that the setting up of the current £/f, in circuit 1 is accompanied 
by an integral current ME/R,ọR, in the opposite direction in circuit 2, 
and the decay of the current in | by an equal integral flow in 2 in the 
+ direction. 

6. We may now compare together the integral currents of electrostatic 
and electromagnetic induction in circuit 2, circuits 1 and 2 being two 
parallel suspended wires for definiteness, earthed at their ends. 

If Q, is the integral current due to changing magnetic induction, 


Q = ME 
' RB? 
where M is the mutual electromagnetic capacity of the two wires. 
If Q, is the electrostatic charge received by the second wire, 


E 
Q 2 oat ; 
E ) ae Ciol 
therefore = 5 12, 


supposing the wires have the same resistance. Thus @,/Q, increases as 
the square of the length. One-third of this must be taken for the ratio 
at the distant end, where Q, and Q, are in opposite directions. 

If ¢,,=°003 microf. per mile, M =mi, and m=3 per centimetre,* or 
482,802 per mile; R=kl, and k=15 ohms per mile, 


QP 
3Q, 4291 
Thus when /=about 65 miles the integral currents at the receiving end 
are equal. For a shorter length the electrostatic is overpowered by the 


* [This is rather a low estimate for wires at usual distance. See (10) and (11), 
p. 101.] 
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electromagnetic and the reverse for a greater length. This calculation 
is quite a rough one, but will do approximately for two suspended 
wires at the shortest usual distance apart. 

7. Having considered the general nature of electrostatic and electro- 
magnetic induction in the simple case of two wires, and the final distri- 
bution of electricity on the wires in equilibrium, the next step is to 
more accurately determine the manner in which the potential and the 
current behave in the variable state that intervenes between one state 
of equilibrium or steady flow and another. In the first place, electro- 
magnetic induction will be ignored, as it greatly complicates the theory, 
while it is of quite secondary importance on lines not less than a certain 
short length. 

The fundamental equations, whether we consider one line or many, 
with or without electromagnetic induction, are 

V1+6,=9; Yotho=9; y',+/,=0; ete....... ais (2) 
where y stands for current, p for linear density, and the suffix denotes 
the wire referred to. In the following ’ will be generally used to 
indicate differentiation with respect to x and - differentiation with 
respect to £ the time. Thus any one of (2) written fully is 

dy , dp _ 

de di 
This is nothing more than the equation of continuity, and it may be 
proved thus :—If y is the current at x at time ¢ then y+ /y'dz is the 
current at x+dz at time /, and the excess of the current at x over that 
at x+dx is —y'dx. Therefore in the time dt the excess of the quantity 
of electricity that has passed x over what has passed 7+dz is — y'dzdt, 
and this quantity must have been added to the charge of dz. At time ¢ 
the latter is pdx and at time ¢+d¢ it becomes pdx+pdzdt; whence 
another expression for the increase in time dt of the elementary charge 
of dz is pdxdt, and the above equation follows. 

If the wire exists alone we have p=cv. Also by Ohm’s law, 
y= —k-W, where k is the resistance per unit of length. Whence 


leicester stot TT (3) 


with the same equation for p or y. (It 1s practically best to work with 
v.) This is Sir Wm. Thomson’s well-known equation of the potential 
in a submarine cable, or of course in any uniform wire unaffected by 
the induction of others. The same equation was given by Ohm for the 
“tension” of a uniform wire, but singularly enough it was arrived at 
by an entirely erroneous assumption, viz., that a wire had a capacity or 
power of absorbing electricity into its substance, just as a conductor of 
heat has a “capacity” for heat. In fact, he applied to electricity 
Fourier’s equations for the diffusion of heat by conduction. Mathe- 
matically considered, it amounts to exactly the same thing for the 
purpose of calculating the propagation of signals, whether the electricity 
is detained in the substance of a wire, or forms a superficial charge, 
connected by tubes of induction with an equal opposite charge on other 
conductors separated from it by a dielectric, the so-called surface charge 
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being merely the residual polarization of the dielectric, within which the 
potential energy of electrification is stored ; yet the difference between 
Ohm’s capacity and the real thing is very striking. 

The general solution of (3) adapted for suiting limiting conditions is 


v= Ed sin (THD); assesses (4) 


that is, the sum of any number of terms of this general form, where 
A, a, and b are arbitrary. 

Suppose that the ends of the wire are connected to apparatus, resist- 
ances, condensers, etc., in a given manner, and that the conditions thus 
imposed are expressed in an analytical form. Substitution in the 
general term of (4) will give rise to two equations, 

tan(a+b)=¢,(a), tanb=¢,(a); 
and between them we can eliminate b, obtaining 
tan a = f(a). | 

These determine the admissible values of a and b consistent with the 
nature of the terminal connections; and if the electrical state of the 
system is known at any moment the coefficients 4 can be determined 
so that the right hand side of (4) expresses the potential of the line at 
that moment and subsequently. 

If v= U when ¢=0, where U is an arbitrary function of x, then will 


the general value of 4 be 
20 rr (ax 
4 U sin (5 + b) ax 
Lo l 


A= 7 
— cos2a L 
1 — cos*a PAAGA] 


OEE E (5) 


This is on the supposition that at ¿=0 none of the energy of the 
system resided in the terminal apparatus. For example, if there is a 
condenser, it must be uncharged; otherwise, additional terms, which 
are easily found, must be added to the numerator of (5), the denominator 
remaining the same. * 

zt 
In fact 9 Í U sin E + b) dx 
U=—z sin (+b) ee ma 
ae tan~! g(a) 
da 
is an identity. If the line be infinitely long, it becomes * 


flo)= =) du “dy sin (ue +b) sin (uy -+b)f(y), .s.-eece0.eee (5B) 


* [For detailed information regarding the construction of these formulae see 
previous articles, especially Art. xvi. for special examples, and §§ 24, 25 (p. 91 ante) 
of the same for the general theory, and regarding the terminal arbitrary functions 
omitted in the above. Equation (57) there (p. 93 ante) is the same as (5) above, 
by omission of the terminal arbitraries and an important simplification of the 
denominator. See also the next, Art. xx., for another establishment of (5) and 
(5a) above, and (§§ 8 to 13) for the supplementary integral required in (5b) above 
when the terminal arrangement at the beginning of the line is such as to cause the 
determinantal equation to have imaginary roots. ] 


TE (5a) 
] 
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where f(x) is any function of x and sinb=cosb x ¢,(u) where (u) is 
of the form 
$(u)=hut hu +h t... 


The above is an extended form of Fourier’s Theorem as given: in 
Treatises on the Integral Calculus. 
8. With any number of wires we have 


l; 1, 
Vay Y Uy CEC, occ e ccc ccc ee sneer ees (6) 
1 ky 1 2 ko 2 ? 
where k,, k,, ... are their resistances per unit of length. Therefore by 
eliminating y,, Y» ... between (2) and (6), 
Pa = Ki Py, Vam kofa ObC., cer ccercccecsenecsoneees (7) 
from which p}, Pa ... may be eliminated by means of (1), leading to 
vi =k (C0, + Co. + Cysts + ...), 
V9 = eg (Cy90, + Coby + Cogy + ...)y Prcecerceeereres concerns (8) 


the exact solutions of which for any given terminal conditions and given 
initial distributions may be readily obtained.* 

Beginning with the simple case of two wires of the same length, 
exactly similar, and at the same height from the ground, so that 


C=C =C, k =k, =k. 


1t e e ab . e 
Here v” =Ckb, tek v= okt, + Chi. 
Now choose two other dependent variables w, and w, so that 


and substitute ; then 
w” =(C+Cyo)kby, W” = (C — Cro kg. 

By this substitution we have got two equations of the same form as (3), 
that for a wire uninfluenced by the induction of others. Thus, imagine 
two fresh lines of capacities c +c; and c—c,. per unit of length, which 
have no induction on one another, and let their potentials at any 
moment be half the sum and half the difference of those of the real 
lines at the same moment at corresponding points; let these imaginary 
lines discharge independently, then the potentials of the real lines at 
any subsequent moment will be the sum and the difference of what the 
potentials of the imaginary lines have then become. 

For instance, if the first line had at ¢=0 a steady dein E/ki in it 
and potential v= (1-2/1), while in the second line v,=0; and the 
battery is then removed and both lines earthed at both ends, the 
subsequent — are 


fs 


> sin er J er), 


* [See Sir W. Thomson’s article ‘‘ On Peristaltic Induction of Electric Currents,” 
Proc. R. S., May 1856, or Reprint, vol. 2, Art. lxxv., p. 79, for the earliest treat- 
ment of this sabjest: that i is, with magnetic induction ignored. ] 
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Vo -Z 2 sin “(ee — es) ; 
na? _ nèr? 
(etok 2 (C= ck” 
and the summations include all integral values of n from 1 to œ. 
At the end remote from the battery the currents are 


where D = 


N= 2 2( — cos ni)(e?* + 6), 


Y= EX — cos nir)(e?* — e?*), 


The arrival curve of the current at the remote end of a line earthed 
at both ends and not exposed to induction from other wires is given in 
a readily accessible form in Professor Jenkin’s Electricity and Magnetism, 
with a table of the value of the current at different times after contact 
was made.* If the curve there given be drawn on two different scales 
as regards time, viz., proportional to c+c,, and c—¢,., and from these 
two curves are constructed two new ones by making the ordinates of 
the latter equal to half the sum and half the difference of the former, 
the latter will be the arrival curves for the case just considered ; the 
big curve being the current on line 1, and the smaller one, above the 
zero line, the induced arrival curve on line 2. 

9. Again two wires, dissimilar, but with the same terminal conditions. 
Here, by (8) 

cenit EERE ATT (9) 

Vo = Cok oo + Coho. 
To find elementary simultaneous solutions, eliminate either v} or v; 
thus i 

(Y? - k, DY? - cka Dw = chk yD*, 

where vv stands for d/dz and D for d/dt. Let vy? be any numerical 
quantity ; the above is then an algebraical quadratic equation in D, 
whose roots are 

l 2 
na Ee, gah + Coko) +N (Ck, + Ck)? = 4b (646 — Ch} 5 


2 
therefore 
v =sin (iva + b)( Ae” + Be), 
V,=sin (ivr + b)(7, Ae’ +r Be) ; 
where i stands for /—1. 4, B, y, and b are arbitrary, while r}, 7, are 
constants which may be found by inserting these solutions (10) in (9), 
giving | 
y? -6k D, y? - 4k, De 
Cok D; Cok, D3 
The sum of an infinite number of elementary solutions such as those 
in (10) may be made to represent initially any given distribution of 


dig T 


* [See curve 1, Fig. 1, p. 72 ante.] 
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potential in the wires, and also to satisfy the terminal conditions. The 
latter, when given, settle the admissible values of y and 6. D, and D, are 
known multiples of y; and, finally, the values of 4+ B and 1,4 +7,B, 
and therefore of 4 and B, can be found by integration, so as to make 
the complete solutions represent any initial arbitrary potentials. 

In the simple case of direct earth connection at both ends of both 
lines, and v, = £(1 — x/l), v, =0, initially, we have 6=0 and iy, =n7/I, 


A+B 2E, 1,A,+7,B,=0; 
nr 


To 2E mno 2E 
therefore A= -2 2, B=- 2; 
DESl . NTE, pe 
= — r e?*) + (r, — 
therefore = —-2- sin g ("£ ¥ — pe) + (12-1); 


1 = 2Ey1l sin NTT (git — eP#) x eb ae 
m n l T2- 
represent the potentials at time ż. 

10. It will be observed that the differential equations (8) each contain 
the differential coefficients with respect to ¢ of the potentials of all the 
lines. But by a linear transformation, thus :— 

V =W + We t+ Wy + 00 
Vy = 1, W, + AW + AgWy + oe, 
Vg =b W) + byw, + b,wet+..., 


and by properly determining the constants a,, ..., bjs ..., equations (8) 
may be brought to the form | 
w” =f; W”, = faba ; ete., 
each of which contains only one dependent variable, so that we may 
represent the actual potentials of the lines as linear functions of the 
potentials of an equal number of imaginary lines having no mutual 
influence, with the same terminal conditions, and charged initially in a 
known manner. But there is no advantage in commencing thus, the 
following process being simpler :— 
Equations (8) may be written 

0 = p101 + Pio Pits + «+3 

O = Pat + Posts + Poss + -++3 

O = p51 + Paata + Pag H -s 


where Pur=—-V+e kD; Dip =Cgk,D, ete. 
By eliminating all the variables except one, we get for the equation 
of the potential of any line Pu=0, where P is the determinant 
Pu Pio Pis + | 
P=| Pa Pog Pag +++ | 
Ps, Pse Pss + | 
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The terminal conditions being the same for all the lines, the elemen- 
tary solutions will all contain the same function of z; then, assuming 
y? to be a numerical quantity, the equation P=0 is an algebraical 
equation in D/y? of the same degree as the number of lines. Let the 
roots for D be D,, D,,.... These are all known multiples of y?, and 
the elementary solutions are 

v =sin (iye +b) Ae + Ber* + Ce? + ...}, 

v =sin (igx + b){7r, 4e" +7, Be™ + ...}, 

v = sin (ipe + b){s, de +5, Be™ + ...}, 
etc. The quantities 7,, ..., Sı ... may be found by inserting these 
solutions in equations (8). As before, the terminal conditions settle the 
different values of y and b; and integrations serve to determine A, B, 
C, ..., 80 that the sum of infinite series of the above elementary solutions 
may represent the initial potentials. 

11. But if the terminal conditions are not limited to be the same for 
all the lines at x=0, and also all the same at x=}, the elementary 
solutions must be more general. First, for two lines. 

Here (vy? -— k DY - tk, DW = Akiko DW, 
as before, for either line. Treating D as a constant, this is a quadratic 
equation in ọ?, whose roots are 


V =} DA (cik; + Coleg) £N (cik + Coka)? — dle ha(C,Cq — Ga) }» 
therefore an elementary solution is 


v, = {(4 sin + B, cos)iv,2 + (A, sin + B cos)iy.xte™, an 
v= {7,(A, sin + B, cos)iv,2+7,(A4, sin + B, cos)ip,r}e™, aaa 


E y2- ¢,k,D 


GAD ’ 
by inserting (11) in (9). 

The four terminal conditions, viz., two for each line, give the ratios 
A, : B,:A,: B, and also furnish an equation for the admissible values 
of D. 

We have thus the complete solutions 

y= 2Aue™, Vo = DAU”, 
where the functions u, and u, are completely known ; also the values of 
D. If when ¢=0, v = U, and v= U, these being arbitrary functions 
of x, we must find the values of the constants 4 so that 


where T3 


This may be done by availing ourselves of the conjugate property 
possessed. by two different possible distributions of potential and density. 
Let Wi Uz represent one, and th; uay represent another elementary dis- 
tribution of potential, corresponding to D, and D; respectively. The 
first decays at one rate, the second at another; they may co-exist 
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without interference, and their mutual potential energy is zero. If E; 
is their mutual Pipa energy, 
= Ey= | (UysPrs + UsiPo,)da = Í (tty sP14 + UnsPos) Aa, 


where Pin po are a densities corresponding to th; Unis and Pis Po; those 
corresponding to w, w. This reciprocal property is an identity and 
does not depend on the distributions being independent. That £,,=0 
for independent distributions may he thus proved. We have 


THET = DkaPis ..seoss (13) W'a = KoPais besceo (1 3)s 
ws; = Dkyp1 55 berate ( 1 3)o Uaj = D kapaj s....o (1 3)4 
by (7). Therefore 
E; = fees + UsiPo;)E% = pei flr + D OE Uni ol, 


by (13), and (13), ; 
= Bi, [WiU — Wih] + pg ltt DE [UW aj — W'ailo, | + a dr 
by double integration by parts ; 
-57 [UW — Wits] - D ppl of — Wata] + Ae Puda + p| Padt, 
by (13), and (13),. Therefore, by the reciprocal property, 
(D, - D,) Ey; = r [Ut - With j| + i [ 20; y E |e vee seeeee (14) 


The right-hand side is to be taken between limits, and vanishes when 
i and 7 are different if u/u’= constant; that is, if the lines are put to 
earth at the ends, or insulated, or put to earth through mere resistances. 
When i=j, we find, by taking the limit and discarding 7 and . 


du, dw 1 [y eee _ 
[err +apddr= y “im ge |+ ang Uog” woe F] (15) 


where n?= —- D. By applying (14) and (15) to (12) the value of any 
coefficient 4 is found to be 


Oyuyp,dv + [Spade 
a m; , dih Uy a l [py due _ y M2 
dnk, Van dn dn |` 2nk, "In i ae 


the limits for the integrations being 0 and /, and the quantities in square 
brackets being taken between the same. The form of 4 requires modi- 
fication when w/w’ not = constant. 

12. The extension to any number of wires m is obvious. In § 10, in 
the equation Pv=0, let D be any numerical quantity ; then P=0 is an 
algebraical equation in y?/D of the mth degree. Let its roots for y? be 
Vi Vz etc., then 

V =U E”, vy=uUe™, v,=U,e™, ete., 
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where w,=(4, sin + B cos)iv,¢+ (4, sin + B, cos)iv,t 
+ (4,sin+ B, cos)iv,t+..., 
u, =7,(4, sin + B; cos)iy,¢ +7,(4, sin + B, cos)iv,x 
+17,(4, sin + B; cos)iyst +... 
etc., etc., 

is a system of elementary solutions; the ratios 7,, ... being found by 
Insertion in (8). The constants 4,, B,,... are 2m in number. The 
terminal conditions are also 2m in number, and serve to determine the 
2m-— 1 ratios 4,:B,:4,:B,:..., and give besides an equation for D. 
Thus the complete solutions are 

v,=2Aue™, v= DAuge™, etC.. (16) 
where w,, us ... and the values of D are completely known. The con- 
stants A may be found by the conjugate property, which is now more 
complex, though essentially the same. Ui, Us Ugg, «.. ANA Us, Waj Ugys -+ 


being two different independent potential distributions, and p,, ..., 
Piz, <., the corresponding densities, the reciprocal property is 


E= [ines + UsiPog + UsiPaj + -Jd = [npu + UpsPos + UgjPsi + -JAE ; 


and the conjugate property may be shown in a similar manner as before 
to be 


l , , ] 4 r 
(D, KA DJE; = E. [uu lj oe u thy] + p ltt 25 os u oitls, | + eee eeevec (17) 
1 2 
Thus £,;=0 when u/w =constant. And 
[ca + UPa + UsiPgi + -JAE 


-fin + Calg + CUF +... + ZC Utto + 2C,gUgtts + ...)dar 
= sak wn = w | +similar terms with other suffixes,... (18) 
where r? = — D. 

The left-hand member is twice the potential energy of Uj, Uo, Ug, .... 
By these properties (17 ) and (18), applied to (15), the constant 4 may 
be found so as to make 

v = U» Vo = U,, Vg = U ete., 
when ¢=0, where U,, ... are arbitrary functions of z. 

13. In paragraphs 7 to 12 inclusive only electrostatic induction has 
been taken into account. A considerably greater complication arises 
when we attempt to fully exhibit the joint action of both inductions. 
We have still the fundamental equations of continuity, 


Yı + Pi = 0, Ya + Po = 0, etc. 
and also the same relations between potential and density, 
H.E.P.—VOL. I. I 


’ 
an 
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etc., but the equations connecting the potential and current are now no 
longer 


y=- ly ; Y2= -7V y ete, 
1 k 1 2 k 2 
1 


but are of the much more complex forms 
-v= kyt S N+ S272 + 81373 + +s 


-Vo= kayat Soha +82 Pats st erry u, (19) 
— V, = keg + 8,991 + S2372 + S3 Y3 +s 


Here * s,, S» 84, ... are the coefficients of self-induction (or electro- 
magnetic capacity) of the wires per unit of length, while s} is the co- 
efficient of mutual capacity of 1 and 2 per unit of length, s, the same 
for 2 and 3, etc., and y,, Yə ... are the currents in the wires. (See vol. 
ii, Maxwells Electricity.) The impressed E.M.F. -v in wire 1 is not 
only employed in maintaining the current in that wire, but also in 
varying the currents in all the rest. 
Eliminating the currents, we have 


v5 — kp, + sı Py + SyoPo + ...9 
V a= kapat SaPi tS Poteo l n. (20) 
0g = kapg + 89h, + Soga + -s 


and since the densities are linear functions of the potentials, the former 
may be eliminated, giving rise to a set of simultaneous partial differen- 
tial equations, each containing all the dependent variables v, ... and 
d?/dz?, d/dt, and d?/di?. By eliminating the potentials, the resulting 
equations in the densities are somewhat simpler as regards the co- 
efficients. 
Beginning, for more completeness, with the case of a single wire, we 
have l 
WSSU A CSUs, cise tate toule a E R (21) 


or vv =(ckD + ces Dye, 
whose general solution is 
v= sin(iva2 + b)( Ae + Ber”), 
where D, and D, are the roots of 
csD? + ckD — 9? = 0, 
and vy? is any numerical quantity. That is, 


1 ER 
D =z- -ck + Sek + dcsy?). 


For simplicity, let the wire be earthed at both ends, then iy = nz/I, 
where n is any integer, and )=0, so that the elementary solution is 


v= sin“ "(A e” + Be) ; 


* [For developed formulae, see p. 101.] 
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or, if D, and D, are imaginary, 


v= sine (A sin + B cos)gi, 


where l wee re Ve Sk. 
2s SVP ck? 4 


The latter form will be used preferably. If q be imaginary, D, and D 
are real and negative, and the simple harmonic distribution of potentia 
sin nrz/l decreases asymptotically towards zero. But if g be real it 
oscillates at a rate proportional to-g, the amplitude of the oscillations 
decreasing asymptotically towards zero at a rate proportional to p. 
Whether v is oscillatory or not depends on the values of l, n, s, c, and $. 
Let c=-02 microf. per mile, k=15 ohms per mile. The value of s for 
iron wire depends mainly on the quality of the iron, and is therefore 
rather indefinite in the absence of actual measurement. Lets =15 x 106 
per mile (electromagnetic units).* Then 


s 15x 106 


File NE —3 

ieee 
and ck = 02 x 107-45 x 15 x 109=3 x 1077 sec. ; 
therefore q= 10° i ~~ - approximately. 


Now the first value of n is 1, so for the first term to be oscillatory 
l2< 4 105, or l< 365 miles. Therefore if the length of the line is less 
than 365 miles, all the terms are oscillatory. 

For 100 miles 


=103, /19,0_ 1, 
1 3° 1 


The period of an oscillation is 27r/q ; for the first term this amounts to 
27/1755 second, or about +2, second. But since s/k = yyy second, the 
amplitude falls very quickly, the second oscillation being small com- 
pared with the first. It is only on short lines that there can be many 
oscillations without much diminution of amplitude. 

The physical reason of the oscillation will be readily understood from 
§5. Suppose that at t= 0, »=sin 7z/I, so that the density is p=c sin 72/I, 
that the charge is at rest at that time, and is then left to itself. The 
E.M.F. of the charge is at first —7/l cos mg/l; this sets the charge in 
motion symmetrically from the centre. Self-induction retards the out- 
ward flow at first, but once in motion the current requires force to stop 
it. Therefore the current does not cease when the line is discharged, 
but continues, thus producing a negative electrification similar to the 
first positive, though smaller, and the EMF. of this — charge brings 
the current to rest. Then the current sets in the other way, producing 


* [Iron wires were exclusively used for overland telegraphs when this was 
written. This value of s is, of course, far too high for copper wires. Even for 
iron it is too high when rapid reversals are in question, since no allowance has 
been made for the reduction due to imperfect penetration. ] 
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similarly a + charge, and this goes on until the resistance of the line 
uses up all the original energy. 

Suppose that the line is originally free from charge and connected to 
earth at both ends, and that at the time ¢=0 an electromotive force Æ 
is put on at 7=0. The course of the potential is then 


v= E(1 - 7) Bost sine e-™ (2 sin + cos ) Uh a wees (22) 
l m n l q 
and of the current 
= Zl -072r + > costr ‘ 2P o-r SIO niacin sais (23) 


These formule are not very intelligible without some study. A rough 
idea of their meaning may, however, be obtained without calculating them 
exactly. When the line is quite short the 4 under the radical sign in 
the value of q is small compared with the preceding term, and p/q is also 
small compared with 1; therefore, by neglecting p/q sin gt in (22), and 


taking q = T by neglecting the }, that equation becomes 
` MCS 
2.1 . nrz nrt 
v= E (1-5) -EE sin em oos T7, usines 24 
v E( — 2- sinye Le T (24) 


Now it may be shown that if we cancel the factor e~” common to all 
the terms in the summation in (24), then 


v=0, from ¢t=0 to t=zv/se, 
and . v= E, from t= g/s to t= lse. 
Or, v= E when ocre É 


Vse 


t 
v=0 when —<2</. 
aise 
This is best interpreted graphically. Divide the period 2l/sc into 
say eight parts equal to r; let abscisse represent distance along the 


line, and ordinates the potential, then the following show the progress 
of the potential during one period. 


Fic. 1. 
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The potential Æ here travels to and fro along the line with uniform 
velocity 1//sc. At «=4l, v=0 from ¢=0 to ¢=27; is then Æ from 
t=2r to ¢=6r; then 0 from ¢=6r to ¢=107; and so on, thus 
being alternately Æ and 0 for equal periods, its mean value being 
4E. At x=Hl, v=0 from ¢=0 to ¢t=7; is then E from ¢=7 to 
t=7r; then 0 from ¢=7r to ¢=97r; and so on, being three times 
as long at E as at 0, so that its mean value is $2. At x=#l, v 
is also alternately 0 and Æ, but is three times as. long at O as at 
E, its mean value being }#. Similarly for any other point, so 
that the mean value of v is H(1-—</l), what it ultimately becomes 
in the real case. 

Now the abrupt discontinuities are due to the assumptions made, 
so that to pass to the real case we must first of all round off 
the sharp corners B and C, and slightly curve the straight lines, 
as shown in the figure marked 2. And next, we must introduce 
the factor e-”. The effect of this is to make the summation in 
(24), i.e., the amount by which v depart from E(1-72/J), the final 
potential, decrease rapidly with the time. As the wave progresses 
the upper portion continuously falls, while the lower portion con- 
tinuously rises, and the double turn in the curve becomes less pro- 
minent, and is finally wiped out altogether, 4BCD thus becoming 
ultimately a straight line joining 4 and D, representing v= E(1 - 2/0), 
the final state.* 


* [The above description of the oscillatory mode of establishment of the steady 
state due to an impressed force at the beginning of the line (which is a develop- 
ment of E 57 ante) is obtained by first ignoring the resistance of the line, and 
afterwards introducing it as an attenuating factor. The results are therefore 
specially applicable when the resistance really enters as a small factor, and are 
readily understandable in terms of the distortionless circuit whose theory is worked 
out later in ‘‘ Electromagnetic Induction and its Propagation,” sections 40 to 47. 
I have also, in my paper ‘‘On Electromagnetic Waves,” given the complete 
solution of the above problem in terms of the successive waves, so that their true 
shapes, and their attenuation to nothing, for any value of the resistance can be 
obtained, thus allowing one to examine the transition to the diffusion formulae 
which hold when resistance is paramount. It is interesting to observe how far 
the above tentative process is correct. The course of events shown in Fig. 1 
would repeat itself over and over again if there were no resistance. It is the 
nature of the modification due to resistance which does not appear, except very 
roughly, in the above. When the first wave reaches the end of the line (as in 
4, Fig. 1), it is somewhat attenuated all along, mostly of course at its front, say 
to ‘9 for example. Now to obtain the state of things in the next semi-period we 
must imagine the first wave to keep going on, and superimpose a wave of negative 
potential travelling the other way of initial strength — ‘9, so that it is attenuated 
to — °81 when it gets to the beginning of the line. In the third semi-period we 
must superimpose a wave in the original direction, starting from the beginning of 
the line at strength +°81; and so on, ad inf. In the first wave the attenuation 
makes the curve of potential concave upward. This is, of course, not shown in 
the figure. Now the full theory indicates that when the resistance of the wire is 
constant the wave front is quite abrupt, without the rounding off shown. But, as 
a matter of fact, surface conduction causes the resistance to be far greater at and 
near the wave front than where penetration has taken place, so there must be 
greater attenuation at and near the wave front, with a rounding off of the abrupt- 
ness somewhat as shown, though the wave front must be reckoned at the extreme 
limit of the disturbance. ] 
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The rapidity with which the wave decreases being proportional to p 
is the same for any length; the velocity of the wave is also constant. 
But as the time the wave takes to reach the distant end is J/sc, the 
longer the line is, the less does the wave become before it has made a 
single journey from 0 tol. For 100 miles, p = 2s/k = 1/500 second (see 
above) and l/sec =./3/1000, so that even on its first journey the wave is 
greatly diminished. For 10 miles, J/sc=/3/10G00, so that the wave 
may make 10 journeys before it decays as much as in one journey on a 
line of 100 a 

On removing Æ, there is a similar wave travelling to and fro whilst v 
falls from E(1—<2/l) to 0. Corresponding to the former figures, we 
_ have the following :— 


showing the changes during the period 2l,/sc, divided into eight equal 
intervals. Herev at any point x is alternately E(1 - x/l) and — Exfl, 
the times during which it has these values being such that the mean 
value of v is 0. Thus at x=}, v is three times as long at — fF as at 
+H, and at «=#/, v is three times as long at f#!as at - 4E. As 
before, the lines ABCD must be rounded, and the wave supposed to 
diminish rapidly as it progresses. 

The current-wave may be similarly treated. Neglecting the } in q 
the summational part of (23) becomes 


eee Sl cos 7o- gin "Tt ; 
mT NS N l IN sc 


and, cancelling the factor e~™, this represents 


C. t t 
5 Ilse ' a/'sc 


| c t t 
and -E,/! ie from «=—— to =l. 
s Ise NSC i 
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The changes during the semi-period J./sc are shown in the following, 
where the ordinates now represent current. 


| i 4 | 


Fic. 3. 


In the second semi-period, 5 is the same as 3, 6 the same as 2, 7 the 
same as 1, and 8 the same as 0. As before, the lines 4BCD must be 
rounded at B and C, and the wave as it progresses supposed to diminish 
rapidly. This wave is superimposed on the steadily rising current 


Ha — e~”). As the latter is increasing in strength the oscillations are 


decreasing, and the final current is Æ/kl.* | 

The ratio of the maximum strength of the current-wave to the final 
current is Xk] t w3 For 190 miles this is 1:73, for 10 miles ‘173, 
varying as the length of the line. The wave is strongest at the moment 
of starting from x=0, where it may be taken to represent the well- 
known charge at the moment contact is made, which varies as the length 
of the line. | 

It should be remembered that this mode of representation applies to 
short lines only. (On very long lines the effect of magnetic momentum 
tends to be confined to the battery end.] 

14. The simplest case for two wires is when they are alike, that is 


. == k=k,=k, 8,=8,=8, 
and their terminal conditions are the same. By (20) our equations are 
v” = chy + (CS + Cy981)0, + Cah, + (8,9 + C498) ¥ a, 
Vg" = Chis + (CS + Cy9819)¥q + Cik, + (CSyq + C95)6}. 
Here we may separate the dependent variables by the transformation 
V =W + We V = Wy — Wes 


* [For “same as,” here occurring four times, read ‘‘ negative of.” The accurac 
of this correction may be checked by superimposing the current (£/k1)(1 — e—??*), 
the value of which is Æt/sl when k is negligible. The result is to turn the curves 
in Fig. 3 to the corresponding first five in Fig. 1, so that the resultant current and 
potential are in the same phase and constant ratio. But after that, in the second 
semi-period, although the potential is annulled by the reflected wave the current 
is doubled ; hence in 5, 6, 7, 8 (Fig. 1), the current and potential (not allowing for 
attenuation) are in the same phase only where the potential is not cancelled ; 
elsewhere there is current without potential. ] 
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so that the resulting equations 
Ww", = (c + Co) { ke, + (S + 8,9)tb,}, 
W's = (c — Cyp) {kts + (S — S12) } 


each contain only one dependent variable. These are what we should 
find for two wires of electrostatic capacity c+c,, and ¢—¢,, and electro- 
magnetic capacity $+ S} and s -— Sjo with the same resistance as the real 
wires, having no mutual inductive action ; and elementary solutions are 


w, =sin(ng + b)e™”*( 4 sin g,¢ + B, cos qt), 
w = sin(ng + b)e™?*( A, 8in got + B, C08 qat) ; 
where -p tig; and — p, tiq, are the roots of 
(c+ C,o)(S + S1) D? + (¢+¢,,)kD, +n? =0, 
(c — ci2)(S — S12) Dz + (c — Ciak Do + n? =O, 


and n is any numerical quantity. Or, 
K AnS tSn _ g 


KE N. ee Se Aas y 
1" 2(8 + 815)’ dı sHs) 


and Pa» q are found by changing the signs of s,, and ¢,, in p, and q} 
The solutions in the last paragraph may be immediately applied. Thus 
if both wires are to the earth at both ends and Æ is applied to the first 
at «=0, we shall have 


w, =E(1 -2\ _Es-rt 5l gin MTP g' 
m=z! 1) - =e 7 in (Pisin + 008 Jars 


2 l i 
„n ly _% E -pt yl . NTEP; 
W, = 30 7) E z sin TE sin + cos ae 


for the imaginary wires, and v,, v,, the potentials of the real wires, will 
be the sum and difference of w; and w, And if 7, 7, are the currents 
corresponding to w, and w, 


E _ E au <] NTL 2 e 
I =N — en) +7¢ Pit COs T A sin q,t, 
E E NTL 2P: 
= 1 — g?r —e Pe y eee “Po 
= 5 7S e7*Pat) + i cos — r sin gat, 


and y,, y, will be the sum and difference of 7, and 72 
15. More generally, if the lines are not exactly similar, 


A = tÙ + bü + dÙ, + fita » 
where a,, b d,, Ju ... may be found by inspecting (2) and (8). If the 
terminal conditions are the same, assume d?/dz? = — n?, then 

v =sin(nx + b)( Ade + Be + Ce + De), 
v = sin(nx +b)(r Ade +r, Be + 7,Ce* +r De”); 
where D, ... are the roots of : 
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(n?-+ a,D +5,D2)(n? + 0,D + bD?) = (d,D + f,D¥)(dgD + fD’), 
r, is given by 
0=n +a D; +b D? +r (d D +D?) 

and Ta Ty 7, by similar equations containing D, D, D, instead of D. 

After finding the admissible values of n and b from the terminal con- 
ditions, D,, ... are known in terms of n, and by means of four integra- 
tions, 4, B, C, D may be determined so as to make the sum of an 
infinite series of elementary solutions represent initially arbitrary dis- ° 
tributions of potential and current. 

16. Still more generally, any number m of wires with the same 
terminal conditions. The result of eliminating from equations (20) all 
the variables but one is Pv = 0 (see § 10); the elements of P are now 


Pr = -V° +e BD +(e 8 + Casg + Cgi + CSi + ---)D?, 


P= Ciki D + (C498) + Ca S12 + Cassis + Casi + DP, 
Pis= Cy gh D + (Cyg8 + C23812 + Cg 813 + Coasta + »--)D?, 
Pa = Ciak D + (6, S12 + C1382 + C1389 + CS4 + ---)D?, 
2 : 2 
Pog = — V” + Cg KoD + (642812 + Ca 82 + CogSog + CSa + ---)D", 
Pog = Cogko D + (643812 + Cog8q + Cg Sog + CgySoq + ---)D”, 
ete., 
. where vy stands for d/dx and D for d/di. Putting -yọy?=n°, any 


numerical quantity, P=0 is an algebraical equation in D ve F the omth 
degree. Let its roots be D, D» ..., then a system of simultaneous 
elementary space is 


= sin (na + b)( 4e” + A” + Ae" +...) 
v, = sin (ng + b)(B,e* + Boe?* + Boe +...), 
Vz = 81 Sa + ee + C,e?* + Cie" +...), 


Here the ratios A, pe CL: , will Hs settled m the T 


pd) spe + Pygly t oo 
O= 95,4, + Poo By + Pog, +... 
0= = Pay + Poa? + Past we 


where in the values of Py ... are sibetituted — nè for y* and D, for D. 
Similarly the ratios 4, : Bo: C,:..., by similar equations with D, for 
D, instead of D,. So ‘after finding the admissible values of n and b 
from the terminal conditions, the elementary solutions above only 
contain 2m arbitrary constants. Therefore, as there are m lines, 2m 
integrations in the ordinary manner, viz, two for every line, will 
determine the values of these constants for any term in the complete 
solution. The given data may be the initial values of v and #, or of v 
and y, or of something equivalent, for every line. 

17. The influence of defective insulation will now be briefly con- 
sidered. As every English telegraphist knows, on long lines in very 
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bad weather the leakage is so great that hardly any current is received 
from the sending station, sometimes putting a stop to communication 
altogether. But although leakage when carried too far is a great evil, 
it nevertheless has its good points and important practical uses. It 
quickens the signalling, or would do so were the speeds attained 
anything like what the amount of inductive retardation due to the lines 
would admit of (such speeds as can be got with Bain’s recorder), which 
_ is far from being the case with the instruments in present use. But 
leakage has still its value, viz., in reducing the magnitude of the foreign 
currents in receiving instruments due to the induction of neighbouring 
wires. Charging one line, and so raising the potential of a parallel 
one, causes a flow of electricity from the latter to earth. Now defective 
insulation not only makes the inducing charge less, and therefore the 
induced charge less, but also allows a portion of the latter to pass 
between earth and line through the poles direct, instead of through the 
receiving instruments. l 
When a line is permanently charged, the equation of its potential is 


v” = hv, 
where h? = kji, and k and i are the resistances per unit of length of the 
wire and its insulation. The general solution being 


v= Ae + Be™, 
if the potential is that produced by an E.M.F., E at x= 0, and the wire 
is earthed at x =l, its potential is then 


ehlt-2) _ g-ht-2) 
008. a 
and the total charge is therefore 


Ed 2 eM +e™—2 
[vets hh em” 
instead of Ecl when h=0, and there is perfect insulation. 

The influence of leakage is of course greatest on long lines. Let 
1=400 miles, 4 =15 ohms, and 1=1 megohm per mile, then it will be 
found that the charge is ‘84 of the normal charge 4#cl with perfect 
insulation. And if the insulation is as low as } megohm per mile, the 
charge is only ‘59 of the normal charge. The induced charges on 
neighbouring wires are reduced in the same proportion. 

The current is l 

Taip OT 

POA O e 
It is increased from its normal amount Æ/kl in the first part of the line 
and reduced in the other part, but it will be found that its mean strength 
is still Æ/kl. 

When the line is discharged by removing E and earthing at «=0, the 
integral current of discharge at any point z is 


Ed -ħ\ -1 _1 h(t—x) | p—hll-x))\ 1 /phil-a) _ p-hil—z) e 4+ eo 
OOTY ayers cs 
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which, for perfect insulation, becomes 
Ecdl( 2 ox æ 
2 ( gti) 

In the line just considered, when i= 1 megohm, and the charge is 84 
of the normal charge 4Æcl, the discharge at z=0 is -4 of the normal 
charge, and at x =} it is only -2 of the normal charge, the remaining ‘24 
passing to earth direct. And if the insulation is 1--} megohm, the 
discharge at = 0 is ‘32 x 4Ecl, and at z =l it is 06 x 4#cl; and as the 
total charge was ‘59 x 4ÆEcl, the amount of leakage is ‘21 x 4#cl. Thus, 
with ¿= 1 megohm, the leakage reduces the proportion of the discharge 
at the receiving end from 4 of the original charge to less than 3, and 
with 1=} megohm, from } with perfect insulation to about 4). 

18. Of the three sets of equations, those of continuity, those between 
the potentials and densities, and those between the currents and electro- 
motive forces, only the first require to be modified to bring in leakage. 
As in § 7, one expression for the excess of current at x over that at 
t+dx is -y'dx. The other is now (6+/i)dz, where the additional 
term (v/t)dz is the leakage current of dz, viz., the potential of dz divided 
by its insulation resistance, which is i/dx. Thus the ‘equation of con- 
tinuity becomes 


ond 


y+p+0/i=0, 
and the changes in the equations for the potential are easily found. 
Equation (21), § 13, for the potential of an isolated line, now becomes 


v= (k + 5) € + ci) ET E E T (25) 


First putting s=0, or ignoring electromagnetic induction compared 
with electrostatic, which may be done for long lines, (25) becomes 
v” = hv + cho, 
whose elementary solution is 
v= Ae" sin(ng + bye” ; 
thus the general solution for any arbitrary initial potential is the same 
as (4), § 7, if the summation there be multiplied by e~"". 

To estimate the relative rapidity of disappearance of an assumed 
initial potential 4 sin rz/l with and without leakage, let l = 400, k=15 
ohms, i=l megohm, as previously, and c=‘02 microfarad. Then 
ck =3 x 107" and ci= ‘02 second. Therefore 

‘cki? _ 48 x 10-8 } 

> eee rales about 500’ 
and the rates of decay are as 250 : 200, or 5: 4 in favour of the leakage. 
If 7 = 800 miles, the ratio is 2:1. The higher terms in the expansion 
for v are little affected. 

It is worthy of notice that if we neglect electrostatic in comparison 
with electromagnetic induction, an equation of the same form is 
obtained. Putting c=0 in (25), 

v” = he + (s/2)e. 
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Here ck has become s/i, and the solution is therefore 
v= Ae ™" sin (na + bje", 

But s/i is of course very small compared with s/k, so that the potential 
on putting on a battery is established almost instantaneously. The 
rise of the current, however, depends almost entirely on the time- 
constant s/k, and is consequently much slower. 

Now, reckoning both the inductions, the elementary solution of 
(25) is 

v =sin (ng + b)e (4 sin + B cos)gi, 


_k+sli. k n(o et ay 
Paws wae TG) at ae) 


Comparing with the corresponding formule in § 13 without leakage, it is 
seen that n? becomes n? + k/i, and k becomes k+s/ci. The first change 
is insignificant, the second of some magnitude. The rate of decay being 
proportional to p is increased in the ratio 1:1+s/cki. Taking 
= s|k= 1/1000, and ci = -02, the increase amounts to 5 per cent. 

For two parallel wires, the potential equations are 


ti d v hg . d v e e 
C= @ + 5) E + 6,0; + cs) + Siy, (2 + Cola + eth ) , 
dt) \i, dt \ ia 


n d ; ' d ; 
v= (r + S7; ) ¢ + Cata + ct) + Sam, ($ +¢,0,+ cn) j 
i, and i, being the insulation resistances. 
If the lines are quite similar,* so that their coefficients are the same, 
we may use the transformation 
V, = Wy AW Vg = Wy — Wey 


where 


* [Since this paper was written looped wires have come largely into use, that 
is, a pair of tha wires are looped to make a single circuit. The equations of 
potential and current for one or any number of such circuits are particular cases 
of the equations in this article. When the two wires of each circuit are similar 
i: all ore considerable simplification results. Thus, for a single pair of wires 
ooped, let 

V =, - v = transverse potential difference of the wires, 
C = current in each, 

R = 2k = resistance per unit length of circuit, 

S = $(¢ — ¢,,) = permittance per unit length of circuit, 


L =2(8 — 8,2) = inductance , $ 
K = 1/2i = leakage-conductance ,, 99 
We shall then have, by the equations in the text, 
day d -4C _ ( 4) 
Te 7 (Bt LG). (K+S) 


which are the equations connecting the space and time variations of current and 
transverse voltage ; and the characteristic equation is 

T= (R+LS\( K+82)\y 

dx? dt dt) ’ , 
which is of the same simple form as for an isolated line (see equation (25) in text). 
That is, propagation along looped wires may be treated as a case of propagation 
along a single wire, when the members of the loop are equal. This is the system 
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obtaining = "|= (: +(s+ 512)%,) (“+ (c+ ci ), 


vy d 9 e 
W = (: + (s— 510) (= +(¢- cya), ) ’ 


which are of the same form as (25) for an isolated wire. Thus, suppos- 
ing there to be two imaginary lines of capacities s+5s,., C+C and 
S— Si» C— Cg and having the same insulation and conductivity as the 
real, and without any inductive action on one another, the potential of 
the real lines may be expressed as the sum and the difference of the 
potentials of the imaginary lines. 


XX.—CONTRIBUTIONS TO THE THEORY OF THE 
PROPAGATION OF CURRENT IN WIRES. 


[Written in 1882, but now first published.] 


1. THE four papers in the Philosophical Magazine, viz., “On Condenser 
Working of Cables” (June, 1874); “On the Extra Current” (August, 
1876); “On Signalling through Heterogeneous Telegraph Circuits ” 
(1877); ‘On Faults in Submarine Cables ” (1879) ; and the paper in the 
Journal of the Soc. of Tel. Eng. and Electricians, “ On Induction between 
Parallel Wires ” (1881), may, toa shen extent, be considered as forming 
one series, since the subjects are allied and a nearly uniform notation is 
employed throughout. The present paper may be regarded as a con- 
tinuation of the last of those mentioned above, and, so far as is con- 
venient, I shall employ the same notation as therein. For brevity it 
will be referred to as the last paper.* 

Let there be a single perfectly insulated wire of length /, uninfluenced 
by foreign induction, whose electrical constants are c, k, and s; c being 
the electrostatic capacity, k the resistance, and s the coefficient of self- 
induction, all per unit length. Let v, y, and p be the potential, current, 
and linear density of free electricity (charge of the wire per unit 
length), at a point distant x from the beginning of the line, (rx=0). As 
in § 7 of the last paper, the equation of continuity of the current is 


dy dp _ 
dn * ai ° 
We have also p=cv. 


of working introduced by me in my paper ‘‘ On the Self-Induction of Wires,” and 
in ‘‘ Electromagnetic Induction and its Propagation,” to follow later on. It does 
away with a great deal of complexity, but is subject to certain limitations of 
application. ] 

* [It is Art. xix., p 116. The others referred to are Arts, xiii., p. 47; xiv., 
p. 53; xv., p. 61; and xvi., p. 71. The present article will be found to be a sort 
of missing link between the earlier articles on propagation and the later ones, in 
which the subject is discussed on the basis of Maxwell’s theory of the ether as 
a dielectric. ] 
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The electric force is the sum of that arising from difference of potential, 
which is —dv/dx, and from electromagnetic inertia, which is — sdy/dt. 
We have therefore, by Ohm’s law, 


d\. dv 
G 


E E (1) 
es dy_ _ dv 
and, by continuity, T 
To obtain the equation of the current, eliminate v». We obtain | 
d ld, d d l 
rr qr=glt+st)y. E eee (2) 
To obtain the equation of the potential, eliminate y. This gives 
dN dv d\?dv_ (dk ds d\dv 
(rts) Ta- (r+s5;) c= (E+E PE EERE (9) 


As the latter is far more complex than the former it may be ignored. 
Consider instead the two equations (1); or else (2) for the current, and 
derive v from y by means of the first of (1). 

It will be understood that k, s, and c, so far, have been treated as 
variable along the line, functions of z, that is to say. In a submarine 
cable & and c are constants, whilst s also may be taken as a constant, to 
a first approximation. 

2. The above refers to the line only. The terminal conditions will 
come in later, as their necessity naturally presents itself. To obtain 
normal solutions, so that we may determine the variable states arising 
from any initial states, or the effect of impressed forces, let 

v=ue™, y= we, 

D being constant (the negative reciprocal of the time-constant of subsid- 
ence of the normal system when it happens to be real), and u and w 
functions of x, but not of £ the time. The equation for finding w is (2), 
turning y into w and treating d/dt as a constant, viz. = D. Its solution 
is a function of x and D, with two arbitrary constants of integration ; 
-= that is, there are two independent solutions, whose sum, taken in any 
proportions, gives w. From it u may be found by the second of (1), 
writing u for v and treating d/dt as the constant D. This does not bring 
in any more constants. 

Thus, if y stand for d/dz, 

volyw=D(k+sD)w finds w, 
and cDu=yw finds u from w. i 

The admissible values of D are those which are consistent with the 
terminal conditions, as yet unstated. Leaving them for the present in 
the background, let D, and D, be any two admissible values belonging 
to the pair of normal systems u}, w,, and uo, w,, which only differ in the 
value ascribed to D in them, being J, in the first and D, in the second. 
We have then, by (4), 

(a) (k+sD,)u, = Dy yyw; (c) eD = -yw ; 
(b) (k+sDaw =D yyw; (d) cDytg= -YW 
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Here multiply equation (c) by u,, and (d) by u,; subtract the second 
result from the first, and integrate to « between the limits 0 and J. 
We get 


(Dı — Da) | cuyuada = [aves — ULV, dt 


= (a vee Dae seasea (5) 
cD, cD, 


the second form on the right being got by again using (c) and (d). 
In a similar manner, multiply the equation (a) by w, and (b) by w; 
subtract, and integrate; and we obtain 


(D,- D,)| sae - \(Gverve, - Fiy ty, de 
1 2 


Wo _ W, _ | W, . OW W,. VW 
= E low, - D. yun | - [Fa - as, wees (6) 


CLs 
the second line being got by performing one integration by parts. The 


last integral being the same as that in (5), we have, by subtracting 
equation (6) from (5), 


l 
(D, - D,) Aout — sw,w,)dz = [vw] - vwa), NA (7) 


Here the square brackets indicate that the quantity within them is to 
be taken at the limits of integration, 0 and /. In another form 


[wiwi u,/ wy = f We) Ip ( 8 ) 
— DD, EEES 

If the normal systems be one and the same, D,=D,=D, etc., 
and (8) gives, on going to the limit, 


: i = 6 d u : 
2. ow2\de =| yp? u | 
Ke ax w dD w p, COC Cee eee eeeevneveeenevess (9) 


Equation (8) expresses the excess of the mutual potential over the 
mutual kinetic energy of the two normal systems, so far as the line is 
concerned, in terms of the potential and current at the ends of the line. 
But the full interpretation is this :—The mutual potential energy of two 
normal systems equals their mutual kinetic energy, when the normal 
systems are completed by taking into account the terminal “ apparatus.” 
So that the right member of (8) is the excess of the mutual kinetic over 
the mutual potential energy of the corresponding two normal arrange- 
ments of potential and current in the terminal apparatus. 

Since the mutual potential and kinetic energies of two complete 
normal systems are equal at every moment, the mutual dissipativity is 
derived from their rates of decrease equally. This gives us two other 
forms of the conjugate property (8); one, containing c and & instead of 
c and s, expressing that the mutual dissipativity equals half the time- 
rate of decrease of the mutual potential energy ; the other, containing k 
and s, expressing that the mutual dissipativity equals half the time-rate 
of decrease of the mutual kinetic energy. We shall not require to write 


T 
Í (cU,U, — SW W)dt = 
0 
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out the mathematical expressions of these statements, as, though entirely 
different in the operations concerned, they are merely more complex 
expressions of the same fundamental fact. (It will be found to be of 
the greatest utility to bear in mind the physical interpretations of 
results, such enabling us often to avoid useless and tedious work.) If 
we do not take electromagnetic induction into account, then the mutual 
potential energy is zero, and consequently also the mutual dissipativity. 
If it be electrostatic induction that is ignored, the mutual kinetic energy 
is zero, and also the mutual dissipativity. 

3. Equations or (8), of. which (8) is the most useful, show us in 
what form we should get the terminal conditions. Let the potential 
and the current be subjected to the differential equation 


OP AEE EA (10) 


at the z=0 end, and to a similar equation at the z=} end. Here P 
and Q, stand for functions of d/dt and constants. This is the general 
form. (10) is in fact the linear differential equation of the potential 
and current at the junction of the end of the line with the terminal 
arrangements, derived solely from the latter themselves. Applying to 
a normal system, putting D for d/dt, we have 

Qus Pa -at BO) aineena ao (11) 

Qus Pe aE Bl, eren a (12) 
P» Po Qo and Q, being functions of D, which may be either finite 
or infinite series. 

Now, as before remarked, the u and w functions contain two arbitrary 
constants. One is indeterminate, fixing the size; the other is got rid 
of thus :— Let 

u=aG+bH, w=al+bJ, 


where J and J are the two solutions of the equations for w, G and H the 
corresponding u solutions—equations (4)—and a, b are constants. 
Taking these expressions for u and w in (11) and (12) we get 

Q lata + bH,) = Pal +b), 

Q (aG + 0H,) =P (al +b); 


to and , affixed to G, H, I, J, indicating their values at the limits. Or, 


a(o -= Polo) = HF oo — QH), ) N (13) 
a(Q G - Pil) =(P - 0H), 
Cross multiplication gives us an equation free from a and b 
altogether, viz., 


(Uaa — PAP - QH) = (Pwo - QBA -Phe (14) 


containing D only. It is the determinantal equation of D, whose roots 
give us the admissible rates of subsidence. Further, the ratio a/b is 
known by (13). Therefore, when we say that the normal functions are 
u and w, ignoring G, H, etc., there is nothing arbitrary about them 
except a multiplier to fix their absolute magnitude. Thus 4u, Aw, the 
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constant 4 being the same in both, only needs the value of 4 to be 
fixed to become definite. 

4. If the terminal arrangements be given in detail, and not merely 
the resultant equations (10) and its companion, to which they lead, we 
may easily write down the expressions for the parts of the mutual 
energy of the two normal systems contained in the apparatus, and so 
immediately obtain the conjugate property (8) in a fully developed 
form, and employ it to decompose an arbitrarily given initial state of 
potential and current into normal systems of absolutely determined 
magnitude. Thus, if 

U = Ayu, + Agu, + Ayu, + 

W= Aw, t+ Agta + AgWyt -.., 
U and W being the functions of x which express the potential and the 
current in the line at the time ¢=0; u; and w,, u, and w, ete., the 
different normal solutions; and Ay A .. constants fixing their 
magnitudes; the conjugate property will enable us to find the J’ S, 
provided that besides U and W being given the initial state of the 
terminal apparatus, if there be energy therein that can be communicated 
to the line, is given. The process will be the carrying out of this 
statement :—The excess of the mutual potential over the mutual kinetic 
energy of the given initial state and a normal system, equals twice the 
excess of the potential over the kinetic energy of the normal system 
itself. Having thus determined the 4’s, we need merely to introduce 
the time factor e” to obtain the whole subsequent history. 

But without any knowledge of the terminal arrangements in detail, 
but only of the resultant equation (10), we may obtain the complete 
solution, so far as regards the line, if it be given in addition that there 
is no energy in the terminal arrangements initially that can be com- 
municated to the line. Besides that, we can, from the form of the 
terminal equations, determine in what manner it is possible for the 
terminal apparatus to influence the potential and current in the line, 
without being able to find whether there is any such influence (except 
when it is explicitly given, as in the last sentence). That is to say, 
from the terminal equations we can find the number of degrees of 
freedom of the terminal apparatus so far as it can affect the line, and 
the nature of these freedoms as regards energy, and specify them by a 
number of variables of definite form which may have any initial values. 
Calling them £,, £,, etc., these may be got out of (11) and (12); if 
they be zero initially, the potential and current in the line is deter- 
minate solely from its own initial state, which also determines the 
subsequent values of the £’s themselves. Otherwise, if no information 
be given regarding the first values of the E's, the future state of the 
line is indeterminate to just this extent. 

Go back to equation (8). In the right member use the equations 
(11), (12). It becomes 


PP 
[ (our SW,U', ydr = D, ah (an of) |, E EE (1 5) 


P,, and’ Po being the values of Py when in it D is made first D, and 
H.E.P.—VOL. 1. k 
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then D,; and similarly for the Q’s. On examining the forms of P and Q, 
equations (11), (12), we shall find that the division by D,- D, can be 
effected. When this has been done, let the quotient be arranged in the 
form of a series of products, every product having one factor a function 
of D, and the other the same function of D, Thus, let the right 
member of (15) be arranged in the form 


AD )A Ps) + afl PS P2) + 13f3(Di)Fs(Do) + -= Er DYD) A 6) | 


wherein the 7’s are constants and the /’s functions of D. Some of these 
will belong to one end of the line, the rest to the other end, according 
to the nature of the terminal equations. We thus get (15) to the form 


f (cutz — 81,2) de = rA D YAD). aeoea (17) 


As regards the above decomposition, which is easily enough effected 
in simple cases, since it may be carried out in various ways, the 
functions f obtained may not be all independent, but a comparison of 
their forms will enable us to reduce them to a certain number of 
independent functions. This is best studied in the concrete application. 

A practical way of decomposing 


Palo — Po/ Qoz 
D,- D 2 
into products is not to do it, but to decompose 


WW, 


into sums of squares, say 


MTD) + tofe(D) + rs f(D) + ...; 
which is more easily effected (perhaps at sight); then we only require 
for ro) to take f(D,)/(D,) to obtain the required form (16). 
5. Having now cleared the ground, let 
U = ZA ny 
W=2A,Wny 
By = BAA (Da) |... E E E ET (18) 
E, T ZA, FA Da) 
E; re 2A, f(Dn), 


Here the summations include all values of D. The nth 4 is 4,, the 
nth u is u,, and soon. U and W are the initial potential and current 
in the line, and E., E, etc., are quantities defined by the above expres- 
sions. Apply the conjugate property to the quantities U, W, and the 
E’s in this way :—Multiply the first equation by cu and integrate to x 
from 0 to l; the second by sw and integrate similarly ; the third by 
1, f(D); the fourth by r,f,(D), etc. ; add all the results, taking however 
all except the first negatively. Thus 
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K Uu- sWwjde- Eri AD) - Ef D) - ... 


SBA Í (cun, - suw, yde - SA r fy(D)f(D,) - 2A gta fADSAD) - oo. 


Remembering here that u, w, D refer to a definite, whilst u, etc., refer 
to any normal system, and that the summations are with respect to n ; 
and, lastly, that equation (17) makes all terms cancel one another except 
those containing squares, belonging to the definite normal system, the 
equation reduces to 


Í (Uu - sWw)de - Er, f(D) - Er, fD) ... 


= Af {ent — su% de -n fD) = rafi(D) - ah eee (19) 


which gives us the value of 4 explicitly in terms of the initial state U, 
W, and of the arbitrary quantities £. 

We may at once put the quantity in the { } in (19) into a much 
simpler form. For the value of : 


. d wy 
2 _. op? 2 | 
fe su*)\dz is | «w TD iw 


and that of XfD) is [ep P 
so that (19) may be written : 


K Uu ~ sWw)dx — Ewi AD) - Exa f(D) - ... 


wale — J i 
dD\w Q 0 
If therefore the expansions (16) are possible, this value of 4 given by 


(20) used in (16) makes them identities. They represent the initial 
state. At the time ¢ later we shall have 


v= PAu”, y=2Awe™, e, = AJAD” ete.,......... (21) 


v and y being the potential and current in the line at z, and the small 
es what the big E’s then become. 

At the first moment the £’s have no effect on the values of U and W. 
That is, if we leave out all the auxiliary terms in the numerator of (20) 
we shall still have i 


U=2Au, W = Au, 


identically. So far as the decomposing of U and W into normal 
functions is concerned, we need not trouble ourselves at all about the 
terminal conditions except just so far as to find the determinantal 
equation of the D’s and the ratio a/b (§ 3), the value of 4 then being 
(20) with the £’s put =0. 


vase (20) 
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It follows that if, for brevity, M denote the denominator in (20), 
2f,(D)u/M = 0, 2f(D)u/M=0, etc., 


and 2f,(D)w/M -= 90, 2f,(D)w/M =0, ete., 
identically. For instance, the part contributed by £, to U is 
— Eyr,=f(D)u/M, 


and is, of course, zero. These identities are true for values of z between 
0 and J, but not at the limits themselves. When the ¢ factor is intro- 
duced these summations no longer vanish, except when {=0. The part 
contributed to v by Æ is 
— Er =f (Dyu MM. 

On the other hand, although the £’s may be zero at first, the e’s, which 
equal them then, immediately become finite, by the influence of the 
charge and current in the line. 

6. It now becomes necessary to say a few words on the subject of 
the assumption made in the preceding section, that the expansions (18) 
are possible. It is assumed to be possible to expand any initial U in 
an infinite series of normal w’s, and any initial W in a series of w’s; and 
at the same time it is assumed that the summations Æ, not containing z, 
but only the terminal values of u and w, can be made to have any values 
we please. For instance, one Æ might be 24u,, if u for the moment 
denote the value of u at v=}; another might be 24w,/D, and so on. 
Not only then has 2Awu to have a prescribed value at every point 
between the limits, but at the limits themselves it, and the sums of 
various functions of u}, are to have prescribed values. 

Supposing it to be stated thus, simply. Given a function w, in which 
D has to have a series of values in succession, can Èu be made to 
represent any single valued function? Considered merely from the 
mathematical point of view, and without other information, it is difficult 
to return either a positive or a negative reply, unless an explicit 
demonstration be framed showing the complete transition of U into 
2Au, which would be in general very difficult to arrange. 

If, on the other hand, we regard the question from the physical point 
of view, the possibility of the expansion does not seem to require any 
demonstration. Weare investigating a real physical problem, in which 
we know the detailed relations to be dynamically consistent, and which 
has necessarily a solution. When therefore we arrive at the solution in 
the form of a series, satisfying all the conditions completely and requiring 
that U should be identically made = 24u, and knowing how to do it if it 
be possible, why should it not be possible? Familiarity with the working 
out of physical problems breeds contempt for the idea of requiring a 
special demonstration of the possibility of what seems to be necessary. 

But the argument that when the complete solution of a physical 
problem requires a certain expansion to be effected, such expansion 
must be possible, does not cover the whole ground. For, as a matter 
of fact, the expansions are possible when the constants involved have 
values given to them which are physically impossible, making negative 
resistances for example. It is also necessary to state what terminal 
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conditions are, and what are not admissible. For example, why should 
it not be possible to expand U in the series 2A sinaz/l, subject to 
cosa=n, a constant? This is not possible; yet, a priori, it would seem 
just as likely to be possible as when a is subjected to some other 
equation. Now when the enormous number of different kinds of 
normal functions is considered, as well as the enormous number of 
different ways of expanding a function in a series of one kind of normal 
function, it is plainly taking too narrow a view of the matter to devise 
special proofs of possibility, or to think they are needed. 

The shortest way to arrive at thorough conviction, logical and legiti- 
mate, is to go to the theory of ordinary linear differential equations, 
and observe the manner in which the genesis of partial differential 
equations and their solutions takes place. Instead of a line along which 
capacity, conductivity, and self-inductive power are continuously distri- 
buted, consider a number of coils, joined in sequence, whose terminals 
are joined to the earth through condensers. That is, we replace an 
infinite number of degrees of freedom by a finite number. We have one 
degree of freedom for every condenser, and one for every coil; say n 
altogether. Given the state of this system at a given moment, to find 
its state at any time after, when left to itself without impressed force, 
requires the solution of a linear ordinary equation of the nth degree, in 
which #, the time, is the independent variable. There are n rates of 
subsidence, and n normal arrangements of charge and current, any one 
of which, subsiding at its proper rate, is a possible solution. We 
require, then, to decompose the initial state of charge and current into 
these n arrangements. That it is possible requires no proof; it merely 
means finding the values of n constants out of n equations. Or, simply 
use the conjugate property of the normal solutions. A normal solution 
here means the solution belonging to a single D, whether real or 
imaginary. 

Now by subdividing the coils and condensers, having any resistances 
and self-inductive powers and capacities, we can, still keeping the num- 
ber of degrees of freedom finite, approximate as nearly as we please to 
any continuous distribution of k, c, and s, along a line. It is therefore 
true that we can decompose the initial state into normal solutions how- 
ever nearly we approach the conditions belonging to the continuous 
distributions. Therefore, since a breach of continuity is out of the 
question, it must be true in the limit, when the ordinary linear 
differential equation becomes of infinite degree, and is equivalent to a 
partial differential equation adapted to certain conditions. We may 
now well ask, not whether the decomposition is possible, but what is 
there to prevent it ? 

It is possible if the normal functions are quite comprehensive, and 
represent every mode of subsidence that the electrical conditions 
permit. Just as ‘333 ... must be continued to infinity to reach 4, so 
every normal solution is, in general, needed to make up the complete 
solution. Be sure then that we have got all the normal solutions, and | 
possibility becomes certainty. 

As regards the data initially required, they are exactly those quanti- 
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ties which, in the case of a finite number of degrees of freedom, are then 
required ; viz., the current, wherever there is electromagnetic induction, 
and the charge, wherever there is electrostatic induction ; or equivalent 
information. The terminal arbitraries Æ merely represent these quan- 
tities, or functions of them, in the terminal apparatus. 

The terminal conditions themselves must be expressible in the form 


(10), oF 
a(g = h(l” 


¢, and ¢, containing first powers only of the differentiators d/dt, d?/dt?, 
etc. For any combination of coils and condensers gives rise to this 
form ultimately. The terminal arrangements may include continuous 
distributions of capacity, etc., involving partial differential equations, 
but the above form can be got out of them. Why the above-mentioned 
expansion U = ŻA sin (x/l cos“4n) is not possible, is because the con- 
dition cosa = n cannot arise from the above form of terminal condition. 
The constants in (10) may, however, be positive or negative, irrespective 
of physical reality. This will be understandable by the consideration 
of a finite number of degrees of freedom. 

Special cases, involving discontinuities, equal roots, etc., require 
special treatment. Strictly, U and W must be single-valued at every 
point along the line. U, for instance, cannot have two values at a 
point, however rapidly it may change value. If then we say that V=1 
from «=0 to z= $l, and U=2 from s= 4} to x=/1, we must suppose that 
the double value 1 and 2 at «=4/ really means an infinitely steep rise 
from the value 1 just before to 2 just after x= 4l, so that at that point 
the mean value is 14. Discontinuities of this kind may exist in any 
number at the first moment. It is the function of the infinitely 
numerous normal solutions with large values of D to enable us to repre- 
sent discontinuities. 

If the determinantal equation of the D’s have equal roots, the 
denominator in the expression a for A always vanishes, making 4 
apparently infinite for the equal D’s. But when by changing the value 
of a constant we make two roots approach to equality, the correspond- 
ing 4’s do not also approach, but separate infinitely widely, viz., to 
+o and —o, if the numerator in (20) remains finite. Just before 
vanishing the denominator of one Æ is positive and of the other nega- 
tive. An example of this occurs in the theory of a cable with its end 
earthed through a coil. (That equality of roots makes the denominator 
vanish may be seen by comparing the form of the denominator with 
that of the terminal equations, out of which the determinantal equation 


arises; remembering that for ¢(D) = 0 to have equal roots, FAD) must 


also vanish.) In such a case we must unite the terms corresponding to 
the equal roots, before equalising them, to obtain the proper result. 
But there are cases requiring difterent treatment in which equal roots 
make the normal functions, and therefore the numerator, vanish as well 
as the denominator of 4. 
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7. Special Case. cand k constant, s=0. Fourier Series. 

The above being general, with c, k, s functions of z, must be taken as 
an example of method. In the complexity and irregularity of special 
cases we are apt to lose sight of general principles if already known, or 
not to recognise them readily if not known. Hence the value of general 
investigations. Let us next deduce from the preceding the solution in 
the case of a long uniform line in which electrostatic induction pre- 
dominates, by taking c and k constant, and s = 0. 

Equations (1) become 

Vy=-c%,  ky=-w; 
and the equation of v is 


gw = cki, 
that of y being the same. Hence the equation of the normal functions is 
y?w = ck Dw. 
Thus, if D = — a?/ckl?, we shall have 
u = sin (ax/l + b), 
= = yu = = a , © 
w T z °° (aa/l +b) | 


a and b being any constants. Hence 
v=2A sin (az/l + b)”, 


give the solution at time ¢, wherein a, b, and D have to be settled from 
the terminal conditions, and 4 from the initial state. Only the 
potential requires to be given, for, on account of s=0, y is settled by v. 


Here Wo tan(‘F+0), 
w a l 
so that we have, by (11), (12), 
tan b= - H g= do(a), say, 
i p. E ET (23) 
tan (a + b) kl Q, ,(«), Bay, 


Po, Qo Py Q, being functions of D, and therefore of a?. On account of 
the multiplication by a we see that pọ and ¢, are always odd functions 
of a. 

Here 


tan a= tan {tan-1¢,(a) — tan-1¢,(a)} =P) Pl — g(a) say. (24) 


1+ p (aho(a) 
This is also`an odd function of a. 

Draw the curves y=tana, and y=¢(a); their intersections show 
where the real roots are. The imaginary roots are certainly not in the 
plane of the diagram, and it is often difficult to find them, or even to 
suspect their existence. A pair of imaginaries near the origin (a= 0) 
may have a most important influence. The introduction of a is con- 
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venient, instead of D, on account of the circular functions. But since 
D varies as a?, and the roots of tana=¢(a) are symmetrically placed 
with respect to the origin, we need only take one half of them, say 
the + half. 

The numerator of 4, (20), becomes 


f Uudz — ZErf(a), 
if we divide by c; and the denominator, similarly divided by c, using 


CATR 
daD 2a da 
and effecting some reductions, becomes 


5(1 - costat $(a)) ; 


hence the value of 4 is 
U sin (ax/l +b) - 2Erf(a 
a E (25) 
(i - cos?a (a) ) 
2 da 
This, used in (22), makes the solution complete, the a’s and b’s being 
subject to (24) and the first of (23). 

The formula (25) was given in the last paper,* equation (5), omitting 
the undetermined £’s. But the later formula (50), referring to an 
infinitely long line, requires additional terms not mentioned in that 
paper, should there happen to be imaginary roots. To show how the 
additions are obtained it will be convenient to go over a portion of the 
general investigation, in terms of a instead of D. 

8. On account of y?=ckD, we may write the terminal equations (11), 
(12) thus, 
O=hvt+hlv' +h” +h po" +... at x=, 
O=hvthlv' + kP" + klt" +... at x=0; 

i.e., we put double differentiations to x in place of singles to ¢. Take 
i v=u=sin(av/l + b), 
and we obtain 
ha — haa? + h,a — ... 
haa 3 5 s 
ae G i ) ho a ha + h,a i hila), | i 
tanb= same function of ks =¢,(a). 


Now the special form of (17) is 


; Í ‘sin (mz/l+b,) sin (azz/l +b,)dz 
0 


_ Alg COS (tt, +b,) cos (a, + b3) (‘= (a, +b.) _ tan (a, + 2 


af- ag a, Ay 
_ yy COS b} cos b, (= b, tan a), 
af -až ty (lo 


* [Art. xix., p. 123, ante.] 
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Here, in the right member, we may put for the quantities in the large 
brackets their values in terms of $, and ¢,, and then get it into the form 


F(a) A (apg) + T2 Fol 0115) fo(Agbe) + «+ « 
This being done, let 
U=2ZA sin(az// + b), E,=ZAf(a,b), £,=2ZAf,(a,b), etc., 
the summations to include all the a’s; then apply the already obtained 
conjugate property, 


1 
; | tyugda = Srf(ayyb,)f(agybo). 
We arrive at 
U sin(ax/l + b)dx — rE f(a,b) 


v= sin(ax/] + 0) E T PT E (26) 
5 é - costa (a) ) 


Examine now what happens when the length of the line is indefinitely 
increased. As we shall ultimately have only one end of it (x=0) at 
disposal to operate on by terminal appliances, we may take the z=1 
condition to be v=0. This makes tan(a+6)=0, and 


tana= —tanb= — ¢,(a)= (a). 
Next put a/l=z. We shall then have the second of (25a) become 
tan lz = 6,2 + Cg + 6,25 +... = Z, BAY, ccececcencecv ens (27) 


wherein the c’s do not contain l; or else Z may be any odd function 
of z. 

Drawing the curves y=tanlz, and y=Z, y being the ordinate and z 
the abscissa, the Z curve will extend to infinity both ways, though only 
the positive half need be considered. On increasing / indefinitely the 
tangent curves get packed infinitely closely together, making the Z 
curve cut them at (ultimately) equidistant infinitely small intervals 
dz=a/l. That is to say, any value of z is then a root of the deter- 
minantal equation (27), so that z varies continuously from zero to 
infinity, and the summation (26) becomes a definite integral. 

This takes no count of the imaginary roots, but only of the real roots 
with real intersection of the Z and tangent curves. Put tan/z=Z in 
the exponential form 

(e= — e) = Zifle + e), 


and make / infinite. It becomes 


&*(1 — 21) =0, 
i standing for (- 1). Here ¢*=0 must correspond to the real roots, 
and 
Zia 1,.. OP Lady sane vier nasovedotends (28) 


to the imaginaries. We have therefore a summation, not a definite 
integral, for the imaginary roots, should there have been any when / 
was finite. 
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We may remark here that it is quite indifferent whether the line be 
assumed to be earthed or insulated at its distant end. In the former 
case we shall have 


sin (lz +b) =0, z 
es ot . tanlz=Z, 
Z depending on the x =0 connections ; and in the latter case, 


cos (lz +b) =0, 
tanb= - Ż, 


There is a great difference when / is finite; but on making / infinite 

the exponential forms become 
e”(1 - Zi)=0, in first case, 
e'(i+Z)=0, in second, 

which are equivalent. It is also indifferent, in the final results, whether 
we take Z =i or -i 

The general term of the expansion of U may be written, by taking 
t=: 0 in (26), expanding the sines, and using (27), 


U (sin 2x — Z cos 2x)dx 
(sin zx — Z cos zg / Z) EEA (29) 


2 cos?b dz 
when / is finite, if the Z’s be zero. Here 
1/cos?b = 1 + tan?b = 1 + 22, 
thus making the denominator of (29) ee 
H (1+ 22) - 
In the case of the real roots /-} a A in case of the imaginaries 


(1 +22) =0 (because Zi = 1); so that the denominator of (29) is 


m 1+2? dZ 
2 dz dz’ 


\ n —-cotlz=Z. 


or else — 44 (imaginary) ; 


giving 


2 E . „Sin zx) — Z cos 2x 
U j= = del dz, U,(sin zx — Z cos xæ as Es a aue (30) 


as the part of U depending on the reals (the Æ’s being zero), and 
dZ 
U;,= -- a(s 


as the part depending upon the imaginaries. Or, more concisely, since 
in the latter Z= — i, 


U,= (F) € m| Dean, AE eer (32) 


y (sin zæ- Z cos eof U (sin zx -- Z cos 2x,)dv, (31) 
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The sum of (30) and (32) gives U= U,+ U, the value of the initial 
potential at x; whilst under the integral sign, z, being the variable, U, 
is the value at z. In (32), the summation has only to include the 
imaginary roots of Z= —i, not however counting the single, if it be a 
cubic for example, but only the pair. 

The corresponding extra terms on account of the auxiliaries E can 
naturally only be fully written down when their actual expressions are 
known. Weare only concerned with those belonging to x=0, therefore 
functions of sinb, or cosb, or of z Taking £,=2Af,(z), when J is 
finite, let V, be the part of U depending upon it (zero in value); then, 
when / is infinite, 


V=- 2E fi(z)(sin zx — Z cos 2x)dz — 2E 7,2 HOG) = (33) 


the definite integral coming from the real, and the summation from the 
Imaginary roots. At the time /, v at x will be given by the sum of 
(30), (32), (33) and its companions, after the requisite introduction of 
the time factor «~*~ under the integral sign. Some examples follow. 
9. Resistance R at x=0. First suppose the line is earthed direct at 
xz=l, and through a resistance # at x=0. Here we shall have 
v=0 at xz=l; vay at «=0; 
so, if m= R/kl, we get 
sinb=macosb, and sin(a+b)=0, 
from which tan a= — ma 
determines the admissible «œs. And 


2 SIn zz + MA COS Zz 
U= A | U (sin 22, + ma cos zid: 
l l+m+ma i : aor 


the expansion when J is finite, becomes, if n = Ejk, 


U == [aed ee „(sin 27+ nz cos 2x) (ditto with z), 
when / is infinite ; which, on introducing the time factor, gives v at x at 
time‘t. The values n=0 and n=oo give the common 


i | | ded, U, sin ar sin zr), 
T 


and the same with cos instead of sin. The roots are all real in this 
example. There are also no terminal arbitraries, physically because 
there is neither potential nor kinetic energy concerned in the mere 
resistance ; mathematically because 


da a 


10. Condenser discharged into line. Put a condenser of capacity C 
between line and earth at 7~=0; then 
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Cö=kw at = 0) Werte’, if Cid=r, 
v=0 at z=, 


from which tana=1/ra finds the a’s. Here 


; U, sin (er, +b)dx,+rE sinb 
on 4(1+7 sina : 


if E be the initial potential of the condenser, or 
E=2A sinb. 


As the roots are in this case also all real, the denominator of 4 becomes 
4 when /=o; and then, if C/c=n, we have 


U= =| {dede, U, sin (ze +b) sin (zx, +b) + =a sin (ae +b). nE sinb, 


subject to tan b= — 1/nz. If the line be originally uncharged there is 
only the second term to consider, and we have 
e=nB | dz sin?be wt anB-| 
wJo 


Ee Ptlek 
1 +022? 


showing what E becomes at time ¢ (viz., value of v at =0), after com- 
mencement of the discharge. The current entering the line is 


2 
ron 2 ahh ie me 


k l+ 
The integral current should equal the original charge Enc, which is 
easily verified. The integral current at any point should also equal 
Enc. Atx we have 


ag = i ne ———5,(2 sin 2x + ne? cos zw) ™*, 
T 
giving |, ydt = mB a ¢ COS Z£ + sine ==); ; 
which, by the known read 
N COSE T an “dz sinzt _T/] _ -an i 
[e= go? 0% ltn? 3( s ) 


gives the required result, nc. 
The sum of the condenser’s charge and the whole charge in the line 
at any moment should also come to nck. The former is 
—2%/ck 
=n Ef in2ben = nek? 
Q,=n cB _(de sinde = nck? Sras Ta 
and the latter is | 
Q,= mE- | (dade, sin (2v, +b) sin beT, 


Also Q,=0 when ¢=0, and =ncE when t=o. The first is easily 
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tested. The other needs interpretation; for, when =œ, the time 
factor vanishes, and v=0 everywhere. So we must, to have consistency, 
keep ¢ finite and integrate to £ before making it infinite. The value of 
Q, if found, would give that of Q, at any moment. But Q, is only 
integrable in a series. In terms of another simpler integral, 


Q = nE? (vza ede) ; 
T th 
the lower limit ¢, being = (¢/ckn?)'. 

11. Condenser and Coil at x=0. 

Let C= rel be the capacity of the condenser, 2 = mk the resistance of 
the coil, and L= skl. cki? the coefficient of self-induction of the coil, one 
end of which is joined to the line and the other end to one terminal of 
the condenser, which is earthed at the other terminal. At ~=0 we 
shall have, if v) be the potential of the condenser on the side next the 
coil, at time £, 


kw =relt, 
ERS ene ee PEER R 34 
v-v =(R+LD)- W, \ (34) 


which lead to 
O=ly’ = rlo" + rmv” +r”, 
and give us the determinantal equation 
tan b= — l/ra + ma - sa’, 
supposing the line earthed at x=]. (tanb= — tana, when this is the 


case, always.) 
The solution being 


v=ÐA sin(ze HbF ennenen (35) — 
for the potential at x at time ż, the value of 4 is 


l, U sin (zx + båd +r E /ra cos b — sE,a cos b 


A= 
FTI + cos?b(1/ra? + m — 3sa?)} i 
by the general method. Here 
E, =2A/ra cosb, E, = 24a cosb, 
which may be got by considering the energy of coil and condenser ; or, 
without energy considerations, thus :— 


lf. i Qll cosh, cosb, 1 1 
{sin (2x +b) sin (zx +b )dr = — Se A ( E + EN sa? + saż) 
_ p: £088, cosb 
Td, Th 
by following method (25a); which we see is put into the right form, as 
there described. To find what E, means, we have 


ae L œ mW _ sd osb 
a a aa) 


+S. l} COS b, . a, COS bo 
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by (34) and (35). Hence Æ, is the negative of the initial potential of 
the condenser. Similarly we may show that 


- E, = Gh, 


if G be the initial current in the coil (reckoned positively from condenser 
to line). 

Thus, in the expression for 4, E, and E, show the effect of the 
condenser and the coil, if originally charged or with current respectively, 
on the subsequent state. Putting - #,=V, and making /=o, we 
obtain, U, being the part of U arising from real roots, 


Ue =| face, sin (zz + b) sin (zx, + b)U, 


LG 
ye COs TEE (36) 


the limits of all the integrals being O and œ as usual; the double 
integral arising from the original charge in the line, the next from the 
condenser, and the third from the coil. They are subject to . 


-2 | de sin (zx +b) 008? 4 -faz sin (2x +b) 
T Z m 


tan b= — l/n2 + ng - n, 
where n, =C/e, n, = kfk, ng = LJ ek?. 

The above is the complete U only if L=0. There are no imaginaries 
then; but with L finite there will be additional terms, to be later 
brought in. At present let L=0, and the line be initially uncharged, 
so that only the second integral in (36) is wanted. Then 


% 2t/ck 
pee A dz sin (zæ +b) cos b ; 
T Z 


0 


€- 


yal dz. cos (zæ +b) cosb. 7%, 
kr Jo 


represent the potential and current at time ż, resulting from the dis- 
charge of the condenser to the line. The integral current should be 
Vn,c. Examining this we find that it requires 


100 ° 
fe | dz cos ze -sin zz( — 1/2 +n) 
1 -2 SS eee 

T 0% 


E+ (= Ime nye) 
n, and n are as before, i.e., any positive constants. This must be true 
for all positive values of z, n, and n When n,=0, it may be verified 
by the last example. Taking «=0 for a special case, the last integral 
is equivalent to 


ae | ey eS 
Tyo 22+ (jz? — 1)” 
if 7 be any positive quantity. The geometrical interpretation is curious. 
12. Special Case of § 11. L finite. 
When L is finite the self-induction of the coil brings in at least one, 
and sometimes two, pair of roots, which may or may not be imaginary. 
Supposing these roots got, the completion of the solution (36) by the 
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addition of U, is easily carried out, as in § 8. But the practical 
examination of imaginary roots being difficult, simplify the last example 
by having direct earth on to coil instead of through a condenser; or, 
what comes to the same thing, take C=o and V=0. Next, take 
&=0, which, though unreal, will not alter the theory greatly, as the 
coil is not on short circuit, but in circuit with the whole cable. 

We shall then have 


and the genera solution gives us, when Li is finite, 


ş2sEa cos b sin (za +b) e- 2tiek 
1 — 3sa? cos?b 


as the potential at time ¢ due to the terminal arrangement. (That is, 
when U=0.) Or, 


Y= = 


_ 2LG5.2(sin zr — n? cos 2a) T 


— e 


ck U1 +826 — 8n322/l) 


if G be the initial coil current (see § 11), z=a/l, and n=s/3. (n is 
constant, independent of /.) 

Now the equation (37) has a pair of roots which are real when s is 
greater than 1-47, become equal for that value of s, and then imaginary 
when s is less. (Case i in paper “On Faults,* etc.,” before referred to.) 
But s=n//, and is therefore necessarily less than the critical value when 
the line is long enough, and the pair of imaginaries must be still in 
operation when the line is infinitely long. They are then given by 


tan lz = (nz), or (nz}= -1, 


, i 3 
nz=j, and nz=—-=+ Ne 


The first we have nothing to do with, as it is a pair we want. It 
gives a term increasing with the time, so can have no business here. 
T'he others must be the required pair. 

Thus, if z, and z, be the roots, our additional terms are 


whose roots are 


a sin 2,0 +i COS zt, 
ck — 3n'2z? 


or, Y= : = cos (3) Yap — t/ckn*) + z} TET (38) 


v, meaning the part of v depending on imaginaries. Corresponding to 
this, we have 


Taw same with 2)» 


y= ; a cos (3 | (zjn — t/ckn?) , e~Wenteckm) |, (380) 


for the part of the current depending on imaginaries. 


* (Art. xvi., § 22, p. 88 ante.] 
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The corresponding v and y depending on reals are, by (36), third 
term on right, 


9 eo] 
v= + =e =| dz sin (ze +b). 2 cos be“™/* 
ch r 0 
LG 2(°_, sin zx — n3z3 cos zr p | 
= tee =| ee WO gestae thes (38b) 
(tan b= — (nz)? here); and, by differentiation, (yi = - yv), 
_ _ LG 2f” 27,008 ze+sin 20. n32 e 
r= 5 =| 2 oe ia CP EENES (38c) 


These, with v, and y, make the complete solution. 
In order to obtain verification of accuracy, calculate the integral 
current at x. This we may do by means of 


cos ex cos in 
et OS azde= L (6 © aa te E az : 
sin a+e\ sin cos 


Applying this formula to (38a), we shall arrive at 


2 2 LG —z/2n ° Ae 
í, y= n (cos +,/3 sin) goe pihia (39) 


This is the part of the current crossing the point z from t=0 to t=œ, 
. so far as depends on the imaginaries. But evidently, since the line is 
in conductive connection with earth, the total current at any point 
must be zero. Consequently the just obtained result must be exactly 
cancelled by the integral current arising from the reals. Now the time- 
integration in (38c) can be immediately effected, and merely requires 
us to write ck/2? for the ¢ term. Doing this, we must have 


2LG(7 dz 
kr J, Ln 


and this is exactly verifiable by the partial fraction decomposition 
method, if no easier way present itself. 

It may, perhaps, be questioned whether the integral current ought to 
be zero. Although it is clear that the potential at every point con- 
tinuously decreases after the maximum of the wave has reached it ; yet, 
as the wave is always travelling onward, the total charge in the line 
may not tend to zero. To this the answer is, that in the first place, if 
the line had no capacity there would be no current at all in it, because 
the resistance is infinite ; and next, that if the line be charged in any 
manner with a finite charge, and left in conductive connection with 
earth, not merely the potential but the total charge will fall to zero. 
As shown* in a paper in the journal of the S. T. E. and E. (“On 
Electromagnets,” etc.), if a condenser be discharged through several 
conductive paths open to it, although the current at any moment will 
not in general divide inversely as their resistances, yet it will be true of 
the time integral of the current. This applies to the elementary 


(cos zz + n82 sin zz) = result in (39), 


* [Page 105, $ 15.] 
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charges at any moment in the line ; they have a finite resistance on one 
side through which to discharge, and infinite on the other side; hence 
all ultimately goes out; the travelling wave tending to have an 
infinitely small total charge, although extending over an infinite 
distance. 

Returning to the special question, there is a case in which the integral 
current from the coil is finite, viz., when we increase the capacity of the 
line infinitely. For this is equivalent to short-circuiting the coil. The 
integral current must then be LG/R. The above solution, however, is 
useless for showing this, on account of our having taken R=0 to get at 
the imaginary roots easily. It is true that the above shows that when 
c is finite, however great, the integral current is zero; the interpretation 
then of its being finite when c= is that in the latter case an infinitely 
long time would have to elapse before the coil ceased sending a current 
in its original direction to the line (to its commencement only), and 
that we ignore its return to earth through the coil because we can never 
reach its beginning. We have, therefore, a quite different problem. 

13. Induction Coil and Condenser,—Let the line be connected to earth 
through a coil and a condenser, in sequence, and the coil be under the 
inductive influence of another coil. Let & and C be the resistance and 
capacity of the condenser, i.e., R is the resistance of a shunt to it if it 
have no conductivity itself. Let L, Lə and M be the coefficients of 
self and mutual induction of the two coils. Let v and y be the potential 
and current at z=0, v, the potential of the condenser, and y, the 
current in the coil R, This is the secondary, closed upon itself, and in 
proximity to the coil F, between the line and the condenser. 

The current entering the line is the same as that through the primary 
coil R, which again is the same as that through the condenser and its 
shunt. This gives 


yap = - a jpe (40) 


The equations of E.M.F. in the first and second coils are 
v -v=(#, + LD)y+ MDY» 
0 = (R + L,D)y,.+ MDy. 
If we eliminate v, and y, we obtain 
v M?D? R 
y SEE 35) 1+ ROD 
Put sinb for v, and —(z/k) cosb for y (these being the x= 0 repre- 


sentatives of sin (zx +b) and the corresponding current); and put for D 
its equivalent —2?/ck; we then obtain 


_— Rijk R, ,_Lig_ Mek 
tan rema e Pi Roe o.. (414) 

If there be a similar arrangement at the other end of the line we 
shall obtain the same equation (41), with changed coefficients, of course, 
but with — y instead of y; because the current in the line is reckoned 


positive always from 0 to l, so that leaving the line at one end corre- 
H.E.P.—VOL. I. L 


Peete: (41) 
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sponds to entering it at the other. And the following equation will 
become, with changed values of the coefficients, the same as (41a), with 
— tan (2l +b) instead of tanb. Thus 

tanb=¢,(z), tan (2l+6)=¢,(2), 
p(z) being given in (41a), and ¢,(z) being the negative of ¢,(z) with 
changed coefficients. Between them we get equation tan zl = Z, finding 
the values of z. 

To obtain the complete solution we may either form the expressions 
for the mutual energy, potential and kinetic, in all parts of the system, 
of two normal solutions, and then make use of their necessary equality 
to decompose the given initial state into normal solutions (the method 
followed in the first part * of paper “On Faults, etc.”); or else, without 
going into the details of the terminal arrangements, get the solution out 
of the resultant equation (41) or (41a), (the method used at the con- 
clusion ¢ of that paper). 

By the first method, find the expressions for V, G, and T, the initial 
potential of the condenser, and the currents in coils R) and R, Also 
for U the initial potential of the line. They are 


=>A si ~y4_%oosd R 
U=2A sin (zx+b}) V A, ROPTE T 
Q=5- 4Ž cos b pr-5_ 4? cosb Meje punn (416) 
k? k R- Lgè/ck 
by the detailed equations. Here V, G, and T belong to the apparatus 
at the z=0 end. There are similar equations for them at the z=} end 
of the line, with the — sign made + and the b changed to zl +b. 
The mutual potential energy of the systems corresponding to the 
roots z, and 2,, in the line, is 


ef dx sin (zx + b) sin (zat + bo) 0. ooeeeeean . (41c) 
0 


(with unit 4’s). The mutual potential energy of the corresponding 
condenser charges at z= 0 is 


œ. _2 COS b Æ z cosb, 

` 1- RCzè/ck k 1- ROzè/ck 

The mutual kinetic energy of the corresponding currents in the coils 
h, and R, is 


E aane (41d) 


LGG + LV To + MGT + MGT 
if G,, T} be one set, G,, T, the other. Or, | 
Mz?/ck Mzè|ck 
"Ra - Lijek Ro- Lozijck 
Mz?/ck 
2R — Lez? [ch 


L L 
1 + —2 


M Mz? /ck M 
+ 75% 008 by . Zo COS rR Lati + 55% COS b, . Za cos Ò 
which admits of reduction to the simpler form 


* [§ 14, p. 80.] + [§ 24, p. 91.] 
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TJ By ~ Lesilck B= Lel 

The conjugate property is therefore obtained by equating the sum of 
(41c), (41d), and the corresponding z=} term, to the sum of (41e) and 
the corresponding z=} term ; this gives the complete value of 4 by the 
equation 


L- = “Ho MR? 2, cosh, Za COS bp (41e) 


cos b} . Zg COS b, + 


cl d Be z cos R 
1 -7-1 cos? z212 \ A= , 
( cos? zl ANA f, U sin (za + b)dx + Vs RCL T 


D 
+ (TZ 28" yett Mz? ) 


ad 


P t chkR,—L 2 
cos b z cos b Mz 
arà A EL) 


+ corresponding V, G, T terms at z=], 


which value of 4 used in (41b) completes the solution, when we affix 
the ¢ factor. 

Although this method is very thorough, yet the other is simpler. 
Ignoring the details of connections, and given only the v/y equations 
(39) at z=0 and z=}, we can easily arrive at the above solution com- 
plete; except that V, G, and I will not be identified; or, we may 
arrive at an exactly equivalent form, in which appear other three 
arbitraries, independent, and therefore fully supplying their place; of 
course functions of V, G, and T. 

Differentiate (41) with respect to D; we have 

d v ad FC P 2M D ML,D? 

dD y ! (1+ RCD?" Re+ LD (R;+ L DY 
Of these four terms the first two are of the proper form, but the third 
and fourth need rearrangement. This is easily done on uniting them, 


and gives 
ta- (p-E)pr PO ar- EBL p, al 

‘ED y (z 1)” * T+ RODE” ALDE OY? 
which is in the correct form of sum of squares, showing that there are 


three arbitraries (easily seen to be independent) at z=0 end (with an 
equal number at the v=} end), which are, since the elementary normal y 


is proportional to z cosb at x=0, 
Az cosb Az cosb 
E =24z cosb E, T- ROATE and E, R,- Lejk (42) 
in their simplest forms. They are, by (41b), proportional to V, G, and 
(the third) a simple function of G and T. 
To turn (41/) into the products form, write, on the right side, 2,w, 


2 
for y’, ; 


2 


" (Ry +L,DP 


ee) a ae 
1+KCD, * IF ROD, 
w 


i) See A a 
and R,+L,D,' BLD, ® 
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which makes the right member of (41/) take the form 2rf(D,)f(D,)- 
Let E E» and Æ, be the values of the three summations (42); we 
shall have 


z cos b z cos b 
f, = cosb, =T RORI =E LAE (43) 
ia Aa C? pR [oo 


at the z=0 end. The conjugate property is, with these expressions for 
the 7’s and /’s, 


j Cy tele = 1 f (8V2) + TSAA 22) + Tfal) 
i + the (z =1) terms of similar kind, 
and the value of 4 is consequently given by 


l o 14 
AS(1 - cos?2l T / 1) -f cUudz — r E fie) -— roo f(z) aN 


only differing from the formerly obtained value in £,, E, E, being no 
longer exactly V, G, and T; but, on account of the similar changes in 
the 7’s and /’s, the two values are identically the same. 

By examination of dimensions we can of course settle what physical 
interpretations must be given to the Æ’s as defined by (42), and of the 
constant factors, the 7’s in (43), and so, from (41) only, on which the 
present method depends, arrive approximately at the nature of the 
terminal connections in detail. But this can only be done so far as the 
terminal apparatus is able to influence the line. Thus, from (41) we 
may conclude that there is a coil concerned, because we shall find that 
the current entering the line at the first moment is arbitrary ; and also 
a condenser, because the time integral of the current is also arbitrary. 
But there might be any number of charged condensers and coils in the 
terminal arrangements which cannot affect the state of the line. For it 
is absolutely necessary for the end of the line to be connected to earth, 
either conductively or through a condenser, in order that the terminal 
apparatus may have any influence whatever on the state of the line. 
The terminal condition will be simply y=0, equivalent to insulation, if 
this be not complied with ; and this is equivalent to cutting off all con- 
nection between the line and apparatus, which will discharge itself 
according to its own internal constitution. For example, let the 
terminal arrangement be a closed circuit containing a charged condenser, 
not connected to earth anywhere. Connection with the line will not 
influence it in any way that can be taken into account by our equations. 
There would, however, really be an effect, not by reason of imperfect 
insulation, but by reason of dielectric displacement generally, through 
the air, which is entirely ignored in our solutions. __ 

14. Impressed Forces.—The whole of the preceding excludes impressed 
force in the line, and likewise in the terminal arrangements if it can 
affect the line. We can determine the effect of impressed force thus. 
Let a steady impressed force E be introduced anywhere in the line, say 
at xv} By elementary methods we can find the steady state it will 


THE PROPAGATION OF CURRENT IN WIRES. 165 


finally produce—elementary so far as not involving time differentiations. 
Then remove the force E. We can, by the preceding, find the transient 
state that results. If X, denote the final state, and X what it becomes 
at time ¢ after Æ is removed, then X,- X represents the state at time ¢ 
after # is put on. Thus if U= 2Avw be the potential set up finally by a 
unit impressed force, 
v= Xo- E2ZAue™ 

gives the potential at time ¢ after putting on Æ, being zero when ż= 0, 
and X, when =o. No zero root is to be allowed in the summation. 

Suppose now we let Æ last only for the time dt. We can obtain the 
effect it produces by supposing E to be kept on, and that at the time 
¢+dt we put on an impressed force — E, cancelling the former. This 
latter force will produce potential 


= — X + brAue 


at time ¢ later. Adding this to the former, we find the effect at time ¢ 
of E lasting from ¢=0 to t=dt, to be 


E. SAue™(e-2* — 1) = - SAukdtDe*. 


Consequently the effect of E lasting from ¢=/, to /=t,+dt, at the 


later time é, is 
- LAuDkdt,*™. 


Therefore, by time integration, the potential due to a variable im- 
pressed force E at one spot, starting at time #,, is 


= ~TAuDe| Edt, 


tı 
in which E must be considered a function of ¢. 
Similarly the effect of any impressed force at other places may be 
represented, and, by integrating along the line, the effect of any 
distribution of impressed force varying with the time; thus 


tft 
jes zupe| | AE det ty seccsessesseveeeee (44) 

0J t 
wherein £ is a function of both z, and ¢,, whilst 4 is a function of z,, 
the position of the elementary impressed force. 

What we require to know is, therefore, 4 as a function of z Now 
2Awu represents the potential set up by unit E at z. We need not, 
however, go to the great labour of expanding the final state due to Æ in 
the series 2Au by the preceding methods, by line integrations and 
corresponding terminal operations. For if we imagine the impressed 
force at x, replaced by an inserted condenser whose difference of 
potential was unity initially, and imagine the capacity of the condenser 
to be infinitely increased, we shall ultimately get the same result as 
from the unit impressed force without the condenser. 

Let =Awe™ be the current at time ¢ after the introduction of a con- 
denser of capacity C and charge CV. Then we have, at the place 
t= 2,, if w, be the value of w there, 


-C =r Awe". 
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The expansion of V is therefore 


my Mad 
Aaly 


and the mutual potential energy of VC and a normal system (u, w) is 
ee) cased 
+0.V(-71) = - Ar. 


But in the numerator of A, equation (20), the only term will be that 
due to the condenser, or this —(w,/D)V'; hence 


A=-Vw,/DM 


is the value of 4 in v= 2Aue”™ giving the potential at time ¢ after intro- 
duction of the condenser, and due ¢o the condenser, if M be twice the 
excess of the potential over the kinetic energy of the normal system 
u, w. So far the condenser has been of finite capacity, and con- 
sequently u, w, M, and D depend on its capacity as well as upon the 
terminal conditions. But, on infinitely increasing its capacity, we get 
mathematical equivalence to direct connection ; then the determinantal 
equation of D is simply that resulting from the terminal conditions, and 
M has the value in equation (20). Therefore 


wV/D 


v= Tee] T suse, a (45) 


is the potential due to V at z,. This will have a term corresponding to 
a zero root (arising from the infinite increase of C in the before substi- 
tuted problem), expressing the final state. Hence, leaving out this 
term, the summation (45), with sign changed, and with = 0, expresses 
the final state itself. Thus, taking V=1, 


wu 
DM 


is the expansion 24u required to be applied to (44). Put then 
A = +w,/DM in that equation, and it becomes 


ue?’ t) ai 
y= -ri w Bet Uy aooi (46) 
expressing the potential at z at time ¢ due to distributed impressed 
force E; w, being the value of w at z, and E that of the impressed 
force at x, at time ż. 

To obtain the current, write w instead of u. 

In the special case of uniform capacity and conductivity, with no 
magnetic induction, we have, as in § 7, 


+5 


u=sin(ax/l +b), w= - 75608 (ast/1 +b), D= — a/ckl?, 


cl » d 
M= 50 — COs" ahh)» tana= (a) ; 
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and (46) becomes 


pa gp ET e| fE cos alt Demet... (47 
1- cos?a— Z (a) : 


An important sills case is that of steady impressed force at one 
end of the line. The solution is, of course, obtainable by inserting a 
condenser there and afterwards making its capacity infinite, without 
reference to distributed variable pren forces ; but it will be useful 
to derive it from (47). Take x; = =0, p= constant, and effect the 


time-integration. The double kradi becomes 
E cosb(l —«~™)/D. 
Use this in (47), putting D in terms of a, and we obtain 


E opg (C5)  sin(azjl +b)(1 - e), 


l — cosa . ¢'(a) 
b) 
or v=X —-2h2 = ee n a p POE ranae (48) 


if X be the final state of potential. 

If the impressed force be at x, write cos(ux,/l + b) for cos b. 

If the line be earthed at both ends, b =0, a =nr, n being a + eee 
and the denominator is unity ; hence 


v=x- 2hsI cost sine, : 
m n l l 
and the current is 
E ~ nT NTE 
= (1 +28 cos——_! e” |, 
ul + cos 7 cos—— j e” 


Returning to (46), let the impressed force be simple harmonic 
K=k,sinmt at 2%; 
then we may effect the time integration, and obtain, if t =0, 


uwm Uw, 
arm) t Mne 

The first summation ultimately vanishes ; the second therefore repre- 
sents the final simple harmonic variation of potential. If the impressed 
force be E, cos mt, change sin to cos and cos to — sin in the second, and 
m to D in "the first summation. The second, the final state, admits of 
being put in a finite form, by finding the general simple harmonic solu- 
tion of the equation of the normal functions, and subjecting it to the 
terminal conditions and to that at x. 

Or, more simply, by developing the resultant differential equation 
itself connecting the impressed force with the potential (or the current) 
it produces, and bringing it to the form v=(a+bD)E by means of the 
property @/d? = - mè. 

15. R negative in 5 9. This case, which is of some interest, both 
mathematically and in the physical interpretations, was discussed in 


(D sin+m cos)mt. 
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brief in the “On Faults, etc.” paper,* so far as a line of finite length is 
concerned. In the following the solution when the line is infinitely 
long will be given. | 

The meaning of È negative is simply this, that whereas if we connect 
the end of the line to earth through a resistance R, the current leaving 
the line will be v/R at any moment, we now make the current entering 
the line be v/k, which of course requires artificial appliances. The 
solution is the same as in § 9, with m made negative. 

Supposing the line of finite length, it is easy to see that whatever the 
initial distribution of charge may be, it will all escape, provided 
m <—1; or, more conveniently, let m= —m,, so that 

tan a = m;a 

is the determinantal equation, m, being positive; then if m, > 1, the 
line’s charge will all escape. But this equation has a root between 0 
and 4r, which vanishes when m=1. There is then a term independent 
of the time. For instance, if the initial state were a steady current 
E/kl from 0 to l, it would remain unchanged. This is readily seen 
without examining the solution in detail. And if it have any other 
initial distribution, it will finally settle down to be a steady current 
of some other strength. For instance, if v were initially constant, = Æ, 
the final state will be a steady current of strength 3#/2kI, from 0 to J. 

When m, is made less than unity, the zero root becomes imaginary, 
so that the charge in the line, after initial irregularities have dis- 
appeared, increases continuously. Passing to the case of m, very small 
indeed, if we ignored the term depending upon the imaginary root, we 
should find that our expansion of the initial state v= E constant repre- 
sented Æ (very nearly), from z=} up to nearly z=0 (say to z=, 2, 
being very small), and then suddenly changed from representing E to 
representing — E from =z, to x=0. This departure from FE every- 
where is of course due to the imaginary, which gives, when m, is very 
small, v= 0, practically everywhere except close to z=0, where it gives 
2E. So long as the small charge this represents has any existence at 
all, ¿.e. so long as m, is not actually made quite zero, the charge in the 
line will increase continuously from this small beginning, all the rest of 
the initial charge subsiding. When m, is made actually zero, the 
influence of the imaginary is completely gone; and it is gone for good, 
for on making m, negative, or m positive, we have the case of a line 
discharging through a resistance. 

If U be the initial potential, the complete solution is 


l 

| U sin a(1 -7)de P? 

=) 3 J- r) —a%t/ckia 
: 41(1 — m, cos?a) sin a( i)‘ Í 

subject to tana=ma. Let m,=f,/hl=n,/l, and keep n, constant. 

When we make / infinite, m, being less than 1, we must take the 

imaginary into account. It will be given by 


tanlz)=4% with J=o, or n=- = Z= in 
* [See page 91, § 23.] 
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We shall then find that the corresponding term in the preceding 
series becomes 
i na Zeon U -amde tm n, (49) 
1 0 
v; being the part of the potential of the line at x at the time ¢ depending - 
on the imaginary ; whilst the reals give 


v,= =| U (sin 22, — 0,2 cos 2a, )e“*!*,... (49a) 
in fact, the same as in § 9, except in the change from n to m. 

Observe that when n, is made zero, v;=0, or the influence of the 
imaginary disappears. We must then keep it zero, as n) is made 
negative, although according to (49) v; comes on again then. In fact, if 
n, be negative the solution is given by v, only, (49a). If n, be positive 
it is given by v,+4,. The reason is that we constructed the solution v; 
on assumption of n, positive. Start with n, negative and it has no 
existence. tana=n,a has no imaginary root if n, be negative; if 
positive there is one when n,;<1. (In speaking of one root, instead of 
the necessary pair, remember that D= —a?/ckl?, so that only one need 
be considered.) Thus we account for the at first sight puzzling fact 
that in the § 9, where no imaginary can possibly be concerned, the 
equation tanlz= +n,z occurring there, with n, negative, has an ima- 
ginary root when the line is infinitely long. lt really belongs to the 
problem of the present section, n, positive. Similarly, in § 12, where 
we have an extra imaginary besides the pair we want, we may conclude 
that it is required to give correct expansions in case of s negative, 
equivalent to a reversal of the law of induction, interpretable by the aid 
of an impressed force of properly adjusted strength. In the case treated 
in § 12, of a condenser discharged into a cable, we have a similar result. 
There is no imaginary involved when C, the capacity of the condenser, 
is positive, but there is one when it is negative. 

16. Cable. ¢(a) =m sin a.—By a cable is to be here understood a line 
in which c and k are constant and s=0. Let the z=0 end be earthed, 
so that v=0 is the condition there ; this requires that 


CP 2A BI Aeh nreno (50) 
the constant b being absent. Let also the z=} condition give rise to 

CAN G 290 GING}: eriin (51) 
m being any constant. This requires that 


”=km(1 +I pps i pps a) at x=], 
y 3! 5! 


if T= ckl?. The determinantal equation (51) splits up into 
sina=0, and cosa=m"!, 
giving two series of roots, 
O, T, 2r, 3r, l Ar, etc., \ .. (52) 
and 0, 2r- 0, 26+, 4r— 0, 4r +0, ete., 
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if 0 be the least value of 0 = cos~11/m. Owing to this simplicity we can 
obtain easily verifiable results. 
Let the terminal arbitraries be . 
E= 2Aa cosa, E, = Aa? cos a, E£,=ZAda cosa, ete. ; 


then we shall find, by the general method, that, U representing the 
initial potential, the value of 4 in (50) is given by 


Ae A| Usina s+ By (a -sina) 


E l : 
+ =a 008 a(a = a — sin a) ePig lua. E A (53) 


Thus, the E series give 


cosa . ax a—sina 
D—— sin =0, etc.; 


N l æ 
and generally, 


So e ae a 


sin— - (sina - first n terms of sin a) = = 0, 
n being any + integer, and N the coefficient of 4 on the left side of 


Tot the E's = 0. Then, if we take U=V, constant, we get, as the 
full form of (50), 


2.1 . nrz l- cosnr IWVmel . ax l 
amarar ~2- si e 2Vmsl etc ooo ooo 
á fe mT Fomos mla 0’ (54) 


the first series oii to the first set of roots (52), going from n= 1 
to n=, the second to the other set. The first lot comes to V/(1 +m). 
Consequently the second gives 


$= =z! sin To P T E TE, (55) 


subject to cos a = 1/m, whatever m may ” 

When m= 1 the zero root of m cosa=1 needs attention. Its term 
(first term of the second (54) series) equals Vz/l, and the rest of the 
series 47 (1 — 2x/l); whilst the first series comes to 47. This is at the 
first moment. All terms ultimately vanish except the Ve/l, depending 
upon the zero root. That is to say, the initial state of constant 
potential V along the line is ultimately replaced by a steady current of 
strength V/kl from J to 0. The transient state and final result are 
identically the same as if, starting with the line insulated at z=0 and 
charged to potential y by a battery of no resistance at z=l, we 
suddenly put the insulated end of the line to earth, without removing 
the battery at the other end. Thus the terminal condition, in this 
case, simulates a steady impressed force. But should the initial state of 
the line be U=0, then v=0 later also, unless one of the E’s be not zero. 

When m lies between 1 and — 1, the above zero root becomes 
imaginary, and exponential forms are required to present results in a 
real form. | 
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The £’s are proportional to y and its time differential coefficients 
ý, ¥, etc., at x=l, at the first moment. Thus, to expand U=0 in the 
series (50), subject to (51), is nugatory. But if, for instance, we say in 
addition that y shall equal I’ at x=/, and 7, }, etc. =0, the required 
expansion of U=0 is 

j 3 

U=T cosa sin F ; —— 7 Tam eoe DS 7 
by (53), taking U=0, E, =T, and the remaining F’s=0. We can thus 
expand a function in a series of normal functions when its value is zero 
everywhere, provided not all its odd differential coefficients (d U/dz, 
d3 U/dz3, etc.) are zero at x=}. This is, of course, a special result ; in 
general, in order that we may expand VU=0 under any given possible 
terminal conditions, it is necessary that at least one of the terminal £’s 
shall be finite ; and it is further to be understood that v and y are to be 
subjected only to their natural relations between the limits. 

Suppose, however, that, instead of (51), we take 

l seca =m 
as the determinantal equation, so that we have only the second series 
of roots (52). We know beforehand that we cannot expand U in the 
series 24 sin azjl, subject to this condition. For (53) results from a 
legitimate v/y relation, to comply with which both series of roots are 
required. But seca=m cannot be derived from any legitimate v/y 
relation of the form (10), § 3. On expanding U we shall not obtain U, 
but something else. Let 
I(t) = U =f) +f.(2), 

f(x) being the function represented by the expansion in which the first 
set of roots (52) is used, and f (x) corresponding to the second set. 

We may easily show that 


fe) -mfl - 2) | 
eas re 


consequently f£) = HRM TD, 


This, then, is what we should arrive at, following seca=m; f,(z) 
instead of U. 


The condition seca=m by itself, or -a/kl cosa = -a/klm, or 
y= —J/—TD/kim, is clearly a meaningless terminal condition. 


17. Condition tana=m tan na.—This is clearly legitimate, the right 
member being an odd function of a. 
2 
Here costa g(a) = mn” = mn cosa + sin2a. 
da cos?na m 


Hence, if U be the initial potential in the line, earthed at x=0, we 
shall have 


U sin az/l . dx 


U=} Į (1 — mn costafcosna) aa:/ l J anen ee a ( 56) 
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and, if in the arrangements at x=} there be nothing to influence the 
state of the line (the yet undetermined Æ’s = 0), the introduction of the 
time factor in (56) will give us the potential at time ¢. 

As regards the interpretation of tana=m tan na, we find that it 
results from 


vo/y = -km|J/ -TD tan ny — TD, 


which, expanded, is of the correct form. The terminal “apparatus” at 
æ=] is another cable of uniform capacity and conductivity, earthed at 
its distant end. For if c, kı, l refer to a second line thus earthed, we 


can show that 
vjy=kl/N - TD tany — TD 


is the differential equation connecting v and y in it at a distance /, from 
the earthed end. It is therefore the terminal condition at z=} of the 
first line, where they join. So we have 


m= — (ck,/c,k)', n= (7,/T). 


But the theory of combinations of lines of the same or different types 
is best treated separately. The present section is merely to illustrate 
the treatment of terminal conditions. It will be observed that (56) is 
subject not only to the equation tana=m tan na, but also to v=0 at 
z=Q. Should we impose other x=0 conditions we shall obtain quite 
different results ; every change at x= 0 involving corresponding changes 
in the x=} condition, in order to keep the determinantal equation the 
same. 

Since 

mn = — k,l, /kl, ni/m= —c¢,l,/el, 


we see that if the constants be so adjusted that sin?a=0 the expansion 
(56) becomes 


k ‘U sin azjl . de 


0 e 
U= >= rki ax/l. POerreere rrr reer (56a) 
But caution is here necessary. Thus, for example, let the two lines 
have the same total resistance and the same total capacity. Then 
m= —1, n=1, and the determinantal equation is 


tana= —tana. 


Superficially this means simply tana=0, or a=ir. But this is wrong. 
The two curves y=tana and y= —tana (the latter — tana being a 
special form of (a) ), coincide not only when a = ir, but midway between 
these places, at the infinite positive and negative values of y. So the 
set of roots in the expansion (564a) is given by a=4ir. This.we may at 
once corroborate by observing that the second line, although its type is 
different from that of the first (not being necessarily of the same length), 
is yet precisely equivalent to an exact copy of the first line, to which 
our solution refers, so far as its influence on the first line is concerned. 
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18. s=0. c and k? proportional to x. Bessel functions. 
Let the capacity and the conductivity vary as the distances from one 
end of the line. Thus, let 


C= Cot, k=k,/2, 
c, and k, being constant. The differential equation of v is then 
Cokot == ae 
ve dx dz 
Put ck) D = —n?, then the equation of the normal potential functions u is 
l d du, o 
= Tenge rien; er ee ree (57) 
22 4A 
therefore u=J (nx) =1- ‘Sr + xii eT ee (58) 
and the corresponding current function is 
xv du ne dJ (nx) 
= -> —=— =- E 
w ky dz ko (n2), if J (na) d(ne ( 8a) 


The u of (58) is only one of the two solutions of (57). The other is 
Bop? nir ns 
K nur) = Jy(net) log na E — (14) E+ (L4 b+ Derg (59) 
If our boundary limits are at any two places of positive conductivity 
(say x, and 2,, both positive), we shall require to use both solutions 
(58) and (59), and we may impose any legitimate v/y conditions at 
these limits. But should one of the limits be z=0, where the con- 
ductivity is zero, not only are we restricted to use the (58) function 
only (because the other is infinite at =0), but it is no longer any use 
imposing a v/y condition there. No current can pass. Hence, taking 
0 and / as our boundaries, the solution is 


DSZAI MOE 5 cline R E des (60) 


subject to boundary v/y condition at z=} only. (If the boundaries are 
both on the negative side, both solutions are required again ; and if one 
boundary be on the negative, the other on the positive side, the problem 
splits into two perfectly independent problems, owing to the noncon- 
ducting barrier at <=0. Of course the negative c and k cases are not 
physically real, at least in terms of electrical capacity and conductivity.) 


If Qv=Py, or Qu=Pu, | 
be the boundary condition, and U the initial potential, the value of £ is 
Í cUJ (nejde — ... 
7 wah” = P i 
dD\w Q 


where the quantities in the denominator have the z=} values; the 
other limit x=0 not being concerned. The unrepresented terms -... 
in the numerator refer to the terminal arbitraries. The value of 


2 
wt =. or | dn, is co { J3(nl) + F3(n1)}. 
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We will take just one special case. Let the cable be joined to earth 
through a coil and condenser in sequence at v=}; R and L the coil 
constants, C the condenser’s capacity. Then the terminal condition is 


me 


and, if v, be the potential of the condenser at its junction with the coil, 
CDv,=y. So if, initially, 
U=ZAJ,(nz) represents the potential of the line, 
G = ZAnl/k, . J (nl) represents the coil current, he =0); 
V =ZAnl/k, . J,(nl)/CD represents the condenser’s potential, 
from these we find that 
f: UJ (nejde + CV. nl/ky . J,(nl)/CD -— LG . nl/ky . J (nl) 
Asi m 0) 
Í cu?de + {nl/k, . J,(nl)}2(1/CD? - Ly 


except in the case of the n=0 root, which gives 


cUdz+ CV 
| o+ 
i.e., the total initial charge divided by the total capacity, or the mean 
potential. 
The equation of n is, by (61) and (58), 
CDJ (nl) ={1+CD(R+ LD)}nl/ky. N) oeenn (63) 


Increase C to o. Then A, becomes V, and 


| cUJ (najde + nljky. Jy(nk\(V/D — LG) 


| cude — L{nljk,. J,(nl)}? 
Hence the potential due to V only, or 
y=V— Vol (na) DODN go cesses (64) 


cudz —... 


represents the effect at time ¢ after putting on a steady impressed 
force V at x=l, it taking the place of the condenser. The n’s are now 


the roots of 
J (nl) =nl/k, . J (nd (R+ LD). 


The accuracy of (64) may be tested by its having to give v=0 when 
t=0. 

19. Murphys and Legendre’s Functions. A peculiarity of the last 
example was that the conductivity was zero at a certain place. As 
results, one of the normal solutions assumes an infinite value there, and 
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it is excluded from the solution of any problem in which one of the 
limits is at that place, where terminal conditions are nugatory. In the 
present example there are two places of zero conductivity, producing a 
further development of the above specialities. Let the capacity be 
constant, whilst the conductivity is given by 


1_l (1-7) 
aad IU TT) 


being therefore positive between 0 and /, a maximum midway between 
them, and vanishing at both x=0 and z=}. Beyond these limits k is 
negative, so that for electrical reality we require to keep to 0 and / as 
the extreme limits. The equation of the normal potential functions, if 


ck? D = —a?, is 
a dfx Ndu) a. 
p+ Ail z JA T eee (65) 
and that of the normal current functions is 
x Ndw a 
i0 : 1) a eee (66) 


Here u and w are connected by 
w=- 7 (1 -7 and u=% dw 


AA Uder a dx 
One solution of (65), in rising powers of 2, is 
v Le 1 : 
u=1- i + 55 pae -1.2)- ggl (e -—1.2)(a?-2.3)+.... (67) 
This being the potential function, the corresponding current function is 
war) 3 po tm BO 1-2) 


- g ata? 1.2)(a?-2.8) + ... | 


It may be shown that u is finite (for any value of a?) between the — 
limits 0 and J, but infinite at x=1 itself, except for special values of a?. 
Also that the second solution corresponding to u in (67) is infinite both 
at v=0 and x=]. - 

If then one of our limits be x=0, and the other at =z, less than J, 
the case resembles the last, zero conductivity at one end. No terminal 
condition can be imposed at x=0, but any legitimate v/y condition may 
hold at z=z,, so that from it the admissible a’s may be obtained. 

There are cases of particular simplicity, viz., when z,=4/, or the 
limits are the places of zero and of maximum conductivity, and at the 
latter place the line be either earthed or insulated. Also if x,=/, or 
the conductivity vanish at both ends. Then all terminal conditions are 
nugatory, and only those values of a? can be admitted which keep u 
finite. They are a?=0.1, or 1.2, or 2.3, or 3.4, etc., making the 
u series stop abruptly. 


176 ELECTRICAL PAPERS. 


Then the first four u functions are 
Py =U, = 1, 
Py =U,=1-1.2 x/l, 
P = Ugg = 1 — 2.3 2/1 + 2.3 27/0, 
P, =u, = 1 — 3.4 x/l + 30 27/2 — 20 23/8. 


If we make l= 1, these are Murphy’s P’s. Not praties, but the functions 
invented by Murphy, given at the commencement of his “ Electricity 
and Magnetism,” a work that is rather out of date electrically, but con- 
taining a good introduction to spherical harmonics, the modern harmonies 
of the spheres. Murphy said any function could be expanded in P’s, 
but seemed to think the possession of the conjugate property a sufficient 
proof. Of course this is quite inadequate. That property is 


| PP dr=0, 


the limits being 0 and } That of the u function (or of it and its 
companion solution) is 


a -agf _[/2_2N/, du, _, du\ | 
tr uae [G-t 


a; and a? being any two a?’s. At first sight the right member appears 
to vanish for any values of af and aj, on acconnt of the vanishing of 
(x/l — x?/I?) ; but this ignores the infiniteness of u and du/dz, and, in fact, 


of (EN — 2 /P yu, at the limit x=}, for all values of a? except those 


belonging to Murphy’s P’s. 

Physically there is no difficulty in understanding why, when the 
limits are at places of zero conductivity, and terminal conditions are 
nugatory, we should be absolutely restricted always to one set of values 
of a. 

All the odd P’s vanish at the centre of the line, and the slope of all 
the even P’s vanishes there. Consequently, if our limits be 0 and 4J, 
and the line be insulated at the latter, making y=0, we are restricted 
to the even P’s. And if the line be earthed there, we are restricted to 
the odd P’s only. 

Suppose now our limits are both between O and /, and therefore at 
places of finite positive conductivity. We require two normal solutions 
to be able to satisfy the v/y conditions we may impose at the ends. It 
is best now to take the place of maximum conductivity as origin. Let 

y=x— $1, 
then y is the distance from the maximum conductivity, and y= + 4/ are 
the places of zero conductivity. In terms of y, we have 


kt = ky (1 — 4y?/P) = ky (1 — y'/h), 
if 1,~41. The equation of the current functions is 


dw a? 
(1 -yT + t=O, 
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and the u functions are got by 
kl, du 
We os 
aè dy 
We can now have two solutions in ascending powers of y. Those for 
u are 


l Paoa, 1 xo, 
=-]-— —- U7 me 2 2 e — ees 
B= ae Tar O e 


_¥_ 1 Pua 1 Pi 2 2 z 

q i 3 jal? 1.2) + Bris" 1.2)(a?-3.4)—..., 
and we see at once that a?=0.1, 2.3, 4.5, etc, in p give us the even 
P’s, whilst a?=1.2, 3.4, 5.6, etc., in g give us the odd P’s, except as 
regards constant multipliers fixing the absolute magnitude. 

As p and g are quite independent, we may now take our limits at 
any places of finite conductivity, and then introduce any legitimate v/y 
conditions from which to determine what values of a? to use to be able 
to expand the initial potential in a series 


2A(p + bg), 


and thus obtain the subsequent history. 

If y=0 be one limit (the place of maximum conductivity) we are 
restricted to the g series if the line be there earthed, and to the p series 
if it be insulated, the condition at the other limit settling the a’s. 
Except if the second limit be at y=}; or —/,, when we are further 
restricted to those particular values of a? which make the series stop 
abruptly, p and q being infinite at y= +l, for all other values of a?. 
This, however, is merely a corroboration of the former conclusions 
regarding the P’s. 

The current functions corresponding to the potential functions p and 


q are 
a fy _ 1 Pal Fala 9 3)_. 
tert z p +z ee 2.3) ms 
and | l , 
1 1 ¥ l ¥ a2 _ 1 #72 2 
-gdn p" ap - 1.2) Bie" (a? -1.2)(a?-3.4)+... 


If one limit be at 2, between z=0 and x=], and the other be at z, 
beyond J, the problem breaks up into two; one, electrically real, from 
a=, to l, to be treated as above; the other, electrically impossible, 
from z=} to z=% in which a single normal function is concerned. If 
both limits be beyond l, two normal functions are wanted. Terminal 
v/y conditions may be imposed at both limits, except in the former case 
of one being at a place of zero conductivity. As regards the functions 
to be used we need say nothing, but refer to works on spherical 
harmonics. Our object is only to point out the physical peculiarities 
connected with the different solutions. I may remark, however, in 
passing, that I believe the difficulties attendant upon the purely analy- 
tical treatment of spherical harmonics and similar subjects would be 

H.E.P.—VOL, I. M 
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greatly lightened to the student by having some physical basis to rest 
upon. 

20. Another case, physically very different as regards the distribution 
of c and k, in which we come upon the same functions, is this :—Let 
the capacity and the aie be both variable, given by 


C=C, sin T kl = ko? sin T 

so that, for example, if m=7, the capacity and the conductivity will 
both vanish when z=0 and /, and be positive between them, having 
maximum values midway. 


Here, if D= — a?/c)k,/?, the normal potential equation is 
a? . me d ma du 
7i sin- + y (si n—- a) = 0. 


Introduce the new variable p = cos g and we shall have 
ad F st} = 
ut zAa- sj T =0, 


the equation of E coefficients when @°/m? =0.1, 1.2, 2.3, 
etc., and requiring the same functions as before. 

To show the relation of this case to the sphere, cut out a thin strip 
of uniform thickness from the surface of a spherical shell extending 
from pole to pole, bounded by two close meridional lines. Let the strip | 
be a conductor for heat, and be perfectly insulated all round. Its heat 
capacity and conductivity both vary as the cosine of the latitude. 
Hence the above form of equation as regards the diffusion of heat. We 
may of course also interpret the case electrically, since if the strip be 
very thin its conductivity (electric) will vary as the cosine of the 
latitude, and if it be properly coated with a dielectric, so will its 
electric capacity. 

All cases in which c is constant, and s=0, come under, by equa- 
tion (4), 


ore +n?w =0, 


f(x) being proportional to the variable conductivity. The u function is 
got at once by differentiating the w function. 
All cases in which k = constant, and s=0, come andes 


F(x) 7a t n*u=0, 
and w is got by differentiation. 
21. If in § 19 we make k, negative, without other change, the regions 


of. positive conductivity lie outside the limits 0 and l or -l and +}, 
between which it was then positive. As regards the solutions, since 


_ck,l2D = -a? we have only to treat a? as a negative quantity. Thus, 
let a?= —n? in (67). This makes 
2 
ua 14 +3, pen + 1.2) + l nnl. 2)(n? +2.3) +... 


2232 
be the solution suitable for the case in which one of our boundaries 
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is at x=0. Ifthe other be on the negative side, where the conductivity 
is positive, the problem is electrically possible. If it be on the positive 
side, between 0 and J, since the only difference is that a? is reversed in 
sign, we must effect the decomposition of the initial potential into 
normal distributions in the same manner as in § 19. But now the ¢ 
term, on account of the positivity of D in e”, will increase indefinitely 
with the time. Of course there is no such absurdity when we keep to 
the regions of positive conductivity, between «=0 and 7 in $ 19, or 
outside those limits in the present case. 
22. Since we have by equations (4), when s=0, 


ve lyw = Dkw, - cDu= yw, 
vi lyw = Deu, —-kw=qu; 
if we make c constant, say =c,, the equation of w, the current function, is 
Vw = ce Dkw ; 
and if, on the other hand, it be + that is constant, =k, say, we have 
vu =k Deu. 


If then, c, being constant in the one case and k) in the other, the 
distributions of c and of k be similar, the same functions which serve 
for the current in the one case will serve for the potential in the other. 
, Therefore the peculiarities attendant upon vanishing conductivity in the 
one case (with their mathematical difficulties, requiring different forms 
of solutions in different regions) will be repeated in the second case on 
account of the vanishing of the reciprocal of the capacity, or the 
inductive resistance. 

It is easy to see, by physical considerations, the reason of this. If 
the conductivity vanish anywhere it completely cuts off current connec- 
tion between the contiguous parts of the line, dividing it into perfectly 
independent sections of finite conductivity. Infinite capacity at a point 
would act similarly. In one case the current is made zero, in the other 
it is the potential that is made zero, But in both cases no current can 
pass the place. It is equivalent either to disconnecting or to putting 
on earth at the point. In one case no current can pass the place 
because there is no current to pass—in the other case because the 
current is all cut off by the condenser of inexhaustible capacity whose 
potential can never be raised above zero. 


XXI.—DIMENSIONS OF A MAGNETIC POLE. 
[The Electrician, June 3, 1882, p. 63.] 


I OBSERVE (in The Electrician, May 27, 1882, p. 27) that Professor 
Clausius objects to Maxwell’s dimensions of Magnetism in the electro- 
static system of units, and that he appears to be supported by Professor 
Everett, the author of a valuable work on units, 
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The argument, as stated by the latter, is that since 
Pole x Length = Current x Area, 


we should have the dimensions of Pole=Z x dimensions of Current. 
This comes out right in the electromagnetic system, but quite wrong in 
the electrostatic system of units. 

The error appears to lie in the neglect of the distinction between 
magnetic force and magnetic induction. The latter is » times the 
former, » being the magnetic permeability of the medium. Now, a 
small plane electric current and a small magnet produce similar fields of 
force in a particular medium, so we may choose a certain strength of 
current that shall make the fields of the same strength externally. 
But a remarkable difference comes in when we change the medium. In 
the case of the closed current the magnetic force remains always the 
same, the induction, therefore, varying directly as p. But with the 
magnet it is the induction that remains the same, whilst the force varies 
inversely as p. 


So we have 
Magnetic force = Sask xb ami, 
and also Magnetic force = Magnetism 
L.p 
Consequently, Magnetism = Current x Lp, 
Or Pole x L= Current x Lp, 
or Pole x Length = Current x Area x p, 


so that the magnetic moment of the current is really » times that of 
Professors Clausius and Everett. 

Maxwell determines the dimensions of the quantities from relations 
in which » does not appear, and from the ratio of two of them, viz., 
the magnetic induction and the magnetic force, the dimensions of p are 
found to be L-?T? in the electrostatic system, and nil in the electro- 
magnetic. This naturally agrees with 


Pole = Current x Lp. 

A very similar thing occurs in the electromagnetic system if we do not 
attend to K, the coefficient of dielectric capacity. Thus, from the 
dimensions of electricity being L? M+, and from 
Electricity 

Distance ’ 
we might hastily conclude that the dimensions of potential were L-}M}, 
whereas Maxwell gives L?M?7-2. The explanation is that a given 
1 Electricity d 
g: rr and, 


consequently, Potential see . K being a numeric in the electro- 


Electric Potential = 


charge in a medium of capacity K gives a force = 


static system, its neglect does not cause error there, but in the electro- 
magnetic system relations not containing K should be used. Like p in 
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the electrostatic system K in the other system has dimensions L~?T?, 
the product Kp being, therefore, L-2T2 in both systems alike, the 
reciprocal of the square of Maxwell’s velocity of propagation of disturb- 
ances, 

In Ampére’s theory of magnetism, magnetised molecules are simply 
molecules with currents flowing round them, ż.e., small closed currents. 
But these currents are not of constant strength, but vary according to 
the magnetic force passing through them from external causes, so as to 
preserve the amount of induction through them constant. This follows 
from the currents meeting with no resistance. If a magnetised molecule 
were replaced by an unchangeable closed current, they would only pro- 
duce equal external force in some particular medium, and could not be 
generally exchangeable. 


XXII.—THEORY OF MICROPHONE AND RESISTANCE OF 
CARBON CONTACTS. 


[The Electrician, Feb. 10, 1883, p. 293.] 


THAT a joint between two wires required to be firmly made in order to 
make good continuity for the current was probably learnt by the very 
earliest experimenters in galvanic electricity. It certainly became 
matter of common knowledge when telegraphs were practically intro- 
duced, and it may have been often noticed that the current passing a 
contact was decreased when the pressure relaxed before becoming 
actually interrupted. Now that we know how easily this fact lends 
itself to the electrical transmission of speech, it seems (after the event) 
surprising that it was not done generations ago. The nature of 
acoustical vibrations was known, and with the knowledge of the varia- 
tion of current with pressure little more was required. We can now 
make a Morse key transmit speech—very badly, it is true. But the 
best microphone transmitters are bad enough, so what can one expect 
from a Morse key ? 

However, it seems to be established that Reis utilised the phenomenon 
in his transmitter, long erroneously supposed to work only by makes 
and breaks.* Indeed, presuming that he was at first unacquainted 
with it, and to be adjusting his transmitter very finely, it would have 
been difficult for him to have not noticed that the current passed con- 
tinuously with very light contact; and the wonderful change produced 
thereby, a harsh, disagreeable tone being replaced by a soft and smooth 
one, would be unmistakable. And, in fact, he did transmit speech in 
this way with unbroken current. If Reis had but employed carbon 
contacts instead of metallic, there can be little doubt that the practical 
introduction of telephony would have been much accelerated. 


* [See Professor Silvanus Thompson’s memoir on Reis and his work. } 
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But, not to enter upon matters historical or controversial, or the 
labours of subsequent experimenters and inventors, why does the 
current passing a light contact vary with the pressure? In a sense the 
theory of the microphone as a transmitter is not affected by the 
answer, for, only granting the fact, this theory follows immediately :— 
That we make a light contact in a circuit, vary the pressure between its 
members by setting it in vibration, vary the current in a somewhat 
similar manner, and vary the attraction on the telephone armature, and 
set it vibrating. With so many transformations from the speaker to the 
telephone disc, it would not be fair to expect an exact reproduction of 
his voice. And we do not get it. It is recognisable, and even 
intelligible, if one has good ears. It is said that some of the Middle 
Age artists used to write such remarks as “This is a horse” by the side 
of their representations, to prevent any misconception. Something of 
the same kind is really wanted with some microphone transmitters in 
extensive use. A stranger requires to be told what the funny noise is 
meant for, and then he may understand it. Some never do. 

In a certain transmitter, which is, relatively speaking, a good one, 
one contact piece is fixed to the centre of a thin board, the sound board 
in fact, and the other is mounted upon a spring and presses gently 
against the first. This is only the Morse key arranged for continuous 
light contact, arranged to be worked by the air vibrations instead of by 
hand. The sound board is spoken to, it moves to and fro and varies 
the pressure, and there is, or should be, no jolting, or scraping, or 
interruption of the current. 

Professor Blyth’s arc microphone * seems to be a thing sui generis. 
There is no visible contact; a strong current is employed to maintain 
an arc, and it can be made to transmit speech. Granting that, accord- 
ing to Professor Blyth, the action is really direct action of the air 
vibrations on the arc (though how the electrodes are to be stopped 
vibrating by making the fixtures heavy is not very evident), it yet 
seems an extraordinary step to take to conclude that the same thing 
happens in contact microphones ; that the tremor breaks contact, and sets 
up arcs, which are then acted upon directly by the air vibrations. The 
facts that a strong current is required in the arc arrangement, and a 
circuit of low resistance, alone seem sufficient to invalidate the con- 
clusion. But when we consider that in a contact microphone the 
slightest discontinuity, the least amount of sparking, at once spoils the 
red ae action, the whole ground of the explanation seems under- 
mined. 

Granting, now, that there is no arc in the ordinary sense, as there 
could not be with such relatively considerable pressures as can be 
employed between the contact pieces without so much-enfeebling the 
action that no sound is given out by the telephone, there is yet much 
to be learnt concerning the nature of the apparent resistance which is 
presented by a contact. I made some time ago numerous experiments 
on this subject, which led me to the conclusion that it was principally 


*(The Electrician, Nov. 25, 1882, p. 2.] 
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the air that was concerned, and I am confirmed in this belief by Mr. 
Berliner’s interesting communication (The Electrician, Dec. 23, 1882, 
p. 135), in which he states a good case against the arc theory, and that 
a Blake transmitter in vacuo had only -ths of an ohm resistance, which 
was that of the air left. 

There is, or seems to be, a cushion of badly-conducting air between 
two pieces of carbon in contact, which air is partially squeezed out by 
increasing the pressure, and the resistance is simultaneously reduced, 
more points or a larger surface of carbon being brought into real 
contact, if there be such a thing. At any rate, this is in harmony with 
the difficulty of ensuring a really good connection between wires, con- 
siderable pressure being required. In soldering, also, the solder 
displaces the air, and, besides enlarging the area of contact, of course 
stops the oxidation that the displaced air would cause. 

But there is uncertainty here. We do not know whether the con- 
duction takes place between those parts of the carbon pieces which we 
may assume to be in real contact—conduction of the metallic nature ; 
or whether there is conduction through the air elsewhere ; or whether 
there is any real contact at all (except under considerable pressure), so 
that the conduction is invariably through a layer of air, apparently con- 
tinuously and without disruption, though if the discharges were only 
sufficiently rapid, we should know nothing of them. 

If we have two carbon pieces with flat surfaces, place them in contact 
exactly parallel, and have them mounted so as to be capable of to-and- 
fro motion; and if we assume that with increased pressure more points 
are brought into contact, which is reasonable enough, and, further, that 
the conduction is of the metallic nature, we can deduce these results. 
The contact resistance should vary inversely as the area with the same 
pressure, and be independent of the current strength. Two similar 
contacts, separately adjusted to exactly the same resistance, should 
present double the resistance when put in sequence, and half the resist- 
ance when abreast; and similarly for other combinations. We should 
be able to arrange contacts like battery cells, in tandem, and abreast, so 
that when all were similarly acted upon with the same vibrations we 
should obtain the greatest variation of current in the circuit. The best 
arrangement for a definite variation of pressure would be that in which 
the resistance of the external circuit, supposed constant, and containing 
a constant E.M.F., equalled the geometrical mean of the highest and 
lowest resistance of the combination of contacts under the given change 
of pressure, which we may consider as approximately equal to the 
resistance when in quiescence. 

But all this is wrong. The resistance is not independent of the 
current for the same pressure, but varies considerably when the 
pressure is light, so that all conclusions based upon Ohm’s law, E = RC, 
with K independent of C and Æ, are erroneous. The contact conduction 
can therefore be only partly of the metallic nature, mostly so when the 
pressure is not very light, for there is then the least departure from 
constancy of resistance; and the air therefore probably plays an 
important part in conducting the current, besides serving to prevent 
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metallic contact, and a part of the apparent resistance is of the nature 
of a back E.M.F. 

To make exact observations, contacts, though light, should not be 
loose. They must be definite, capable of easy regulation, and of exact 
reproduction as regards a given state. For this there seems nothing 
better than to fix one piece rigidly to the sound board, and the other 
piece on the end of a light flat spring, whose further end is securely 
fixed to some place where there is comparatively little amplitude of 
vibration. If the spring be horizontal, the most feeble pressure may be 
obtained by first adjusting to nearly give contact, and then placing a 
small weight on the spring; and, by altering its position, the pressure 
may be varied by very small amounts. The connections should be so 


arranged that there is no straining of the spring by wires, or of the 
board either, as great differences in the current passing may arise from 
shifting wires. 

The elementary contact is that between a point and a plane, not 
between two points. The point, to localise the discharge; the plane, 
because it does not require any adjustment to meet the point, which 
should only have motion perpendicularly to the plane. So one piece of 
dense carbon may be ground to a cube, or, at any rate, with two flat 
parallel surfaces; the other to a point, with a flat side opposed. All 
dust should be removed, as it introduces irregularities. 

Join up with a battery, a telephone, and a galvanometer (say a 
tangent, to measure current-strength). The galvanometer is indispen- 
sable, for the telephone gives us little information as to current strength ; 
and the telephone should be used constantly, as it tells us a great deal 
about the state of the contact that the galvanometer cannot. No bridge, 
and no induction coil. The bridge is of no use for such variable resist- 
ances as are presented by very light contacts, and especially so when 
the resistance varies with the current strength. To measure roughly 
the resistance 7 of a contact, observe the current before it is introduced 
into the circuit and after, say, C and c; then 

E E_E 
G aa got 0, — cot 4,), 


where @ is the galvanometer constant, E the E.M.F. of the battery, 0, 
and 0, the deflections. Thus, r is proportional to the difference of the 
cotangents. To obtain suitable falls of deflection, vary the resistance 
of the circuit, or vary £E. 

If we have, say, a dozen contacts, as above, and observe their resist- 
ance and microphonic action under different pressures, no two of them 
will behave exactly alike. There is, however, in the majority of cases, 
a general resemblance, and the following I found to be typical. If the 
point be heavily weighted, there is no appreciable resistance ; with very 
light pressure there is a considerable fall in the current. If the contact 
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be then let alone, the current will remain nearly steady for long periods, 
with only slow variations of not great amount. Using one cell 
Leclanché in a circuit of 72 ohms resistance without the contact, with 
deflection 54°, when the deflection fell to 50° by reducing the pressure, 
indicating a contact resistance of 11:2 ohms, the sound of a watch 
placed upon the sound-board as a constant source of sound was just 
audible in the telephone. The sound increased, though not very 
rapidly, until 35° was reached, indicating a contact resistance of 70 
ohms. From 35° down to 20°, when the resistance was 202 ohms, the 
sound increased much faster, and was now about three times as loud as 
that of the watch itself when placed close to the ear instead of the 
telephone. Below 20° the microphonic action became imperfect, due to 
slight breaks mixed up with the proper continuous action; and at 15° 
(resistance 300 ohms) the contact broke suddenly, and could not be 
permanently maintained at that pressure. If the deflection were above 
20° it could be maintained nearly constant for a long time, with perfect 
microphonic action without sparking. (Watch with face upwards ; for 
when placed the other way, glass upon board, there was a violent kick 
at every second tick, which broke contact.) 

The point at which the watch became audible was naturally very 
variable, as it depended so much on quietude. Again, the point at 
which the break occurred was variable with different contacts, as any 
slight noise was sufficient to cause the break. But below a certain 
point, the current once broken would not remake itself. It required 
the assistance of a touch, or another noise. This was independent of 
any permanent change of pressure. 

Some contacts, however, though seemingly just the same as the rest, 
would not behave regularly. The sound was as usual in the earlier 
stages, though not so good as it should have been ; but when the later 
stages were reached, say at 30°, there was a stoppage of the regular 
sequence. Poor action. Left to itself, the contact changed so that the 
current through it, instead of remaining steady, decreased rapidly, the 
deflection sometimes going down to zero (or less than $° at any rate) ; 
and whereas the normal contacts were at their best, microphonically, 
nearly up to their breaking point, these abnormal contacts got worse 
and worse, the sound becoming feebler and feebler, though even with 
no visible current passing the watch was still faintly audible. This 
“bad” behaviour also varied capriciously, the current undergoing 
changes somewhat like earth-currents (except as regards reversal of 
direction), i.e., gradual, but great. I was never able to settle decisively 
the cause of this; sometimes carbon dust produced a similar effect ; 
sometimes repointing the point or replaning the plane removed the evil, 
but frequently it did not. So, although bad contact in one sense is 
essential to microphonic action, yet there must be good contact in 
another sense. All such bad contacts were rejected in making com- 
parisons later, only the normal ones being used. Sometimes a contact 
which had been good: for many days got wrong, in some unknown 
manner, and behaved in the bad fashion, and stuck to it too. 

Of course a contact when adjusted so finely as described would not 
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do for speaking purposes, as it would break at every syllable; but it 
answers for distant and faint sounds, whether speaking or not; a 
German band down the street, for example, or distant church bells. 
There must be no sparking whatever if the continuous microphonic 
action is to be preserved. Sparking is generally easily distinguishable 
by the peculiar sound it causes, and when the telephone indicates its 
existence it may be detected by ocular inspection, unless it be very 
minute. The microphonic action is loudest and best (for feeble sounds) 
when the current is least (excepting in the case of the “bad” contacts). 
The deflection is the same whether the sound-board be vibrating or not, _ 
except that there is a slight fall for loud sounds, even when they do not 
break the contact, thus showing that the average current is somewhat 
reduced. At the same time it is noticeable that the watch-sound gets 
louder when there is another sound going on, without any particular 
fall in the current. What the extent of variation of current is, the 
galvanometer will not say. It may be roughly guessed from the 
intensity of sound produced by breaking the circuit, and this only tells 
us that the variations are very small when speaking to a transmitter 
with coarse adjustment, and very great, perhaps as much as 30 to 
50 per cent., when the adjustment is very fine, and the sound-board 
motion is nearly sufficient to break the contact. The disc of the 
telephone (a flexible disc) could also be felt to be strongly vibrating 
when a finely adjusted transmitter was spoken to, care being taken not 
to break contact. 

Now regarding other forms of contact. If we round the point 
slightly like a worn lead-pencil point, we get substantially the same 
results, both as regards resistance and the corresponding intensity of 
sound ; but it is not so perfect in the finer stages; and it is the same 
with any kind of contact substituted for the point, if the current passes 
always at one place. On the whole, though, they are more irregular 
than points, and the more so the flatter they are. 

Flat contacts are peculiar. If the two surfaces be not exactly 
parallel, they will only touch at a corner, or along a portion of an edge 
of one of them, and the behaviour is not much different from that of a 
point and plane; but if care be taken to grind them quite flat, and to 
mount them so that, on slightly separating them, sparking can be seen 
to go on quite irregularly at various places, so that we may be sure that 
the surfaces are practically parallel, then, when brought into contact by 
slightly weighting the upper one, we know that there is contact at many 
places, and we find that it behaves perfectly abominably. ‘The regularity 
of action is quite gone as regards the state of fine adjustment, and it is 
vastly inferior to a point microphonically. The resistance, instead of 
being less, is, with light pressure, usually much higher; and the current 
varies, as with a “bad” point. Therefore flat contacts were rejected. 

With respect to the resistance of a contact, it varies according to the 
current passing. But there are two principal ways of considering the 
resistance. We may calculate it as resistance by Ohm’s formula, and 
we then find that it decreases greatly as the current rises, with the same 
pressure; the current being made to vary by inserting or removing 
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resistance from the circuit, or by varying the number of cells in the 
battery. Or we may reckon it as a back E.M.F. without resistance, say 
e, so that if E is the battery E.M.F., (E -— e) is the actual E.M.F. in the 
circuit, on the assumption that the real resistance is that of the rest of 
the circuit. We now find that e rises with the current, though not 
nearly so fast as the resistance falls on the former assumption. There 
is probably both a back E.M.F. and resistance at a light contact, but it 
is not easy to separate them, owing to the variations going on. As far 
as mere calculations go it is simpler to employ e, especially with 
combinations of contacts. 

The resistance r on the assumption of no back E.M.F., and the back 
E.M.F. e on the assumption of no resistance, are thus connected. Let Æ 
and # be the E.M.F. of battery and resistance of circuit without contact, 
and let the current fall from C to c on inserting the contact. Then 


In the example before mentioned of a typical point and plane contact 
we have 
c= 20°6 178 10:5 5:5 4 — milliams. 
e= 0 "2 75 1:09 1-2 volt. 
r= 0 11:2 70 202 300 ohms. 
This is with E and # constant, and pressure varying. 

Now, keeping the contact at constant pressure, and varying the 
current; if the pressure be not too light the deflection keeps steady 
(i.e. with a particular E and F), but when very light care is required 
that the contact does not vary much during a series of observations, so 
that it should be repeated backwards and forwards two or three times 
to see if consistent results are obtained, all anomalous series rejected, 
and only those chosen which give nearly the same result on returning 
to the same E and R. A good series was the following :— 


Contact out, 205° 35° 45° 52° 56° 


» in, 13 © -26° 36° 44° 50° 
These give 
c= 34 T 10:9 14:4 17:8 milliams. 
e= iT 93 1°09 1°25 1°16 volt. 
r= 166 133 ~~ +100 87 65 ohms. 


c is, of course, the current corresponding to the lower deflection. Very 
roughly, the apparent resistance varies inversely as the square root of 
the current. No particular importance can be attached to the figures 
as regards exactness, for it was a very light contact (and therefore 
somewhat variable), in order to get a good fall of deflection, which is 
necessary, because 1° makes a considerable difference when the fall 
is small. 

The work done by the current at the contact is ec, or rc’, or e,c+7,c%, 
if e, and 7, are the real back E.M.F. and resistance at the contact. In 
the above case we find 


ec = "0019 0065 0118 ‘0180 0206 
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The loudness of the sound given eut by the telephone is not propor- 
tional to the work done at the contact, for if so it would be a maximum 
when ¢=3£, which is not true. In the case previously mentioned 
(varying pressure) e=‘8E gave the loudest sound, just before breaking, 
and there is never any falling off except with “bad” contacts. With 
“good” contacts the sound is always greatest with the least current, 
provided it be continuous (the battery being of course kept the same), 
and its intensity is roughly proportional to e, except when e is above 
4E, for in the later stages the sound increases much faster than e. 

Thus, if we adjust two similar contacts carefully to the same resist- 
ance (both planes on middle of board and points on separate springs), 
and then put them in series, the sound is nearly doubled if e is, say, 
below ‘2# for each contact, and we find that the back E.M.F. of the two 
is a little less than the sum of the separate E.M.F.’s, and the resistance 
of the two not much greater than the sum of their separate resistances. 
But if e for each contact is greater, say ‘5H, the sum of the E.M.F.’s 
shows a large falling off, and the sum of the resistances a large increase, 
and the sound is much less than double that of either. 

If we have six similar contacts, each by itself giving the same resist- 
ance and sound, putting them in series increases the sound up to, say, 
three contacts, atter which there is little perceptible increase. The 
current falls to a certain extent on adding a fresh contact, but compara- 
tively much more for the later additions than for the earlier. This 
may be understood by remembering that every contact added reduces 
the current, and that the resistance of all of the contacts increases 
simultaneously, and the more so as the current gets smaller. The 
more sensitive the contacts are the less advantage there is in putting 
them in series. 7 

When two contacts are unequally strong, and e is small, they add 
their effects, both as regards e and the sound. Thus e¢,=°17#, 
@é,='22E ; ¢,+¢,= "36H. Even if e is great for one and small for the 
other there is usually a slight increase, or, at any rate, no decrease. If 
both are made as sensitive as possible, and as equal as possible, putting 
them in sequence usually increases the sound very little, but this varies 
according to the resistance of the circuit, on which depends the amount 
of fall of current on inserting the second contact (the first being 
already in). 


Thus é, =e, = bE, e te= 8E; 
e ='6lE, e,= 164, e+e = 67E ; 
e = ‘338, e, = ‘388, e +e, ='59E. 


On the whole, I found that the calculated value of e was a sort of guide, 
though not by any means a perfect one, to the intensity of the micro- 
phonic action. Sensitive contacts in series require separate examination 
in turns (by short-circuiting all except one) occasionally, to see that 
they keep steady. To go by the apparent resistance is very mis- 
leading. 

But there is also the battery E.M.F. to be considered. The loudness 
appeared to be about proportional to the number of cells used, from 
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1 up to 5, with circuit resistance 150 ohms; so that the product Ee 
would be roughly proportional to the intensity of the sound, or, other- 
wise, proportional to the product of the current without the contacts 
into the fall of current on inserting them. This is true in a large 
number of cases, but must not be carried to extremes. Thus if one 
contact brought deflection from 42° down to 10° with one cell, putting 
it in sequence with a similar one brought deflection down to 5° or less, 
but with no increase of loudness—in fact, a slight decrease ; whereas in 
making the same experiment with 5 cells there was a slight increase. It 
was also verified many times that if two contacts adjusted equal in the 
first place, and then put in sequence, bring deflection down to 10° (with 
1 cell), there is less sound than with either of them alone when adjusted 
so as to cause the same fall of current. Also, with many contacts in 
sequence, the sound ultimately decreases, the later additions having 
apparently much higher resistances than the earlier ; the sound increases 
by addition of two or three, is then about constant with one or two 
more (all separately giving good sound), and finally decreases on further 
additions being made. Now here e, calculated for the whole as for 
a single contact, continually increases, although it becomes practically 
constant, because the reduction of current for, say, the 6th contact, 
although it may be considerable compared with the current already 
reduced by the first five, is quite small compared with the original 
current. 

Contacts in parallel arc behave, in the main, as might be expected 
from the relation between e and the current passing observed in the 
case of a single contact. The total current is always increased by 
putting two contacts abreast; i.e., it is greater than through either 
of them when the other was disconnected, and this is true whether the 
contacts are separately equal or not. As for the sound, it is never 
increased, and is generally reduced. If the contacts be unequal, the 
joint sound is intermediate between their separate sounds. When one 
is very weak it shuts up the other, however good it may be, which is 
sufficiently plain, because nearly all the current goes through the weak 
one. Should there be a difference in character in the sound of the 
contacts taken separately, such difference will be also recognisable to a 
certain extent when they are put abreast. Otherwise there is simply a 
weakening of intensity, unless both are in a very sensitive condition, in 
which case there is little perceptible difference acoustically between 4 | 
and B singly and 4 and B in parallel arc. Now in this last case the 
current through each is halved when they are put abreast, which 
involves a reduction in e (or larger increase in r), and at the same time 
the total current is increased. | 

Owing to the unknown real resistance, it is desirable to make contacts 
exactly equal first, before putting them abreast, so that we know 
that the current goes half through each, whatever their resistance may 
be. If they could be regarded as battery cells of constant resistance 
and E.M.F., observations of the fall of current in sequence and abreast 
and cut out would allow us to reckon the real resistance. But there is 
no harmony in the results. Four deflections, taken in all possible pairs, 


190 ELECTRICAL PAPERS. 


gave for the resistance of a single contact from 32, through 42, 46, 55, 
61, up to 76 arbitrary units. 

On the other hand, calculating e from the results and comparing with 
the corresponding current, and making allowance for the halving of 
current when abreast, a fall of e with reduced current was obtained, 
similar to that observed with a single contact on varying the external 
resistance. 

In concluding this abstract [of experimental notes], I will merely add 
that a great deal of patience is necessary when working with very light 
contacts, and that when combinations are made something more than 
patience is required, and many precautions must be taken, to be found 
by experience, else very contradictory results may be arrived at. 


XXIII.—THE EARTH AS A RETURN CONDUCTOR. 
[The Electrician, Nov. 11, 1882; p. 605.] 


THE daily newspapers, as is well known, usually contain in the autumn 
time paragraphs and leaders upon marvellous subjects which at other 
times make way for more pressing matter. The sea-serpent is one of 
these subjects. This year, however, that interesting animal has not 
been so observable, which is, perhaps, the reason why an equally 
wonderful and not less time-honoured phenomenon has come to the fore 
again. There appeared lately an account of the performance of “an 
innocent boy ” with a stick of wood, which, being held in the hands of 
the operator as he walked about in a field, twisted and turned itself so 
as to prove the existence and point out the situation of water beneath 
the surface. This may or may not be. Never having studied the 
action of divining rods makes me an incompetent judge; but on further 
reading the explanation of a philosopher of the cause of the pheno- 
menon, viz., that the water was a conductor of electricity, and, there- 
fore, the electric currents deflected the wand, I was at once reminded 
(perhaps strangely, for there is hardly any connection between the 
theories) of a theory of the action of the earth as a return conductor 
that I first read some fifteen years ago in a Handbook which has since 
passed through many editions. 

It was to this effect : that if two insulated conductors were connected 
to the poles of a battery, a certain quantity of electricity would pass to 
charge them; that the larger the conductors the longer time the 
charging would take; and, finally, that if they were infinitely large, it 
would take so long that the current would pass as if the poles of the 
battery were directly connected. The application of this theory to the 
earth’s circuit was that the earth was practically infinitely large, and so 
the current passed continuously. 

Both the theory and its application seem erroneous. For, by the 
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laws of electrostatics, the charge the two insulated conductors would 
receive would depend upon the size of their opposed surfaces, and upon 
their proximity, but not upon their bulk per se at all. If we had two 
worlds side by side, and joined them by a wire with a battery inserted 
in it, quite a small quantity of electricity would suffice to charge the 
system; and if the bulk of the auxiliary world were increased indefinitely 
on the side furthest from the real, it would make scarcely any differ- 
ence. The way to increase the charge would be to make the second 
world surround the first, and bring it as close as possible, when the 
capacity would be greatly increased, though not to any such extent as 
to give rise to a permanent current. 

And the application of the theory to the case of the earth is faulty, 
because although it may be regarded for certain purposes as an 
infinitely large conductor, yet it is only one conductor, not two con- 
ductors insulated from one another. : 

There seems, in fact, no hypothesis at all wanted to explain why, 
when the ends of the wire containing a battery are put to earth, the 
current continues to flow. The earth is a conductor, and completes the 
circuit, and what more is wanted? It would be very extraordinary if 
the current did not continue to flow indefinitely, or until the battery 
got used up, or a disconnection occurred somewhere. The very exist- 
ence of such a theory, however, shows that there must have been 
considerable doubt as to the real action of the earth. 

Another theory, a very popular one, is much more satisfactory. The 
earth is so large, and contains so much electricity, that it may be 
regarded as an infinite store, to which all charges we may add or take 
away are utterly insignificant. Allied with this is the theory that 
compares the earth to a immense reservoir of water, or the sea. We 
may pump out or pour in as much water as we please without making 
any appreciable difference. This last form, by proper limitations, has 
the advantage of being easily converted into an exact analogy. 

Let there be a reservoir of water, large or smal), and let the water be 
completely enclosed on all sides in a tight-fitting envelope, so as to 
completely fill it. Let, further, the water be absolutely incompressible, 
instead of nearly so, and let a pipe, also completely filled with water, 
make connection between two parts of the reservoir, where of course . 
are corresponding openings. We have then a quantity of fluid occupy- 
ing a certain space, and which must always continue to occupy the 
same space. Set the water in the pipe in motion, then it follows that 
the current crossing every section of the pipe is the same, that an equal 
current leaves the pipe at one end, and at the same time an equal 
current necessarily enters the pipe at its other end. Furthermore, the 
lines of flow of the water in the reservoir itself are perfectly definite, 
depending only on the shape of the reservoir and the position of the 

ipe terminations, or source and sink. 

For the reservoir of water substitute a conductor of electricity of the 
same size and shape, and for the pipe a conducting wire similarly 
terminated conveying a current of electricity, and the analogy is quite 
complete, so far as steady currents are concerned, and the lines of flow 
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of the electric current are the same as those of the real fluid in the 
former case. 

In fact, for purposes of analogy, we may regard the earth and a wire 
joining two points of it as being always filled with electricity, whose 
quantity may be as small or as great as we please, and that it is incom- 
pressible, and must follow the same law of continuity as a real, 
incompressible fluid, if such existed. Such hypothetical electricity 
would not, however, be the electricity of the definition ¢,e,/r? = force 
between two charges ¢, and e, at distance r, because it has no statical 
action. Statical actions do occur, owing to surface charges, but we 
have no concern with them here, having only the current under con- 
sideration. 

Or, without any hypothesis as to the universal existence of the 
electricity, simply regard the conductors (wire and earth) as being 
capable of bearing at every point an electric current, simply subject in 
its distribution to the law of continuity of an incompressible fluid. 
There are other quantities in physics having the same property, and 
there is no occasion whatever to consider electricity as a fluid at all, 
except for purposes of illustration. 

Although the mere size of the earth has nothing to do with the per- 
manent flow of the current, it has an important influence upon the 
resistance and lines of flow. To study the matter more in detail we 
may start with the simplest case imaginable, a long thin wire buried in 
an infinitely extended conducting mass of uniform conductivity, the 
wire being, of course, insulated except at the ends, which we may 
suppose terminated in spherical electrodes. Let there be a steady 
current, C, in the wire. A current, C, leaves the + electrode and 
enters the — at the same time. Considering one electrode only, say 
the + (let, for the time, the — be at an infinite distance), then, owing 
to symmetry, the current C spreads out equably in all directions, so that 
its strength is C/4rr? at distance r from the electrode, and is everywhere 
radial. (This is the current density, or current across unit area per- 
pendicular to lines of flow.) The lines of flow are straight lines, start- 
ing from the electrode and uniformly distributed. 

The same is true for the — electrode, except that the direction of 
the current is to it and not from it. And to get the lines of flow in the 
real case of finite distance between electrodes, we have only to find the 
resultant of the two systems. At a point distant 7, from the + and r, 
from the — electrode, the current density is the resultant of C/4rr? in 
direction 7,, and of — C/4zr? in direction r, 

In the neighbourhood of the electrodes the lines of flow are, as before, 
straight, radial, and uniformly distributed, but all the lines from the + 
ultimately curve round and join those belonging to the — electrode. 

The distribution of lines of flow is the same as that of the lines of 
force between two small spherical conductors with equal opposite 
charges, or as the lines of magnetic force between the two poles of a 
long, thin solenoidal magnet. 

It is easily seen that the form of the electrodes is of no importance so 
far as the lines of flow at a considerable distance from them are con- 
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cerned, and it is only near them that changes in the form of the 
electrodes must alter the lines of flow. We choose spheres for 
simplicity. | 

Observe that there is no current across any plane section through the 
electrodes, and that such a plane separates the current system into two 
symmetrical halves. We may therefore take one of these halves, com- — 
pletely disregarding the other, and we have the correct distribution of 
lines of flow in the case of two hemispherical electrodes with their flat 
sides flush with the plane surface of a conductor infinitely extended on 
one side only. This conductor we may consider as the earth, and the 
electrodes the earth plates, to which a wire conveying a current C is 
connected at the ends. Then, presuming uniform conductivity of the 
earth, the current density at distance 7, from the + and r, from the — 
electrode is the resultant of C/2mr? along r) and —C/27rr? along ta 
(We now have 2r instead of 47, on account of the one-sided radiation.) 

We may also easily find the form of the lines of flow when the 
electrodes are buried at some depth from the surface. We have only | 
to double the system by introducing another earth above the real, with 
electrodes in it to correspond, as much vertically above the plane of 
separation as the real ones are below it—images of them, in fact. We 
have then two + and two — electrodes in an infinite conductor, and 
the system of lines of flow is the resultant of four radial systems; and 
since the plane of separation has no current across it, the lines of flow 
are unaltered in the lower system when the upper is removed. Thus 
in the real case of buried electrodes the lines of flow are deflected by 
the surface of the earth in the same manner as if the images had a real 
existence. | 

Similarly, we may find the lines of flow for any system of clectrodes 
by superimposing the different elementary systems, employing images 
when necessary. ) 


RESISTANCE OF EARTH. 


A wire being put to earth at its two ends, the resistance of the 
circuit formed may clearly be separated into three portions, that of the 
wire right up to the electrode (with which we have nothing here to do), 
that of the electrode itself, and that of the earth between the electrodes. 
The last may be readily found. l 

Imagine a single spherical electrode, say +, of radius a, in an 
infinite conductor of specific resistance K, supposed uniform, t.e., K= 
resistance of a cubic centim. In consequence of the uniform diffusion 
of the current, the equipotential surfaces are concentric spherical 
surfaces, and the resistance between any two of them of radii 7 and 


r+dr is 
r thickness_ Kdr 


area  4rr? 
Therefore, if R is the whole resistance outwards from the electrode, 
Ra f Kdr _ K. 
arr? 4ra 


H.E. P. —VOL. I. 
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In the case of the earth, with hemispherical electrodes of radii a, and 
@ the resistance between them is 


K| ora IG] Ors. na (A) 


But if the electrodes are spherical, and deeply buried, the resist- - 

ance is 
K 4 tK iniy iiini (B) 
nearly. 

In (A) the resistance is double that of (B), on account of one-sided 
diffusion, and in both we add the resistances calculated for each 
electrode separately, because it is practically confined to their neigh- 
bourhood. And this is why in (B) we have 4r, the same as for an 
infinitely extended conductor. 

To exemplify this point—the distribution of the resistance—compare 
the resistance between a and 2a, 2a and 4a, etc., for one hemispherical 
electrode. 

Between r=a and r= 2a, 


R= Kdr _ (i-a) K 
a 2m7? Ia 2a) 2° Qa 

Similarly, between r= 2a and r= 4a, the resistance is }(K/27a), and 
from r= 4a to r=8a, it is 4(K/2ra). Now, K/2za is the whole resist- 
ance ; so one half of it lies between a and 2a. It may be easily shown 
that about 99 per cent. lies between a and 100a, and the remaining 
1 per cent. beyond. 

The difference of potential between two electrodes is, of course, 
R x C, where È is the total resistance between them. It is customary, 
and generally convenient, to consider the earth as being at the same 
potential; but of course the return current could not flow if such were 
really the case. 

As regards the amount of resistance, it depends essentially on the 
size of the electrode in the first place, varying inversely as its radius ; 
so that it may be as great or as small as we please from this cause alone. 
And it is directly proportional to the specific resistance K. Thus 
(hemispherical), with a radins of 1 metre, the resistance is K/628. 
With a=1/27 centim., and K=1 ohm, È is also 1 ohm. Even with a 
specific resistance of 1 megohm, we can bring the earth resistance down 
to on by taking the radius of electrode = 10°/27 centim., or nearly 
1 mile. 

Naturally, we may include the electrodes in the earth resistance by 
letting the end of the earth wire be the electrode; then we see that 
from its smallness the conductivity immediately around it is a matter 
of the greatest importance, and since common earth is badly conducting, 
the utility and necessity of “earth plates,” whether plates or not. 
Also, that around the earth plates for a considerable distance the 
conductivity is of importance, and we cannot get a good earth in a rock 
without very large earth plates. But as we proceed further away the 
conductivity becomes of less and less importance, and we may say that 
it hardly matters; with this proviso, that the very badly conducting 
material does not completely shut off one electrode from its fellow at 
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the other extremity of the line wire. The earth may be perfectly 
insulating for hundreds of miles, and the current will go round the 
impermeable mass with no sensible increase of resistance. In the 
extreme case of a non-conducting screen, only leave a practicable open- 
ing in it, and the total resistance of earth will be merely increased by 
the resistance of the matter in the opening, and a little way on each 
side of it, where the current converges and diverges. If the non- 
conducting screen were quite complete no permanent current could flow 
from one electrode to the other, and signalling would have to be carried 
on by transient currents, the two sides of the screen forming the two 
poles of a large condenser. Such a case is hardly likely to arise in 
practice. 


XXIV.—THE RELATIONS BETWEEN MAGNETIC FORCE 
AND ELECTRIC CURRENT. * 


SECTION I. THE UNIVERSAL RELATION BETWEEN A VECTOR 
AND ITS CURL 


EVERY one knows that electric currents give rise to magnetic force, and 
has a general notion of the nature of distribution of the force in certain 
practical cases, as within a galvanometer coil, for example. Further 
than this few go. The subject is eminently a mathematical one, and 
few are mathematicians. There are, however, certain higher concep- 
tions, created mainly by the labours of eminent mathematical scientists, 
_ from Ampère down to Maxwell, which are usually supposed to be 

within the reach of none but mathematicians, but which I have thought 
could be to a great extent stripped of their usual symbolical dress, and 
in their naked simplicity made to appeal to the sympathies of the 
many. Let not, however, the reader (if he belong to the many) 
imagine that thinking can be dispensed with ; there is no royal road to 
knowledge, and hard thinking and rigid fixation of ideas are required. 
Even the machinery of the mathematician, so great an assistance when 
made to work, requires severe training on the part of the operator to 
make it work. But earnest students, if they will not or cannot learn 
the mathematica] methods, need not therefore be discouraged, for the 
name of Faraday will shine forth to the end of time as a beacon of hope 
and encouragement to them. He was no mathematician, yet achieved 
results apparently only attainable by such methods. It need not be 
supposed that he had the peculiar brains of a calculating boy, able to do 
long sums “in his head” by special methods of his own. The work 


* [The Electrician, section I., Nov. 18, p. 6; section II., Nov. 25, p. 32; 
section III., Dec. 2, p. 55; section IV., Dec. 30, 1882, p. 151; section V., Jan. 6, 
1883, p. 175; section VL, Dec. 16, 1882, p. 102. ] 
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was of quite a different kind, and probably Faraday could never have 
made an ordinary mathematician, with the best of training. In fact, 
mathematical reasoning does not necessarily involve any calculating in 
the usual sense, though it is, of course, greatly assisted thereby some- 
times; and as for the use of symbols, they are merely a sort of shorthand 
to assist the memory, which even those who openly contemn mathe- 
matical methods are glad to use so far as they can make them out—in 
the expression of Ohm’s law for instance, to avoid spinning a long yarn, 

To introduce the subject, we start with the case of a long, straight 
cylindrical wire, conveying a steady current C. The magnetic force is 
known to be of intensity 2C/r in electromagnetic measure at distance r 
from the axis outside the wire, and its direction to be perpendicular to 
r and to the axis. This, however, does not settle in which direction 
along the perpendicular the force acts, and so a rule becomes necessary. 
Look along the axis in the direction the current is going ; the magnetic 
force is then in the direction of right-handed rotation about the axis. 
This rule, or any equivalent one, is the key to all the directional 
relations in electromagnetism. The hands of a watch, viewed from the 
front (they cannot be seen from the back), revolve right-handedly, so 
that if we imagine the watch-face to be a section of the wire, and the 
current to go from face to back, the magnetic force is in the direction of 
the rotation of the hands. 

The force being of the same intensity at the same distance from the 
axis, a line of force is a circle embracing the axis, and the axis is 
perpendicular to its plane. Confining ourselves now to a single plane 
normal to the axis, all circles centered upon the point where the axis 
cuts the plane are therefore lines of force. But if we wish to show 
graphically the intensity of force as well as its direction at any place, 
the best way is to draw the lines so that their density or closeness 
together shall be proportional to the intensity of force at the place. In 
our present case this gives us the rule that the radii of successive circles 
should increase geometrically. 

Within the wire the magnetic force is known to be of intensity 
2Cr/a? at distance r from the axis, a being the radius of the wire, and, 
like the external force, perpendicular to r and to the axis, with right- 
handed rotation. At the surface the two expressions become the same, 
viz., 2C/a. The force being now directly as r, a different rule is required 
to make the density of lines of force proportional to the force. The 
squares of the radii of successive circles must form an arithmetical 
progression. Further, the scale outside and within should be the same, 
so we require a relation between the common ratio of consecutive radii 
outside and the common difference of squares of consecutive radii within. 
If p is the external ratio and d the internal common difference, 
d=2a? logp. For let a, be the radius of first circle outside, and a, that 
of first inside, a, a, and a, being thus consecutive, we must have, 
k being any constant, 


k l | "12Cdr 
oY 


 k=2C log 1 = 2C log p. 
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Also R. f 20r, k= OT B08, 
a-a) A-AyJa, 4 a a 
Therefore d = 2a? log p. 
In the figure the common difference d is chosen =1 and the radius 
a=2, so that the three lines within the wire (which is bounded by the 


thick circle) have radii 1, V2, /3. The circle a=,/4 is also a line of 
force, and the rest have radii 2p, 2p?, 2p, etc., where 1 =8 log, p. 


A 
/, 


oe 


Let us now examine a general property of this system of magnetic 
force. If we place a unit magnetic pole at any point in the external 
field, and suppose that it can move freely under the influence of the 
magnetic force of the current, and that no other forces act upon it, the 
pole will evidently describe a circle about the axis, and the work done 
by the force on the pole during a complete revolution will be 


force x distance =(2C/r) x 2rr = 4rC. 


And evidently, in moving through any stated fraction of the complete 
circle, the work will be the same fraction of 47C. Observe that this is 
the same at any distance from the wire, and the work depends only 
upon the angle turned through. Also, if the pole be moved either 
radially from the axis or parallel to the axis there is no work done, 
because there is no force in those directions. Let now the pole be 
carried from any one place to any other by any path, its motion at any 
point of the path may be compounded of a motion from the axis, a 
second parallel to it, and a third round it. Since the last alone involves 
the performance of work, it follows that the work done on the pole 
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between any two points by any path is 2C x angle turned through in 
the positive or right-handed direction, between the first and last 
positions. 7 l 

Now, limiting our consideration to motion in completely closed paths, 
if the curve embraces the wire once, the line integral of the force once 
round the closed curve is 47C, and if it goes round n times (in + direc- 
tion) it is n x 47C. But if the closed path does not embrace the current, 
or if embracing it a certain number of times in the + it embraces it the 
same number of times in the — direction, so that if the path were 
a string it could be drawn off the wire without cutting it, the line- 
integral is nil. In this case the angle turned through about the axis 
comes to nothing when we return to the starting point. 

Transferring our attention next to the current passing through the 
closed curve, we see that when the line-integral is nil the current is nil, 
and when the line-integral is 4rC the total current through the curve is 
C, and when it is nx 4rC the total current is nC. This may be all 
summed up in one statement. The line-integral of the magnetic force 
once round any closed curve equals 4m x total current through the 
curve. 

Let us now see whether the force within the wire follows the same 
rule. First let the unit pole follow a line of force once round the axis 
at distance r. The work done by the force 


= force x distance = 2Cr/a? x 2ar = 4aCr?/a?. 


Now, Cra? is the current-density, and wr? is the area enclosed by the 
line of force, so that Cr?/a? is the current through the closed curve ; 
and, as before, line-integral of force = 4m x current enclosed. And, 
since there is no force parallel to, or radially from the axis, the same 
statement is true for any closed path whatever within the wire ; and, 
being true outside the wire, is also true for any path partly within and 
partly without, and so, in fact, is universally true. 

Now we shall generalise the statement. It is not merely true for the 
magnetic force of a straight current, but also for any possible system of 
magnetic force. It is the fundamental relation between magnetic force 
and electric current. Given, then, a system of magnetic force, we may 
find the corresponding current system by the following process :— 
Required the current at any point P. Through P draw any straight 
line, and describe a small plane closed curve above it as an axis. Find 
the line-integral of the magnetic force along the curve once round the 
axis, or the work done upon a unit pole during one rotation. The 
result is 4r times the current through the curve. Divide by the area 
enclosed, and we obviously get 4r times the component of the current- 
density in the direction of the axis. 

Let the axis turn about the point P as fulcrum into any other position, 
the closed curve moving with it as if rigidly attached ; the line-integral 
in the new position will be 47 x current through curve in the new 
position. There is a certain direction of the axis for which the line- 
integral is a maximum; this direction is that of the actual current 
at P, and the maximum line-integral divided by 4r times the area is 
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the actual current-density. We may conveniently take the: area for 
unit area, so as to get the current-density at once. Or, we may find the 
current-density by the above process in any three rectangular directions, 
and their resultant will be the actual current-density. 

This process, by which we derive current from the magnetic force, is 
of great importance in physics. Especially so in electromagnetism, 
where there are several quantities bearing to one another the same 
relation. When one vector or directed quantity, B, is related to 
another vector, C, so that the line-integral of B round any closed curve 
equals the integral of C through the curve, the vector C is called the 
curl of the vector B. The term curl was proposed by Maxwell, though 
he does not appear to have used it much. Its appropriateness is evident 
on considering the method by which we derive C, the curl of B, from 
B itself; and, as a name for the operation is wanted for descriptive 
purposes, it will be used in the following. Thus, current = 47 x curl 
of magnetic force.* 

The presence of the factor 4r is due to the definition of a unit 
magnetic pole. If we defined the unit pole so that the unit amount of 
force emanated from it, the force at distance r would be 1/47r?, since 
4rr? is the area of the spherical surface over which the force is spread 
at distance r. Then we should have current = curl of magnetic force. 
And if we had a similar definition of the unit of free electricity, we 
should have the electric force at a surface numerically equal to the 
surface density, instead of, as at present, 4r times as much. But the 
actual definitions chosen make the force at distance r from a unit 
pole be 1/r?. This looks simpler, but it leads to the awkward result 
that mathematical investigations, both in electrostatics and in electro- 
magnetism, are filled with 47’s and 1/4z’s. Sometimes we multiply, 
at other times divide. They would mostly be got rid of by defining 
electric and magnetic forces as fluxes in the same manner as the electric 
current; for a current, C, spreading from a centre produces current- 
density C/4rr? at distance r, and not C/r?. At the same time 47 would 
make its appearance in certain cases where it is now absent, such as in 
spherical problems ; and its presence there would be perfectly natural 
47 being the area of the unit sphere. 


*[As this is the first use of vectors in this Reprint, it may be appropriately 
mentioned here that the algebra and analysis of vectors is introduced very 
gradually. At first the same type was used both for vectors and scalars, but I 
found later that it was a matter of some practical importance to facilitate the 
reading and ease the stress on the memory by employing a special type for vectors. 
So, the German type used by Maxwell being utterly unpractical, I introduced 
Clarendon type for the purpose in the Phil. Mag., August, 1886, and later papers, 
and now do the same in these earlier papers to harmonize. It will be found to 
be a particularly suitable type, being very neat, easily read, and well adapted for 
use in formule along with ordinary type, roman and italic. When only the 
tensor (or size) of a vector is concerned, the ordinary type is used. Thus C is the 
tensor of C. 

In MS. work special letters for vectors need not be used, but ordinary letters 
only. The tensor may then be Co Or the letters may be marked in some con- 
ventional way to indicate that they stand for vectors. This, of course, becomes 
‘necessary when the MS. is to be ‘‘ copy ” for the printer. ] 
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To show that the idea of the curl is not without practical utility, 
even to non-mathematicians, we may employ the process to find the 
distribution of current for fresh systems of magnetic force, starting from 
the one already treated. Call the magnetic force of a straight current 
B, and the current C, this being now the current-density. We know 
that 47C = curl of B. What is, next, the curl of ©? This is easily 
found. Outside the wire C is nil, therefore so is its curl. Within the 
wire Č is uniform, so that its curl is also nil there. But in passing 
through the surface, © suddenly changes from C in the wire to 0 
outside, so there is surface-curl. Let 


h —> k 
¢——___ — +—_ 
g <— fÍ 


pq be a straight line upon the surface in the direction of ©. Let the 
closed curve of integration be the rectangle fghk, consisting of two 
straight lines fg and hk parallel to the surface, and very near it, with 
two connecting pieces gh and kf; and let the rectangle be perpendicular 
to the surface. We have to find the line-integral of C once round 
fohk. Evidently the portion fg contributes fyxC, and the rest 
nothing; the connecting pieces because they are perpendicular to ©, 
the other because it is outside the current. Therefore fgxC is the 
total amount of the curl of C passing through the rectangle, i.e., it 
is of strength C per unit of length along pg. Shorten the connecting 
pieces indefinitely ; we have still the same result, so that the curl of 
C is finally a vector quantity of amount C per unit of length of pq, 
drawn upon the surface at right angles to the current. Let the current 
go from right to left, then its curl is directed downwards through the 
paper, that is, in the same direction as the magnetic force. The same 
-is true for every point of the surface, so that the lines of the curl of C 
are circles upon the surface, centered upon the axis. 

Let, now, © represent the magnetic force in a new system; 7¢., the 
magnetic force is confined to the space within a long cylinder, and is 
everywhere parallel to its axis, and of uniform intensity C. We have 
found the curl of C, so we know the corresponding current distribution. 
It consists of a cylindrical current-sheet, the current circulating round 
the axis, its amount per unit length of cylinder being C/4z7. This is 
the case of a long solenoidal coil of a single layer of wire ; if the current 
per unit length be C, the magnetic force is nil outside, and of uniform 
intensity 4rC within, parallel to the axis. Put on more layers of wire, 
and we have simply to add on the additional magnetic force, and the 
result is that the magnetic force is 4rC (where C is the total current 
round unit of length) everywhere inside the innermost layer, and falls 
from 47C to 0 in passing through the layers of current to the external 
space. . : 

_ For another example, let us find the curl of the current in the last 
case. Start with a cylindrical current of strength Ct per unit length, 
and let the small thickness of the current layer be./, so that the current- 
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density is C. We found before that to deduce the curl of a vector C, 
when it suddenly changed from C to 0 in passing through a surface, we 
had merely to turn it through a right angle upon the surface, and we 
obtained the new vector. The direction of rotation must, however, be 
carefully attended to. If we look down upon the surface beyond which 
C exists, and its direction is as shown, then its curl, D, goes from left 
to right. Now our current-sheet has two surfaces, inside 
and outside. In passing from the current to outer space, C 
we therefore rotate one way through a right angle, thus A 
bringing us parallel to the axis; and in passing from the 
current to inner space we rotate the other way through a 
right angle, bringing us also parallel to the axis, but 
pointing in the reverse direction. Since we get the same 
result everywhere, the curl of C consists of two tubular vector systems 
separated by the thickness £, of equal strength, but oppositely directed. 

If, then, C represents the magnetic force in a new system, we have 
the following :—Two thin concentric tubes, distance between them = /, 
with a current of total strength 

C x 2rajtr = 30a, 
where a is the mean radius of the tubes, straight along the outer tube, 
returning by the inner one. There is no magnetic force within the 
inner or without the outer tube. Between them the magnetic force 
is in circles about the common axis, and is of mean strength C. 

Further application of the same process only gives rise to repetitions 
in a more complex form of the last two examples, multiplications of 
cylindrical and straight tubular currents alternately, and we need only 
notice the first of the series. If we find the curl of the current in the 
last case, and then transform current into magnetic force, we obtain 
four cylindrical current-sheets. In the outer and innermost the current 
circulates round the axis one way, in the two intermediate the other 
way. The magnetic force is parallel to the axis between the first and 
second, and also between the third and fourth, but oppositely directed, 
and is nil everywhere else. | 

We see that the process of deriving fresh distributions from a known 
one by curling may be continued. We have a series of vector systems, 
A, B, C, etc., of which any one is the curl of the preceding; and, 
taking any one to represent magnetic force, the following one is the 
corresponding current, excepting a constant factor. It will readily 
suggest itself that the series may be continued the other way. This is 
true, but is not so easily managed. The reverse operation to finding 
the curl of a vector, viz., to find the vector whose curl is a given vector, 
is more difficult than the direct, though of not less interest or importance. 
This matter, and some other relations between current and magnetic 
force, will form our subject later. 


>D 


SECTION II. THE POTENTIALS OF SCALARS AND VECTORS. 


In the preceding section, the meaning of the “curl” of a vector was 
‘explained and illustrated in the case of a steady current in a long 
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straight wire. Also, from that solution were derived, by the operation 
of curling, the distributions of current corresponding to other possible 
arrangements of magnetic force. We now come to some other properties 
of magnetic force and current, and more generally of any similarly 
related vector quantities. To fix ideas, let B be a possible distribution 
of magnetic force, and © the corresponding electric current. We know 
that C= curl B/4r, and we may similarly find the curl of C, which we 
may call D. Thus, 


B = magnetic force, given. __ 
C= (47)! curl B = current, 
D= a C, } deduced. 

Supposing, however, that it is the current distribution that is given, 
how shall we find the magnetic force? Considering the fundamental 
relation only, that by finding the line-integral of B once round any axis 
we get 4r x current-component along that axis, if we reverse the opera- 
tion we discover at once that it fails to work in a suitable manner. We 
do indeed know from the given value and direction of the current at a 
given place what the line-integral of magnetic force round it is, but that 
does not tell us the magnetic force at different points along the line of 
integration. Some other method is, therefore, wanted.  . 

There are different ways of obtaining the magnetic force from the 
current. We shall commence with that one of them which has the 
advantage of telling us immediately in a great many cases the general 
nature of the magnetic force. This method is expressed in the follow- 
ing statement :—The magnetic force is the vector-potential of the curl 
of the current. Here we introduce another concept, that of the potential 
of a vector quantity, and in order to render it intelligible, some 
explanation becomes necessary. 

The meaning of potential in electrostatics is well known, therefore we 
need here merely remind the reader that the potential of a charge e at 
distance r therefrom is e/r, where we suppose e to be at a point, or, at 
least, within a very small space surrounding the point from which r is 
measured. It is the work that must be done to bring a unit charge 
from an infinite distance to the place considered. For the intensity of 
electric force is by definition e/r?, and the work done in bringing a unit 
charge from distance r, to distance r) from e is- 

Mean force x distance =—“ x (r,-1,)=£-£; 
112 Ti fa 
and when the distance r, is infinite, the work becomes simply ¢e/r,. The 
potential of any system of free electricity is the sum of the potentials of 
the elementary charges into which it may be divided, and we may 
write it 
Oy , lz, ê 
X a gay 

l xy --. being the charges, and r}, fo ... their distances from the point 
where the potential is to be found. The electric force in any direction 
is the rate of decrease of the potential in that direction. But we may 
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also consider it as the sum of the forces due to the elementary charges. 

Here, however, we must, since force is a vector, not simply add the 
numerical values of the forces together, but make the proper allowance 
for their being in different directions ; that is to say, we must find their 
resultant. This is most conveniently expressed by saying that we 
find the vector sum of the separate forces. This we may denote by 
2(e/r?)r,, where ¢/r?, the intensity of force due to the charge e, is multi- 
plied by r,, which signifies a unit vector drawn along the line from the 
charge to the point under consideration, thus making (e/7r)r, be the 
vector force due to e. The sign È signifies summation. 

Now, in finding the potential of a vector quantity, such as current, 
we add together the potentials of the elements into which the current- 
system may be divided, i.e., we find ÈC/r; but we must do it exactly 
as in the last-mentioned case of electric force, that is, find the vector 
sum. Free electricity is scalar or directionless, and so is its potential, 
therefore simple addition of the numerical values of the potentials of 
the elements gives the value of the whole potential, and there is nothing 
else to consider. But if, for example, one current-element, ©, is 
directed from right to left, and another equal one from left to right, the 
sum of their potentials at a given point is the difference of their 
separate potentials, and is directed parallel to the greater. 

In certain cases, however, the process is simplified. In a straight 
current, for example, the current-elements all point the same way ; the 
potential of any element, C, at a point distant r, is C/r, and is parallel 
to C; every element of the total potential is parallel to C, and so is 
the total potential, and its value is the scalar sum of the potentials of 
the elements. We should therefore find the potential exactly as for 
free electricity occupying the same space as the current, and then make 
it a vector by giving it direction parallel to the current. Thus the 
potential of a system of parallel straight currents at any point is a vector 
drawn from that point parallel to the current; and, in general, the 
potential of one vector-system is another vector-system. To distinguish 
it from ordinary scalar potential it is sometimes called the vector- 
potential. In the same way as we represent systems of magnetic force 
or current by means of lines, we may represent their vector-potentials 
by systems of lines, the direction of a line showing that of the vector- 
potential, and the density of the lines its magnitude at any place. 

Thus the lines of vector-potential of a straight current are straight 
lines parallel to it, closely packed in the wire and near it, and falling off 
in density as we recede from the wire, according to the logarithm of the 
- distance. 

Consider next a circular current. It is easily seen, in the first place, 
_ that the vector-potential at any point, P, upon the axis of the circle is 
nil, for all the current-elements are equidistant from P, and for any 
element pointing one way there is just one other (at the opposite end 
of the diameter) pointing the other way, so that the vector-potential of 
one half of the circular current is annulled by that of the other half. 
Now, let P be no longer on the axis. It is, consequently, nearer one 
side of the circle than the other. The vector-potential of the nearer ` 
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side preponderates, and the result is a vector at P drawn parallel to the 
= nearest part of the circle. Let P describe a circle about the axis, 
parallel to the current; at every point of this circle, from symmetry, 
the same statement holds good, consequently the circle described by P 
is a line of vector-potential. Thus the lines of vector-potential of a 
circular current are parallel circles, centred upon the axis, closely 
packed in the current and close around it, and falling off in density both 
towards the axis in the neighbourhood of the circle, and away from it 
outside it. 

If the current flows in a plane sheet, the current lines are closed 
curves in the sheet. The lines of vector-potential must be in planes 
parallel to the sheet, since there is no current perpendicular to it, and 
they are also closed curves. : 

In all cases we may find the vector-potential by means of three scalar 
sums instead of the vector sum; this is most conveniently done by 
forming the scalar sums of the components in three rectangular 
directions, and then compounding them. But, though convenient for 
calculations, this method often very much obscures the matter under 
consideration. 

Now, we stated that the magnetic force was the vector-potential of 
the curl of the current. Take a straight current, for instance. As 
explained in the last section, the curl of the current is confined entirely 
to the surface of the wire, its strength is numerically equal to the 
current-density, and its direction 1s perpendicular to the current, so 
that the lines of the. current-curl are equidistant circles on the surface, 
enclosing the current. From symmetry, together with the late remarks 
on the vector-potential of a circular current, we see that the vector- 
potential of the curl of the current is also in circles, in planes perpen- 
dicular to the axis, and centred thereon—that this must be the case 
both within and without the wire, and that they must be closely packed 
near the surface, and fall off in density both ways, 7.e., towards the axis 
within the wire, and from it outside. These characteristics will be 
readily recognised to be those of the magnetic force of a straight 
current. 

Again, consider a current-system in a plane sheet, and derive the 
general nature of the magnetic force as far as we can. The current- 
density is supposed to be constant through the small thickness of the 
sheet, so that the current has no curl within the sheet and parallel 
thereto. But the current will in general vary from place to place in 
the plane of the sheet; it has, therefore, curl perpendicular to it, to be 
found by the line-integral of the current round a small area in its plane. 
This curl is a vector drawn perpendicular to the sheet, at some places it 
may be from the + side, at other places from the — side. Its vector- 
potential is the component of magnetic force perpendicular to the sheet, 
and we see immediately that it has the same strength and direction at 
corresponding points on opposite sides, and that it is continuous at the 
sheet itself. If fo the sheet on one side, it is from the sheet at the 
nearest point on the other side. But, besides this, there is the surface- 
curl of the current to be considered. As explained in the last section, 
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it is got by turning the vector representing the current-density through 
a right angle upon the surface. Since the sheet has two sides, we have 
two systems of surface-curl, both exactly alike, but oppositely directed. 
The lines of surface-curl intersect the current-lines at right angles. 
The vector-potential of this double system is the component of magnetic 
force parallel to the sheet. Now, on either side of the sheet, the 
nearer side preponderates over the other in contributing to the vector- 
_ potential, and since the surface-vectors only differ in being oppositely 
directed, it follows that the vector-potential is numerically the same at 
corresponding points on the + and — sides, but oppositely directed. 
Thus there is a remarkable difference between the components of 
magnetic force perpendicular and parallel to the sheet. The former is 
continuous, the latter discontinuous, as may be thus diagrammatically 


represented :— 
> |—> | j 


Normal. Tangential. 


Returning now to the general relations, it will be observed that 
whilst D, the curl of the current, is derived from B, the magnetic force, 
by double curling (with division by 4r), on the other hand B is derived 
from D by finding its vector-potential. That is to say, the operation of 
finding the vector-potential is exactly annulled by double curling and 
division by 47 (the last operation being a question of units). Thus, 


47D =curl curl potential D. 


This suggests that if we form a new vector, viz., the vector-potential 
of C, its curl will be the magnetic force. Thus, calling the new vector 
A, and at the same time introducing another vector E at the other end 
of the series, we have 


A = potential of C. 

B=curl A= potential of D = magnetic force. 
C = (47)! curl B= potential of E = current. 
D=curl C. 

E=curl D. 


Of the series, only B and Č represent quantities having undoubted 
existence as physical realities ; the rest are purely concepts. But the 
last introduced quantity A, the vector-potential of the current, is of as 
much importance in electromagnetism as the potential of free electricity 
is in electrostatics, being in fact its exact counterpart. D is also very 
useful sometimes ; the rest of the possible series up or down cannot be 
said to be more than curiosities. A is found from the current- 
distribution in an analogous manner to scalar potential from free 
electricity, only compounding the component parts like velocities, or 
taking the vector sum instead of the scalar sum.. And as we derive 
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electric force from the static potential by finding the direction in which 
the potential decreases fastest, and the rate of its decrease, the former 
giving the direction and the latter the magnitude of the electric force, 
so we derive magnetic force from the vector-potential of the current by 
curling, that is, by finding the direction of the axis round which the 
line-integral of the vector-potential is greatest, and its amount; the 
first being the direction of the magnetic force, the second proportional 
to its magnitude. This is the most usual way in electromagnetic 
investigations ; it does not, however, usually give so much information 
without calculation as the method previously described, as may be 
illustrated in the case of a straight current. 

If we have found the vector-potential of a current-system, we know 
the magnetic force, viz., its curl. But it is also the vector-potential of 
the curl of current, so we have 


B=curl potential C = potential curl C. 


Thus the two operations of curling and finding the potential are 
reversible, or rather commutative. This putting the cart before the 
horse is a slight change only in words, yet makes a vast difference when 
we come to carry it out, although the final result is the same. 

From this commutative property we have 

4rC = curl curl potential C, 
=curl potential curl C, 
= potential curl curl ©, = potential E. 


As may be seen from the last list, the whole series from A to E is 
involved in the above, which is the expression of a characteristic 
property of the class of functions to which magnetic force and current 
belong. They have all the property of continuity which distinguishes 
the electric current, viz., that of flow in closed paths like an incom- 
pressible fluid. It is of the greatest assistance to conceive them as 
fluxes like the current, not merely as quantities having certain values 
at certain places. Given one of them, and then forming the others, any 
one of them may be taken to represent a possible system of either 
current or magnetic force. 

The vector-potential A, for instance, of a straight current C is a flux 
parallel to the current, its strength proportional to C log (a/r), where a 
is a constant, and r the distance from the axis. Let this flux A be a 
system of magnetic force ; its curl is the corresponding current, which 
must therefore be B; or the lines of current flow are exactly those of 
the magnetic force of a straight current. 

Similarly, if we find the vector-potential of B, say A), we know that 
its curl is proportional to A, so that if A, represent magnetic force, the 
corresponding current is proportional to C log (a/r). And so on. 


SECTION III. CONNECTED GENERAL THEOREMS IN ELECTRICITY 
AND MAGNETISM. 


In mathematical investigations relating to electromagnetism, it often 
happens that the equations assume such a very complex form that the 
real meaning of the relations expressed by them becomes hidden away, 
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as it were, beneath a tangled mass of 2, y, 2’s, and can only be recognised 
by groping about from one equation to another, comparing them, 
selecting certain equations as important, rejecting others as needless, 
and, finally, from the few selected main equations, serving as successive 
stepping-stones, determining the essential nature of the relations under 
investigation. That there are so many quantities involved in electro- 
magnetism is one reason for this complexity and obscurity, but it is 
immensely increased by the circumstance that they are usually vectors, 
or directed quantities, requiring three specifications, instead of the one 
which is sufficient for a scalar quantity ; and from the ordinary 2, y, z 
system only recognising magnitudes ; so that a set of three equations is 
required to fully exhibit a single relation between a pair of vectors. 
Thus we may say, in words, that the current is the curl of the magnetic 
force, but if we have to express this symbolically we require three 
equations, which express the same thing for the components in three 
rectangular directions. 

A very remarkable system of mathematics was invented by Sir W. 
Hamilton, called Quaternions, which may be described as the calculus 
of vectors. Owing to the universal presence of vectors in physical 
science, it is exactly fitted to express physical relations. Instead of 
breaking up vectors into three components, working with them as 
scalars, and then, when required, compounding them again to get back 
to vectors (a most roundabout method), in the calculus of vectors we 
may fix our attention upon the vectors themselves, and work with them 
direct. One equation takes the place of three. Investigations are 
greatly shortened. The real relations between the quantities are not 
lost sight of, and this again serves to annihilate a lot of useless work 
that might be done in the scalar system owing to obscurity. 

The calculus of Quaternions ought then, one would say, to speedily 
supplant the ordinary methods in physical applications; in fact, it 
should have done so already. But it has not. Does this arise from 
mere Conservatism—the hatred of having to leave the old ways even 
for better? Although this may be partly true, it cannot be the whole 
truth. Against the above stated great advantages of Quaternions has 
to be set the fact that the operations met with are much more difficult 
than the corresponding ones in the ordinary system, so that the saving 
of labour is, in a great measure, imaginary. There is much more 
thinking to be done, for the mind has to do what in scalar algebra 
is done almost mechanically. At the same time, when working with 
vectors by the scalar system, there is great advantage to be found in 
continually bearing in mind the fundamental ideas of the vector system. 
Make a compromise; look behind the easily-managed but complex 
scalar equations, and see the single vector one behind them, expressing 
the real thing. 

An easily-grasped example of the importance of considering the 
vector itself may be here given. In a field of electric force, what 
relation does the total amount of force passing outward through a 
completely closed surface bear to the amount of free electricity enclosed 
by it? Consider a single charge e within the surface. By definition, 
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the electric force is radial, of strength e +r? at distance r; and since 
4rr2 is the area of the spherical surface of radius r, the total force 
through it is (e+7?)x4rr2=47e, This is perfectly clear when the 
closed surface is that of a sphere, and the charge is at its centre. But 
put the charge at some other part of the enclosed space. .The force is 
now of different strength at different parts of the surface; and, more- 
over, it does not go straight through, perpendicular to it, and it is quite 
a complex matter to sum up the total force by algebraical methods. 
But if we fix our attention upon the system of force, which we may do 
by imagining a set of equably distributed radial lines drawn from the 
charge, inseparably connected with it, we see at once that the same 
amount of force as before, viz., 4re, goes through the spherical surface 
at whatever part of the enclosed space the charge may be placed, just as 
the same amount of light would come from a candle substituted for the 
charge; and, moreover, that the same is exactly true for any other 
closed surface, however complex its form may be, and however many 
times a radius drawn from the charge cuts the surface before finally 
emerging never to enter again. The only essential thing is that the 
surface must enclose the charge. Now this being true for one charge is 
true for any number, so that the total amount of force passing out 
through a closed surface is always 47 x total charge within, however 
it may be distributed. 

If the surface be unclosed, we may, in the case of a single charge, 
substitute for it a portion of a spherical surface bounded by the same 
lines of force, whence it follows that the amount of force passing through 
the unclosed surface is 4re x ratio of area of the portion of spherical 
surface to the whole, that is, e x solid angle subtended at e by the line 
bounding the unclosed surface, by the definition of a solid angle. 

An immediate consequence is that the electric force at the surface of 
a charged conductor is 470, where o is the surface-density. For, by 
the foregoing, 47o is the amount of force coming from unit of area 
of the surface. Now there is no force within the surface, otherwise 
there could not be equilibrium, therefore 47o is the external force ; 
it is perpendicular to the surface, because if it were not, there would be 
force along the surface, which is against equilibrium again. 

Besides the complexity above referred to, there is in general working 
a frequent repetition of the same succession of operations in different 
places. These operations may themselves be of a complex nature, yet, 
if they are carried out in one investigation, the results may be trans- 
ferred to another, perhaps relating to a quite different matter. Hence 
the utility of general theorems. The three allied theorems which we 
will now discuss are of great assistance in electricity and magnetism. 
Analytical proofs of them may be, and are given, which are only to 
be followed with some difficulty, especially as regards Theorem (B) 
below; one I have seen in a German work of Theorem (A), which 
is comparatively simple, was about six pages long. This is by no 
means necessary, for without losing the character of exactness, the 
demonstrations may be given in words; although in the final expression 
of the theorems symbols are desirable. 
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(A.) Theorem of Divergence.—The first theorem relates to the surface- 
integral of a vector over a closed surface, and we require to substitute 
for it a volume-integral taken throughout the enclosed space. We have 
already had one example of this, viz., for electric force ; the quantity 
integrated throughout the space being 4rp, where p is the volume- 
density of electricity. We now require it in à more general form, 
applicable to any vector. But, to fix ideas, we may conveniently think 
of electric force. What we really require is the excess of the amount of 
force leaving the surface at some places over that entering it at other 
places. We may go all over the surface, dividing it into little bits, find 
the flow through each little bit, and add the results together. If R is 
the force, dS an element of surface, e the angle between R and the 
normal outwards, the force through dS is R cosedS, and the surface- 


integral is [fe cosedS over the whole surface. We now require to 


express this in the form of a volume-integral taken throughout the 
enclosed space. 

In the first place, we may easily prove that this is capable of being 
done. For divide the volume V into two parts, V, and V,. The act of 
division creates a fresh surface, or, rather, a pair of twin surfaces, born 
at identically the same moment, like + and — electricity. Now 
consider the integrals of the vector over the two complete surfaces of V, 
and V, The surface-integral over V, consists of the integral over that 
portion of the surface of V which the piece V, possesses, and of the 
integral over the new surface, one of the twins. Similarly, the integral 
over surface of V, consists of the integral over the other portion of the 
surface of V, and of the integral for the other twin. Now regard only 
the twin surfaces. Put the surfaces together, so as to get the original 
volume; the two integrals for the twins are exactly equal, for the 
surfaces coincide. But they are reckoned positively in opposite direc- 
tions ; therefore, by addition, they cancel. Therefore the integral over 
the closed surface of V equals the sum of the two surface-integrals over 
the complete surfaces of the two pieces V} and V, into which we divided 
V. The same thing is obviously true if we divide each of our two 
volumes into two more; the original integral now equals the sum of 
the four complete surface-integrals, the newly created twin integrals 
always cancelling when taken together. And since this may be carried 
on to any extent, we may divide the volume V into an indefinitely great 
number of elements, each = dV, and our surface-integral is exactly 
equal to the sum of all the surface-integrals outwards over the complete: 
surfaces of all the elementary volumes. Thus the 
volume-integral is possible; and further, we know 
what the element of the volume-integral is. It is the 
integral of force outward over the surface of the ele- 
ment of volume. 

It now only remains to put this element of the 
volume-integral into a symbolical form in terms of the force. Let 
the element of volume be a cube, edges dz, dy, and dz. Let X, Y, Z 

H.E.P.—VOL, T. o 
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be the components of R at the corner where dz, dy, and dz meet. 
The amount of force leaving the cube is the sum of the six amounts 
leaving it through the six plane faces; each of these is force x surface, 
therefore they are . 


dX 
T de) dydz, 


— Ydzdz and (z +A) dedz, 


— Xdydz and (x + 


— Zdzdy and (z +da) dxdy. 
Adding these together, we get 


dX dY d 
(= ee Le 
where dV = dzdydz, the element of volume. This is the element of the 


volume-integral ; consequently we have 


[fz cosas = fff + T + Par PET, (A) 


for the complete expression of the theorem. The left side is the integral 
of R over the surface of V ; the right side is the equivalent volume- 
integral, to be extended throughout V. | 
Although we have spoken of force, it is true for any vector. If R is 
the velocity of an incompressible fluid at any point, and X, Y, Z its 
components, then, since the same quantity of fluid must enter as leaves” 
any closed surface, the surface-integral is nil, and 
aX dY dZ_ 0 
dx dy dz 
is true everywhere. This is the equation of continuity. If R is current- 
density, the same equation is true. If R is electric force, the same 
equation applies wherever there is no electrification. 
Where there is electrification, let p be its volume-density, then pdV 
is the amount within the element of volume dV. We know that 4r 
times this is the surface-integral of force over the element. Con- 


sequently, 
_ (dX dY dZ 
apd = (Fate 
_dX dY dZ, 
or mpa dy de ; 


which is the general relation between electric force and electrification. 
Now, when p is —, lines of force converge to the element, whence 
(c+ th was called by Maxwell the ‘“‘ convergence” of the 
vector R. Electric force has no convergence save where there is electri- 
fication ; on the other hand, electric currents have no convergence any- 
where, neither has their magnetic force, nor their vector-potential, nor 
any of the quantities considered in Section II, 
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(B.) Theorem of Version—We now come to unclosed surfaces, or 
surfaces bounded by a closed curve. If we take any closed curve, then, 
by Theorem (A), the surface-integral of electric force over any two 
surfaces bounded by the curve is the same, provided there be no free 
electricity between them, the integrals being reckoned in the same 
direction through the curve. And this is true for any vector-quantity 
which has no convergence. The surface-integral thus depends on the 
form of the bounding curve only, and we may naturally expect that it 
can be put in the form of a line-integral taken round the curve. But it 
is convenient for the demonstration to commence with the line-integral. 
Let R be any vector, which we may now consider as magnetic force ; 
the line-integral of R once round the closed curve is then the amount of 
work done by the magnetic force on a unit magnetic pole when it is 
caused to move once round the curve. If ds is an element of the curve, 
the work for the path ds is ds x component of force along ds, or 
R coseds, where e is the angle between R and ds; consequently, the 


line-integral is expressed by |R coseds. We require now to express 


this in the form of an equivalent surface-integral of another vector over: 
any surface bounded by the curve, and to find what relation the new 
vector bears to R. 

The proof that the surface-integral is always possible is easy. 
Imagine any surface S bounded by the closed curve. As in the first 
theorem we divided the volume we started with into two, so now we 
divide the surface S into two, S, and S,, by means of a line joining any 
two points of the boundary of S. We thus form two closed curves, 
each having the new line in common. Now reckon the line-integral of 
force once round both of the closed curves, rotating the same way. In 
going round the first we move one way along the common path, and in 
going round the second we move the other way; therefore, the sum of 
the two integrals is equal to that round the original closed curve, for 
the integrals for the common portion cancel when added. This device, 
which is due to Ampere, may be naturally extended. Divide the whole 
area © into an indefinitely great number of elements, dS; find the line- 
integral round every element, add together all the results, and the sum 
is equal to the line-integral once round the bounding curve of S, owing 
to all the inner line-integrals cancelling. The direction of rotation 
must, of course, be the same for every element of surface. The 
elementary part of the equivalent surface-integral is, therefore, nothing 
more than the line-integral of R round an element 
of surface. To find the exact relation between this S 
and R, it is best to suppose in the first place that 
the surface S is made up entirely of plane portions, la, | | 
all of which are either parallel to the planes of y,z, | 
or of z,z, or of z,y. Take an element parallel to the P d 
plane of y,z; axis along z The + direction of rota- aaa 
tion is right-handed, and the + direction of æ down- 
wards through the paper. Now, X, Y, Z being the components of R 
at the corner P, we have nothing to do with the component X, because 
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it is at right angles to the closed curve. The integrals for the four 
sides of the square are, starting from P, 


Ydy, (z+ aM!) oe = (Y+ ar ds) dy, —Zde. 


Adding these all together we get simply 


dZ dY 
l » “p eyde= Xda, say. 

Similarly, the line-integrals round elements of surface dzd% and 
dxdy are 


aX dZ ; dY adX\, , _ 
(= = o aed = Y dzdz, say, and (o = ay ay = Z,dxdy, say. 
If, then, we assume X,, Y,, Z, to be the components of a new vector 
R,, we have line-integral of R = surface-integral of R,, provided that 
the surface is made up as above stated. 
But if we differentiate the three components of R, to x, y and’z, and 
then add the results, we find 
aX, dY, dZ,_ 
ae er ae 
which shows that the new vector has no convergence anywhere, and 
consequently its surface-integral over any surface bounded by the closed 
curve is the same. Consequently, the theorem (attributed to Stokes) is 
proved for any surface. We may write it simply 


|z cose ds = | [Ricos €,09, cos POPS oe (B) 


the left side being the line-integral of R, the right the surface-integral 
of R, ; «< the angle between R and the element of curve ds; « the angle 
between R, and the normal to the surface-element dS ; and the relation 
between the components of R, and those of R being those above given. 

If R is magnetic force, R, is 4r x current-density. 

If R is the vector-potential of current, R, is magnetic force. And, in 
general, R, is the curl of R. 

(C.) Theorem of Slope.—There is yet one more connected theorem, 
which relates to unclosed curves. If a vector, R, has no curl, the line- 
integral once round any closed curve is zero, by the last theorem. 
Such a vector is electrostatic force. Taking, then, two points 4 and Z 
on the closed curve, the line-integral of R from 4 to Z by one path is 
cancelled by that from Z to A by another; or the line-integral of R 
from A to Z is the same along any path; it therefore depends only 
upon the position of A and Z, the common terminations of the paths. 
Let, then, at every point of space the value of a scalar quantity P be 
given, its values at 4 and Z being P, and P,, and similarly for any 
other point. Divide any line joining 4 and Z into pieces AB, BC, 
CD, etc., YZ. Then, evidently, 


Pa- Pz=(P,- Ps) +(Ps- Pe) + ete. + (Px — Py) +(Py— Pe); 
or the difference in the values of P at 4 and Z = sum of the differences 
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for all the pieces into which the whole path 4Z is broken. P,- P, is, 
therefore, expressible as a line-integral along the path; if ds is an 
element thereof, the element of the integral is 


Pds - (p+2)as- - A S. 
Consequently, - 
4 zZ 
P,- P,=[ -F al R cos eds. ....... EPONE (C) 
A S A 


This theorem is sufficiently obvious. It is added for the sake of 
completeness. If P be the electrostatic potential, R is the electric force, 
and its component in any direction 8 is - dP/ds. If P be the magnetic 
potential of electric currents R is the magnetic force, provided that the 
line of integration does not pass through electric current. For the 
magnetic force has no curl where there is no current. Magnetic force 
is, therefore, derivable from a scalar potential, like electrostatic force, 
everywhere except where there is current. But it must be added in 
this case that P, — Pz is only the same for the two paths, provided they 
do not embrace a current, for if they do, the line-integral of magnetic 
force once round the closed curve formed by the two paths will equal 
the surface-integral of the curl of the magnetic force over any surface 
bounded by the curve, and this surface will have current through it at 
some places, and there the curl is not zero, but 47 x current-density. 

A comparison of the three theorems is instructive. Starting with 
the third theorem (C), we find that the difference in the values of 
a scalar function at the two points = line-integral of a derived vector 
along any connecting line. | 

Join the points by a second line, thus forming a closed curve, and the 
second theorem (B) tells us that the line-integral of a vector once round 
it = surface-integral of a related vector over any surface bounded by it. 

Lastly, let two surfaces have the same bounding curve, so that, taken 
together, they form a closed surface ; the first theorem (A) tells us that 
the surface-integral of a vector over it = volume-integral of a related 
scalar throughout. the enclosed space. 

Here we stop. Space has but three dimensions, and we cannot make 
a fourth to please anybody. Starting with a scalar for points, we have 
vectors for lines and surfaces, and a scalar again fora volume. I am 
not able to fathom the nature of the corresponding magnitude to be 
integrated in four dimensions, but probably it does not matter. 


SECTION IV. THE CHARACTERISTIC EQUATION OF A POTENTIAL, AND 
ITS SOLUTION. 


In sections I. and IJ. we have explained the nature of two operations 
of frequent occurrence in electromagnetism, viz., from a given vector- 
function to derive its “ curl,” and also to find its vector-potential ; and 
some of the relations of these functions were mentioned. But that was 
for descriptive purposes merely ; the only proof that curling the mag- 
netic force gave rise to the current was that derived from the known 
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magnetic force of a straight current, together with the assumption of a 
certain distribution of force within the current itself. 

We have now, to make the matter a little more complete, to prove 
that the properties ascribed to the vector-potential of current and its 
curl are really true, and to further develop them. It need not be 
thought that a knowledge of mathematical analysis of a high order is 
required, for it so happens that nearly the whole of investigations in 
electromagnetism (although they may be of a very involved nature, the 
causes whereof were briefly alluded to in Section III.) are, when resolved 
into their simplest forms, merely the application in various shapes of 
the three theorems given in Section III.; and these theorems are of such 
a nature that they may be reasoned out mentally, without symbolical 
aid save for final expression ; and, in fact, in thinking them out in this 
way we may obtain a far clearer conception of what the theorems really 
mean than by working them out analytically, blindfolding the mind, so 
to speak, and working mechanically. No disparagement is intended of 
strictly symbolical demonstrations, or of the labours of the great mathe- 
matical electricians. To use a simile which may be readily applied, 
when once a bold explorer has reached the top of a hitherto inaccessible 
mountain, by circuitous paths and with the expenditure of great labour, 
others can do it after him, and easier routes may be discovered ; and in 
course of time people may travel up comfortably seated in railway 
carriages. And, of course, it is still easier to start from the top and 
travel down. (A fall down a precipice, in seeking a short cut, may be 
compared to an abrupt breach of continuity in the reasoning.) A sound 
knowledge of the fundamental principles of the Calculus is desirable, but, 
so far as general results go, apart from special, very little of the practice 
thereof, for differentiations and integrations are usually merely indicated, 
not performed. 

We have, in the first place, to clearly conceive what is meant by a 
flux of no convergence, and this is best done by means of a material 
analogy. Think of an incompressible fluid filling all space. Within a 
given volume there must be always the same amount of fluid. If, then, 
we suppose the volume fixed in space and the fluid to be in motion, the 
same amount of fluid as enters it through its surface at some places 
must leave it at others, in any given time; or, algebraically, the total 
flux through the closed surface from within outwards must be nil. This 
is self-evidently true for any closed surface anywhere situated, and how- 
ever the fluid may be moving. The flux through the surface of the 
element of volume is 


_ (dX dY dZ 
= (Ge i angers a) x volume, per second, 


if X, Y, Z are the component velocities in the directions of the axes of 
x, y, z (Theorem A); consequently 


in the case of an incompressible fluid. 
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If we have any vector or directed quantity, R, components X, Y, Z, 
dZ 
P 
or that it has no convergence, we simply imply that the distribution of 
R is similar to that of velocity in a possible case of motion of an incom- 
pressible fluid, so that we may, without going wrong, guide ourselves 
by the material analogy. 

We may represent the fluid motion by means of lines, their direction 
showing that of the motion, their density the velocity. Or, rather, this 
is a convenient method of imagining the motion, because, if we draw 
the lines on a sheet of paper, we can only strictly represent in this way 
the nature of the motion in a section of the fluid bounded by two close 
parallel planes, and we may require a different diagram for another part 
of the fluid. We may, indeed, represent on paper the distribution in 
three dimensions according to Maxwell’s system, but this has the dis- 
advantage of requiring interpretation, for in many cases it makes the 
lines densest where they (in a plane section) would be furthest apart. 
Similarly, we may employ lines to indicate the distribution through 
space of any vector-magnitude, R. When there is no convergence any- 
where the lines form closed curves. We may, indeed, imagine lines of 
force to go out to infinity, and so to be lost sight of. Thus we may 
imagine an indefinitely long, straight current coming from — œ, and 
going to +o, and the corresponding lines of vector-potential will 
behave similarly. But this is not realisable. However long the straight 
portion of the current may be, it must ultimately return to the starting 
point, when the lines of flow will form closed curves; and, at the same 
time, the lines of vector-potential will also do so. 

We have next to consider vectors that have convergence. In an in- 
compressible fluid this would imply that at a place of convergence more 
fluid arrived than left in a given time, or vice versd, and that would 
mean that fluid was perpetually going out of or coming into existence 
at the place—an annihilation or creation of fluid. Places of convergence 
are, therefore, sources or sinks. In a field of electric force, e.g., that 
between two charges +e and -e on insulated conductors, the lines of 
force start from the surface of one and terminate on that of the other. 
They do not form closed curves. In the dielectric between the con- 
ductors, the force has no convergence. Imagine any closed surface 
entirely in the dielectric; every line of force which enters the enclosed 
space leaves it again. Such a line is the representative of a tube of 
force, across every section of which the same amount of force passes. 
But if the closed surface be partly within and partly without one of the 
conductors, say the +, a certain number of lines of force leave it on one 
side and none enter it upon the other side; there is, therefore, negative 
convergence, and similarly at the — conductor there is + convergence. 
The amount of convergence per unit of surface is a measure of the 
surface-density of the negative electrification. In any vector-system R, 


the quantity — (Ft at =) is a measure of the convergence at any 


and we say that 


dx 
place, expressed per unit volume, 
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The corresponding expression for unit of surface is 
(E cos e + E, cos €,), 
where R; and R, are the values of R on opposite sides of the surface, 
and ¢,, & the angles R, and R, make with the normals drawn to the 
surface from opposite sides. Æ, cos ¢, is the amount of R reaching the 
unit of surface from one side, and =, cos e, from the other side. In the 
case of no convergence these quantities are numerically equal, but of 
opposite signs, so that 
fi, cos €, + RB, cos e =0 
corresponds to dA i ee ae 0. 
dx dy dz l 

To further illustrate the distinction between converging and non- 
converging vectors, consider a linear current with its ends immersed in 
a conducting medium. The lines of flow in the medium from the + to 
the — end are exactly similar to the lines of force between the two 
charges +e and —e before considered, so that if we were to ignore the 
linear current there would be + convergence at the place where the 
current enters the wire and — at the other end. Similarly, if we ignored 
the current in the medium, we should have convergence at the ends of 
the wire of opposite sign to the last. But, considering the complete 
system, there is no convergence anywhere, the above convergences 
cancelling. In the static electrical case there is no channel joining the 
conductors to make a complete circuit for the force, so there is really 
convergence. 

It will be convenient, preliminarily, to alter the definition of potential. 
Instead of the potential of any agent e at distance r being ejr, let it be 
e/4ar. Ifeis a scalar, so is its potential; if a vector, its potential is 
also a vector, to be drawn parallel to direction of e. In the case of 
electrostatic force, this definition of potential implies that the force at 
distance r is of strength e/47r?, so that the whole amount of force leaving 
e is numerically equal to e. Now, the whole amount of force leaving 
any space is independent of the distribution of the free electricity 
within it, and is numerically expressed by the amount of the latter. 
Expressed for a unit-volume, we now have, by Theorem (A), 


aX dY dZ_ 
aa ee ee (1) 


p heing the volume-density, so that — p measures the convergence. 

We shall now prove an important property of converging vectors 
having no curl. Let a vector be denoted by R, and suppose it is given 
in direction and magnitude throughout all space. Measure its con- 
vergence everywhere ; 7.¢., divide all space into elements of volume, find 
the excess of the amount of R leaving any one of them over that © 
entering it, and denote it by p per unit volume. Then we have equa- 
tion (1) again, where, however, p does not now mean the density of free 
electricity, but merely the divergence of the vector R. pis then known 
everywhere, being 0 at those places where there is no convergence. 

Next, let R have no curl anywhere. The line-integral of R once 
round any closed curve is then zero, by Theorem (B), therefore, the 


MAGNETIC FORCE AND ELECTRIC CURRENT. 217 


integral of R from any one point 4 to any other Z is the same by any 
path, being determined solely by the positions of 4 and Z; therefore, 
by Theorem (C), the integral of R from £ to Z is P,- P; where P is 
a scalar function of position, and the component of R in any direction s 
is —dP/ds. The direction of the resultant vector R is that in which P 
decreases fastest, and its magnitude is the rate of decrease. We may 


denote the resultant vector by -VP=R, with components - dP/dz, 
-dP/dy, —dP/dz in the three rectangular directions of z, y, z. 

The question now arises, how is the quantity P to be determined, 
starting with p given, and with the condition that R has no curl; i.e. 
what is the explicit relation of P to p? If we consider a single element 
of volume, a unit cube for example, taking the unit indefinitely small, 
p is the excess of the amount of R leaving it over that which enters. 
Now, disregarding altogether the manner in which R really enters and 
leaves the space, let the quantity p give rise to a vector R’ in the same 
manner as free electricity gives rise to electrostatic force; that is, let 
B' = p/4rr? at distance r from p, and be directed along r from p out- 
wards, so that the whole amount of R’ leaving p is numerically =p. Let 
the same thing take place wherever there is convergence, and then 
find the resultant, i.e., the vector-sum of p/4rr?, or, 

R = 2 jiao 
where r, is a unit vector drawn from P along the line r whose length is 
r. This new vector R’ obviously satisfies the condition expressed by 
equation (1) above ; by the manner of its construction the convergence 
anywhere is — p, for those of the lines of R’ which proceed from centres 
lying outside any one of the elements of volume which enter the latter 
leave it again. 


Now, {ie a3 


i.e., the flux from the element p is derived from the potential p/4rr, for 
the latter plainly decreases fastest along r outwards, and its rate of 
decrease is the strength of the assumed flux. Form next the sum of the 
potentials as above for all the elements, or 2p/477, and call it P; then 
since 


Vo dr 4&rr Tr = 
therefore R'= - VP. 


We have thus found a scalar potential whose variation in space is a 
vector R’ which has the same convergence as R, and we may now easily 
prove that R’, like R, has no curl. For, by the general equations, 
Theorem (B), connecting a vector and its curl, the z component of the 


curl of R’ is 
7 AY a( AP) a AP). 
dy dz dy\ dz) dz i) i 


identically ; and similarly for the y and z components. 
Now, is it possible for R’ to differ from R? If they do differ, let R” 


218 ELECTRICAL PAPERS. 


be the difference. It must have no convergence, because R and R’ have 
the same convergence. But if R” had convergence, some of the lines of 
R” would terminate at certain places; therefore, having none, the lines 
of R” must be closed curves fit R” vanishes at infinity]. But if we 
integrate R” once round one of these closed curves, we obtain a finite 
quantity, because the direction of R” at any place coincides with that of 
the curve. But R and R’ have no curl, hence their difference R” has 
none, consequently the line-integral of R” round any closed curve is nil. 
Thus the lines of R” cannot be closed, and since, also, they cannot ter- 
minate anywhere, it follows that they do not exist. Therefore, R” is 
non-existent, and R’ =R identically. That is, 


is the complete solution of (1) with the condition that R has no curl 
[and that it vanishes at an infinite distance from the sources, that is, 
from the places where p exists. For example, R= constant over all 
space gives no curl and no divergence anywhere ; but it does not vanish 
at eam 
Now, if in (1) we put for X, Y, Z their values in terms of P, viz., 

—dP/dzx, ~dP/dy, —dP/dz, we obtain 
P d’P œP 


de dy? tra cole (ee ( 3) 
Therefore, we have also found a solution of this last equation, viz. :— 
| ep) ae a ee eee ere (4) 


It may be shown that any other solution of (3) can only differ from 
this one by a constant quantity. For if there be another solution, say 


P+ FP’, then - VP’ must have no convergence anywhere, because the 


convergence is fully given by that of - VP or R ; and it must have no 
curl anywhere, because like R it is derived from a scalar potential , 
therefore by the same reasoning as that proving that R” was non. 


existent, we see that — VP’ is non-existent, and hence P’ must be 
constant everywhere. This constant allows us to locate the zero of P 
where we like; it is most convenient to put P’ =0, so that P=0 at an 
infinite distance from places where p exists, and then (4) is the complete 
solution of (3). 


SECTION V. RELATIONS OF CURL AND POTENTIAL, DIRECT AND 
INVERSE. SCALAR POTENTIAL OF A VECTOR. 


Coming now to the electromagnetic problem, we have two distinct 
things to do. First to prove the properties stated in Sections I. and IL, 
as applied to the system of vectors therein defined, quite apart from 
any physical application—(this will be comparatively easy with the aid 
of (4) and (3) above, which are the characteristic equations of the 
potential function, (3) giving p in terms of the second derivatives of P, 
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and (4) giving P in terms of p and distances)—and next, to show that 
magnetic force and electric current belong to the system. 


Let A be any vector of no convergence, to be imagined by the fluid 
analogy. Its components will be represented by 4,, A» A, and 
similarly for other vectors. Derive from A its curl B. The funda- 
mental relation between A and B is that the line-integral of A round 
any closed curve equals the amount of B passing through it. The com- 
ponents of B are expressed in terms of those of A by means of the 
equations 


by theorem (B). If we differentiate B,, Ba B, with respect to 2, y, z 
and add, we find that B has no convergence, for the sum is zero. 
Similarly, derive from B its curl, C, and from C its curl, D, and so on. 
They are all vectors of no convergence. Now the equations for the 
components of C, similar to (5), are : 

_dB, dB, _dB, dB, 


i h aa aaan e 3 


dy dz’ dz dr’ 
In these, substitute the values of B,, B,, B; from (5), and we obtain 


-C-E dA, 
1 dy\ dr dyj dz en) 
Re-arranging the terms, and adding and subtracting A aay this 


dz dz 
becomes 


__ (TA @A, a@’d,\  d/dA, dA, dA, 
E (T ü dy? +e )+ zl dz * dy A) 

Here we at once recognise the quantity in the second ( ) to be the 
divergence of A. But A has no divergence, so we are reduced to the 
quantity in the first (). Compare with equation (3) above. For 4, 
write P, and for C, write p. Since (4) is the solution of (3), or P the 
. potential of p, therefore in the present case 4, is the potential of C. 
Similarly we shall find 4, to be the potential of C,, and 4, of C} 
Now compound 4,, 4,, and 4 a and we obtain the vector A. Similarly 
compound C, Cp and Cp and we get the vector ©. Therefore, A is the 
vector-potential of C. 

Similarly B is the vector-potential of D, and so on. 


Thus, whilst the operation of curling carries us one step down the 
scale, that of ‘finding the vector-potential carries us two steps up. 
This we may express by 


curl (curl A)=C, or (curl)?A=C; 
also A= potential C, therefore 
curl curl potential C =C. 
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We may now show that the operations curl and potential are 
commutative, or curl potential © = potential curl ©. For 
B= potential D ; just proved. 
= potential curl C, by definition of D. 
=curl A, by definition of B. 
= curl potential Č; just proved. 
Therefore, B = potential curl C = curl potential C. 


We may thus find any one of the series from the next following by 
either first going up two steps by the potential and then down one by 
curling, or else by first going down one step and then up two. £.9., 
given C, to find B, we may go up to A and down to B, or down to D 
and up two steps to B. 

These roundabout methods may be replaced by a single operation— 
very complex, however, though for single elements easily enough under- 
stood ; that is to say, we may find B direct from © without reference to 
the other vectors. The operation has no name; since its effect is the 
inverse of curling, we might denote it by (curl)~1, just as we might 
denote vector-potential by (curl)~?, thus indicating its property. 

The vector-potential of an element of C, say c, at a point Q distant r 
therefrom, is a = ¢c/4ar directed parallel to c. (Small letters when 
referring to elements.) Let the direction of ¢ be parallel to the z-axis. 
Then 

a, = 0, a, = 0, Q =c|4rr 
express the components of a at Q. Find the curl of a by equations (5) 
above ; thus, 


Si dy a ede P 

Now let h be the perpendicular from Q on to the axis of the current 
(the axis of z), and let the x-axis be parallel to h, so that y=0 and 
z=h, the origin being at the element. Since b, =0, b is in the plane of 
z, y; and since y=0, therefore b, = 0, and 


c drol cy c drl ox 
3 = 0. 


= a perpendicular to r and to h, ............... (6) 
with right-handed rotation about the axis of the current when we look 
along it the way the current is going. 

The lines of b are, therefore, circles about the axis of c in planes per- 
pendicular to it, and the strength of b varies inversely as the square of 
the distance from c, and is at the same time proportional to h/r, which 
is the sine of the angle between r and the axis of cè. Every element of 
c must be understood to produce such a system b, and the vector-sum 
of the whole will give the complete value of B. ‘Thus, 

ch ¢ dra} 

B=27_,b,-2 Te ay be cet (7) 
where b, is the unit vector of the elementary b, inserted in order to 
vectorize its magnitude ch/477°. In an exactly similar manner A may 
be expressed in terms of B, or Č in terms of D. Thus, to express A in 
terms of B, change B to A and c to b in (7), and also change b, to a. 
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(The above method of expressing (curl)~1C was obtained by finding 
the curl of the vector-potential of an element of ©. We shall get 
exactly the same result by finding the vector-potential of the curl of an 
element of C. Thus, take a cylindrical element, of length ds, circular 
section ra?, radius a. Current-density ¢, directed parallel to axis ds. 
The surface-curl of ¢ is (Section I.) of strength c/ra?, and is directed in 
circles about the axis on the curved portion of cylinder. 

Now, the vector-potential of a unit circle of radius a, when a is 
infinitely small, may be obtained from equation (9), Section VI., by 
taking the first term only of the series, viz., 


hjr x 2ra? x $= rahjr’. 


Or, without making use of the equation (9) for a finite, let a/r in the 
previous equation (6), Section VI., be infinitely small, and expand 
l/p by the binomial theorem ; thus 


1 1l hasin¢g. 
p r 3o ? 


"a sinp, _ (Fha. o _ oh 
then we get [Stu-[S sin’d do = ra D 


as before. Multiply by c/ra? and we get the intensity of the required 
vector-potential of curl of c, viz., ch/7?, which, when divided by 47 to 
suit our present definition of potential, agrees with (6) above. ) 

At a distance r from a small plane closed curve great compared with 
its linear dimensions, its form is immaterial. The vector-potential is 
of intensity h/r? x area, and is directed perpendicular to h and r. 

We are now able to make another step. We proved before that 
when a vector has no curl anywhere, the vector itself is the space- 
variation of P, and P is the potential of the divergence of the vector. 
Now, our vectors A, B, C, ... have curl, but not necessarily everywhere, 
and by Theorems (B) and (C) a vector may be derived from a scalar 
potential function wherever it has no curl. But A, B, © have no con- 
vergence anywhere, so the scalar potential cannot be found in the same 
manner for a vector which has curl in some parts of space and not in 
others, as for a vector which has no curl anywhere (in which case (4) is 
the solution). To find the nature of the scalar potential for a vector of 
no convergence, let the vector c be confined to the boundary of a small 
plane area dS, i.e., let ¢ circulate round the closed curve bounding dS, 
and be nothing everywhere else. The vector b, of which ¢ is the curl, 
must be derivable from a scalar potential in all space except in c itself. 
Now, we know the vector-potential of ¢, viz., 


a= nea perpendicular to r and h, 
where r is the straight line from ¢ to the place where a is measured, 
and h the perpendicular from the latter on to the axis of c; and that 
its three components are 
_¢ drt PEER. dr! 
4r dy >? ? 4r de 


ay 


dS, a,=0. 
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From these derive b by means of equations (5). Thus 


c d dr _c d dr} E (Pr? Pr gg 
rene aaa nar tar) | 
Here consider b} Since c/4rr is the scalar potential of a quantity of 
“matter” c collected at the origin, we have, by equation (3), 


c (dr) drol x oar) _0 
an ae * dy? d2 ? 
everywhere, except at the origin. Therefore, 


c d dr} 
oT de dz 
Thus, b., b» 6, are the components of the space variation of a scalar 
Q given by 
cdS dro! cds 


— n — = ——— COS € 
år dz 4rr? i 


if e is the angle r makes with the axis of c. That is, 


p — 2 p _ _aQ 
1 FE M dy ” ae 


This scalar potential Q is of a singular nature. It varies inversely as 
the square of the distance, and as the cosine of the angle e It is 
evidently not the potential of any collection of matter at the origin, 
either wholly + or wholly —, but we can show that it is the potential 
of equal amounts of + and — matter infinitely near each other. 


Coat the small plane area dS with matter of surface density m, so 
that its quantity 1s mdS. Its potential at Q, distant r, is evidently 
mdaS/4rr. Now shift this matter through a small space dz in the + 
direction along the axis of c. Its potential at the same point Q will 
now be 


Q= 


år \r dz 


ze dr-} 2), 


It is therefore increased by the amount -dS age or mas ds 
4r dz 4rr? 

Hence if we coat the surface dS with a quantity mdS on its + side and 

with - mds on its — side, at the small distance dz apart, the potential 


madSdz 
4rr? 


same as Q if we make mdz=c. 


Up to the present the vectors A, B, C have been treated quite apart 
from whether any of them represented physical quantities (although 
they may all be possible cases of velocity distribution in an incom- 
pressible fluid). The properties are true whether electric current or 
magnetic force exist or not. But the last step made, the nature of the 


COS €, 


of the combination will be 


cose. This becomes identically the 
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scalar potential whose space-variation gives b, brings us into contact 
with magnetism, and will enable us to fit current and magnetic force 
into the system. One experimental truth suffices. A small plane 
electric current and a small magnet produce exactly similar fields of 
magnetic force, not too near them, when we reckon the. + direction of 
the axis of the magnet to be from its S. to its N. pole, and that of the 
current to be such that when we look along the axis in the + direction 
the current circulates right-handedly about it. If the magnet is very 
small, and also the current area, the similarity exists everywhere except 
very close to them. We may go through a current, but not into a 
magnet. Let the magnet and the current area be infinitely small, 
then we may say there is identity of magnetic force at any finite 
distance. 

Now, the magnetic force of a magnet may be conceived to arise from 
an imaginary substance, free magnetism, having the same self-repulsive 
power as the imaginary free electricity, with the same law of force, viz., 
that of the inverse square, so that the magnetic force at distance r from 
a charge m of magnetism is m + 47rr?, and that if this acts upon a charge 
m’, the repulsion is mm'/4rr?. 

If, then, our vector c stands for electric current, the “ matter ” pro- 
ducing the potential Q must be magnetism, and since the unit of 
magnetism is expressible in terms of the fundamental units of length, 
mass, and time, we may define the unit current so that 


(mdS)dz = cd, 
or, strength of pole x length = current x area, 


either of which may be called the magnetic moment (of the magnet, or 
of the current). (Having nothing to do here with the electrostatic 
system of units, we do not introduce the factor » for induced magnetiz- 
ation.) 

After having thus made use of magnetism, we might dismiss it for 
good. In fact, we might replace every magnetised particle by its 
equivalent electric current, according to Ampère’s theory of magnetiz- 
ation. This theory generally strikes one on first acquaintance as very 
fanciful, the idea of electric currents flowing round molecules being so 
difficult to swallow. But it explains magnetism—one mystery takes 
the place of two; and since we neither know what an electric current 
is nor what magnetism is, it is well to abolish one of them, and there 
can be no question as to which it should be. 

Having now identified C with electric current and B with its corre- 
sponding magnetic force, it will be as well to point out the modifications 
needed to suit the adopted unit magnetic pole and the common definition 
of potential. They were temporarily discarded in the consideration of 
the properties of A, B, C, in order to have a uniformity of relations, for 
otherwise the 47’s would not come in regular order. We must now 
remember that the force of a magnetic pole is of strength mjr? at 
distance r, but that a current c spreading from a centre has density 

c/4mr?. On the other hand, potential follows the rule m/r or c/r in 
both cases, 
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We therefore, have 


Magnetic force = B = so 5 b, = curl A. 
ro r 


Current = 0 = 1 curl B. 
4r 


D= curl C. 


From the uniformity of properties of A, B, C, as originally defined, 
any one of them may be current, the one preceding it being its magnetic 
force, of which examples were given in Sections I. and II. The same 
is, of course, true in the last system, except that the 47’s require 
shifting occasionally. 

There is one more remark to be made. We started with A, a vector 
of no convergence, and of course C has also none. But we identified C 
with current. This is admitted to have no convergence in conducting 
circuits, and in Maxwell’s theory it has none anywhere. Much con- 
fusion would arise were convergence allowed. All vectors below C are 
therefore also non-converging, but we have not shown that those above 
it are. For proof it is sufficient to observe that the vector-potential of | 
a small plane closed current (components given above) is non-converging, 
and that any current-system may be built up of such closed currents. 
This makes the matter square. 


SECTION VI. MAGNETIC FORCE OF RETURN CURRENT THROUGH 
THE EARTH, AND ALLIED MATTER. 


The magnetic force of a current-system can only be completely known 
when the current is everywhere known (or equivalent information 
must be given), and no part of the system can in strictness be neglected. 
If, then, the circuit of a linear current is completed through the earth, 
the earth-current itself contributes something to the magnetic force. 
This, as will be seen, is quite a small matter; yet its investigation is 
both interesting in itself as affording an excellent example of the rela- 
tions between the current, its vector-potential and magnetic force, and 
on account of a current-sheet analogue that presents itself. 

The magnetic force of a straight current © at distance 4 from the axis 
is of intensity 2C/h, and is perpendicular to the plane containing h and 


M —_—> N 


the axis, provided the point chosen be not near the ends of the wire, 
nor at a very great distance from the wire. But in our present case 
we shall require the correction for the ends. 
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Let MN be the wire, the current C going from M to N; and let P be 
any point distant 7, from N, and r, from M, and h from the axis or its 
continuation. Let 6, and 0, be the angles r, and r, make with the 
axis. Then the magnetic force at P of the wire current alone (vector- 
potential of curl of current) is 


«(cos 6, — cos 0.) = (1 — cos 0,) - A — COS Âg), eeenesesees. (1) 


and its direction is perpendicular to the plane of r,, r, and h, being, in 
the diagram, upwards through the paper. When the point P is near 
the wire, but not near the ends, we may put 0 =r, 0,=0, and we 
then obtain the former expression 2C/h. Confining ourselves to the 
neighbourhood of one end, say N, we may put 0,=0; consequently the 
magnetic force is of intensity 


a PCOS 0.) E A E EE T (2) 


Just over the end, 0,=47, and the force is C/h only; and along the 
continuation of the wire it is zero. 

Now, although the expression (1) is the vector-potential of the curl 
of the wire current only, it is also the complete magnetic force of the 
closed circuit which would be formed by immersing the ends- of the 
wire in an infinitely extended conducting medium, so that the current 
C leaving N spread out uniformly, the tubes of flow afterwards bending 
round and finally converging uniformly to M. T.e., (1) expresses the 
magnetic force of the straight current, together with a radial current 
of density C/4rr? parallel to r}, and of another of density — C/4rr? 
parallel to r,. 

For consider the first mentioned radial current. Its three com- 
ponents are 
Cx _ Cy ‘i Cz 


Ar? g 4rr? Arr? 
if x, y, z are the components of r,. The z-component of the curl is, by 


Theorem (B), 
dw_dv_C ZAR ass) =Q; 
dy dz 4r\ dy\r TAT í 


and similarly the y and z components are nil, therefore the curl of the 
radial current is nil, and likewise the vector-potential of the curl; hence 
the radial currents contribute nothing to the magnetic force. 

Here we may notice that any radial vector-function has no curl. 
For, let f(r) parallel to r be such a function, then f(r)z/r, f(r)y/r, f(r)e/r 
are its components, and the z-component of its curl is 


drol! dr“)\ lyp dr dr 
O a VG) N Va) =? 

But in the actual case of return through earth the diffusion is one-.. 
sided only. The curl of current within the earth is nil, as before, but 
since there is now a bounding surface, and consequently surface-curl, 
the earth current does give rise to magnetic force. If D is the surface- 

H.E.P.—VOL. I. > P 
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curl, its strength is C/2ra? at distance a from the electrode (meaning 
the point NV on the earth’s surface), and its direction is perpendicular 
to a (Section I). Ze., the lines of surface-cur] are concentric circles 
drawn upon the earth’s surface, centred at the electrode. The vector- 
potential of D is the magnetic force of the earth current. Calling it B, 
since D has no vertical component, neither has B; and evidently B has 
the same value and direction at two corresponding points above and 
below the surface (one being the image of the other). From the 
symmetry about the electrode, we see that the lines of magnetic force 
are circles in planes parallel to the earth’s surface, and centred upon 
the vertical axis through the electrode. As we recede from the latter, 
the strength of force rapidly diminishes. 

The strength of force may be determined indirectly thus :—Let us 
denote by C, the uniformly-diffused radial current of density C/47r?. 
If to this we add another radial current of the same density everywhere 
as C,, but directed to the electrode above the earth, and from it below 
—which system we may call ©,—their sum will be 0 above and C/2rr? 
below the earth’s surface, and this is the density of the real earth- 
current. 

Now, if we take the curl of the vector (2), we shall obtain the 
current C, (disregarding the wire current). We may do this by using 
the components of (2); or, more simply, thus :—The line integral of 
(2) round the circle of radius 4 perpendicular to the axis is 


2a — cos 0,)"x 2rh = S , 2nr3(1 — cos 0,). 


This is 4r x current through the circle (Section I.). Now, 
2rr?(1 — cos 0) 

is the area of the portion of spherical surface with centre at N and 
saan r, bounded by the circle; consequently C/4rr? is the current- ` 

ensity. 

Now, the curl of the magnetic force B of earth-current’ must be 
4r xC, But C, and ©, are identical within the earth, therefore B 
must be of the same form as (2), i.e., 


B=Č(1- cos a E EA (3) 


where h, is the distance of the ‘point considered from the axis of the 
earth-current (not of the wire), 7.¢., the vertical through the electrode, 
and ¢ the angle between r, and this axis (positive direction downwards). 
But, above the earth, C, and C, are oppositely directed ; B must, there- 
fore, be so changed that its curl becomes reversed. This may be done | 
by making 


B= (I CBU) S ESE IEA (4) 
We may express (3) and (4) in one formula, thus :— 
Baz in) COS’): E A ET (5) 


i.e., we take the numerical value of cos ¢, whether it is + or —.. 
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The actual magnetic force near the electrode is the vector-sum of (2) 
and (5). One case may be noticed, where it simplifies. Let 0,=¢ and 
h=h,, so that the wire enters the earth perpendicularly. Above the 
earth, we shall have 


C C 2C 
B= 5 Ml — cos 6,)+ z (1 + cos 0.) = 
perpendicular to r; and h. And below the surface, 
B=S(1 — cos 6,) +5(1 — cos 0.) = a — cos 6,). 


We may now examine an interesting analogy which has a realisable 
existence, and may serve to clarify the above. Suppose that we have 
an infinite thin plane sheet of conducting material; choosing any point 
N in it for origin, let currents circulate in the sheet in circles about J, 
the strength being C/27a? at distance a. If when we view the sheet we 
see the current circulate right-handedly, we see the negative side, and 
the + direction of the axis of the currents is from the negative to the 
positive side of the sheet. Now we have found the vector-potential of 
this current-system ; it is expressed by equation (5), using the same 
notation as regards h, and œ. The magnetic force is the curl of (5), 
and is therefore radial, of intensity C/r? on the + side and — Cjr? on the 
-side. That is, the magnetic force of the current-sheet is that which 
would be produced by a magnetic pole of strength C placed at the 
origin, with this difference, that it acts as a + pole on the + side and 


M 
"a" 


as a — pole on the — side of the sheet, as shown in the diagram 
annexed. (We have here an illustration of the continuity of the 
normal and discontinuity of the tangential component of magnetic force 
referred to in Section II.) 

How produce such a current system? Easily enough ; permanently, 
if we had a sheet of infinite conductivity, transiently and imperfectly 
with a resisting sheet. 

It is a cardinal truth in electrostatics that, when an uncharged 
insulated conductor is placed in an electric field, it becomes charged in 
such a manner that the force due to its charge exactly annuls that of 
the undisturbed field for all internal points, so that there is no electric 
force within the conductor. 

Now, there is a corresponding theorem in electromagnetics. If a 
closed sheet of infinite conductivity, having no current in it initially, be 
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placed in a magnetic field, a system of currents will be set up in it of 
such a nature that the magnetic force due to it exactly annuls that of 
the undisturbed field within the space bounded by the sheet (or, in the 
case of an infinite sheet, on the further side from the source of magnetic 
force). Practically, with a resisting sheet, bringing it rapidly into the 
magnetic field, or, bringing the field to it, would set up the currents 
approximately, to be quickly killed by the resistance. 

Let us then bring a magnetic pole of strength C suddenly to the 
origin on the + side. Its force is C/r? radial, on both sides. But there 
must be no force on the — side, by the above-mentioned theorem. So 
the magnetic force of the currents set up will be —C/r? radial on the 
— side, and on account of the reversal of the tangential component in 
passing through the sheet, it must be + C/r? radial on the + side. But since 
this field is exactly that produced by the distribution of current assumed 
before, it must be the current set up by the magnetic pole. The actual 
magnetic force of pole and current together is 0 on the — and 2C/r? on 
the + side, i.e., similar to the distribution of the current entering earth. 

A magnetic shell which would produce the same field of force would 
have strength Oda C 


alma ra 

This would be the magnetic moment per unit area. 

(Test. Curl of intensity of magnetisation = vol. density of equivalent 
current. Taking the curl of C/2z77 || z, we find x-component =- Cy/2775; 
y-component = Cz/2rr3; z-component =0. Resultant, C/27r? Lr in plane 
of sheet. 

As tho mode of obtaining equation (5) may be considered obscure, it 
is desirable to check it by direct integration. It comes to the same 
thing if we find the vector-potential of the current-sheet, of density 
C|/2ra? La at distance a from the origin. Let the sheet be in the plane 
of x, y, and measure z positive from the origin on the + side. Let 0 be 
the angle between r the radius-vector of a point P and z, and 2, y, z the 
co-ordinates of P. First find the vector-potential at P of a circular 


unit-current of radius a. If h is parallel to the x-axis, the y-components 
of the current contribute nothing to the vector-potential; the z-com- 
ponent of the element add Neri: ¢ from the z-axis) is asin ọdẹ; 
therefore the vector-potential of the circular unit-current is 


sa SIN UD ice sopicboiwe n (6) 


i 
where p is the distance of P from the element a dẹ, and is given by 
p?=1? +a? — 2ha sin >. 


MAGNETIC FORCE AND ELECTRIC CURRENT. 229 


The complete vector-potential of the current-sheet is therefore 
© fle 
B= >| [sind dade EE ETT (7) 
27 Jo Jo aP 


Let the limits for a be first a and œ ; a to be afterwards made 0. Then, — 
by integration to a, we find ; 
Cl. l khsing Ci 1 Asing, p 
B=- į- 2 iA ee Sis t \d 
I, -sin plog(- 2 jas + aE sin plog( ai ) $ 


a ar 


= B, + B, say. 
Now the definite integral 
r = 2 m2 
aj sin ¢ log (m +n sin ¢) 7 te Lh ; 
27 Jo n 
_ (72 — 2 
consequently, B,= GE 


Now, in the second integral B,, a has to be ultimately 0. The 
quantity under the radical, że., in the expression for p, therefore varies 
infinitely little from r?, whilst goes from 0 to 27. The quantity to 
be integrated then becomes of the same form as in B,; but also, we shall 


have m=o,.°. B,=0. Thus ; 
B=B,= 0°) gl iver sha ere eee) 


is the complete solution, showing that (5) is correct. 

The integral (6) does not admit of finite expression, being elliptic 
(see Maxwell’s “Electricity,” Vol. II., Art. 701). Its expansion in 
spherical harmonics will furnish us with another proof of (8). Sub- 
stitute for the circular unit-current of radius a an equivalent plane 
magnetic shell of unit strength, so that there is magnetism of unit 
density on its + and of density —1 in its — face. Let V be the 
potential of the + magnetism, then +dV/dy and —dV/dz will be the x 
and y components of the vector-potential. First find V for a point 
upon the axis, then 


_f{’ adad , eai 
r=|, eee es 


Expand this by the Binomial Theorem in powers of z, and call it V; 
when z<a and V, when z>a. Then | 
l2 L eee ee ) 


a -22+ 2ra( 1+3 a 24a 2.4.6 a8 


la? 1 a, 1.3 a 
Vi= 2 Be es eT ae E 
mo aa ga ataies") 
Next let the point be not on the axis; we may generalise the last by 
writing rQ; for z, 1?Q, for 2, etc., in V,, and Q,/7"*! for 1/2"? in Vy, 
where the axis of Q’s is along z. Thus, 


r 1 7? 1 + 
Y= 20a 745 aga Gt ws 


la 1 a 1.3 a 
V.= 240 =. “Q -— 2 Birde 4 eae Y 
2 nals 00-94 tea G pM ) 
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Consequently the 2-component of the vector-potential is 
dV, _ 59/1, 1 r dQ, 1.3 1 dQ; , ) 


dy a. 2° 2.402 dp 2.4.6a¢ dp ` 
dV, 5 oy/_1, 1 @dQ,_ 1.3 at dQ, ) 
E ( ITAP da 24.6 dp `) 
according as r is <or >a. In getting the last expressions we have 
made use of the relations 


d n TARA 24n- d Qn EES y dQn+1 
ae Qa) = =y" dp? AE rts dp’ 


where »=cos 6, The y-component is got by writing — {æ for y, so that 
the actual magnitude of the vector-potential of the circular unit- 


current is 20 ahs 
Qrh 1 a 1 r? Os 1.3 M5 )=4 
“raf 5° Fda du 24.6 a dp 9) 71° ™ 

h/,1 1 dQ, 1.3 at dQ | 
a oea a ge A ; 
ON e (+5 F478 dw 2.4.6 dp ) 2 Say 
Now, since the current strength in the sheet is C/2ra?, the complete 


vector-potential is dis me 
= yO | yf A200 
a of Zra? + c| Ira? 
Substituting the above values of 4, and 4, and performing the 
integrations, 


B=G(+5-97 | Gt gg gar) 


a) 


3 7 1 1l 1.3 
- oh y —— g O ES = ee gresescereres 10 
€ 54°94 +5 62.4.6" ) (10) 


where Q’, is written for dQ,/dp. 
We must now prove that (10) is the expansion of (8) Any function 
F of » may be expanded in dQ/dp’s or Qs; thus 
F=F R +F R+ ... 9 
and the value of any coefficient F, is given by 
m+ P 
bes — pÊ) R'a dp. 


Now in the present case B in (8) is 
= mre ere 
Bayi E 8, Lavi 


r` sinb’ 


? 


(9) 


bo 

am 

[æ e 
Ou at 


and 1 -p2 is such a function of p that 
F(4r +a)=F($r-a). 
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Also Q’,, is an even function of p when n is odd, and an odd function 
when n is even. Therefore, since from 6=0 to 6=47 we have 

pul l-p_ C sind 
r sinô r l+p 
if we expand (l+ )7! in odd Q’s between »=0 and p=1, the same 
expression resulting will give the proper value between p= —1 and 
p=0. So we shall have 

Csin 1 Csin 0 
B ee g (FQ + EFt.) 


2n + 1 
where Fa aie K L) Qnap, 
and, the limits being halved, the outer factor has been doubled, and 
only odd values of n are taken. Carrying this out, we shall obtain the 
expression for B in (10). 


—~—_—  ——————— 


XXV.—THE ENERGY OF THE ELECTRIC CURRENT.* 


SECTION I.—THE MUTUAL POTENTIAL ENERGY OF MAGNETIC SHELLS 
AND LINEAR CURRENTS. 


AS was remarked towards the close of Section 5, Art. xxiv., p. 223, if 
we adopt Ampére’s theory of magnetism, and substitute for every 
magnetised particle a closed current flowing round it, we may do away 
with free magnetism, or imaginary magnetic matter, and have nothing 
but electric currents to deal with. It is, indeed, not necessary to 
introduce magnetism at all. We did that in order to reach the 
definition of a unit current in the electromagnetic system, which is 
based upon that of a unit magnetic pole. We might, for example, 
obtain an equivalent result from the mechanical force between the 
terminations of two long solenoids, which varies inversely as the square 
of the distance ; or in various other ways. 

We found that the magnetic force of a small plane closed current 
could be derived from a scalar potential, that the force was what would 
be produced by equal quantities of positive and negative matter very 
close together —in fact supposed to be infinitely near each other—the 
quantity of matter being at the same time infinitely great, but so that 
the product of the quantity into the distance was finite. If magnets 
‘were unknown, this matter would be certainly purely imaginary ; quite 
as much so as the matter which, quite similarly, would give rise to a 
scalar potential, whose derivatives would express the vector-potential of 
electric currents in space where there was no magnetic force; or, to 
come nearer home, the matter whose potential derivatives express the 
electric force wherever it has no curl, which last matter is the imaginary 
matter of free electricity. The fact that magnets exist does not make 
the magnetism any the more real, considered merely as a self-repulsive 

* [The Electrician, 1883; Section i., Jan. 20, p. 233: ii., Feb. 23, p. 342; iii. 
March 9, p. 390; iv., March 23, p. 437.] 
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substance existing wholly on the surface of a solenoidal magnet, and 
also within its substance when not solenoidal; and the same may be 
said of the electricity once supposed to reside upon the surface of 
conductors. 

But it happens to be a considerable assistance to make use of the idea 
of magnetism (or of magnetic polarisation, which comes to the same 
thing) in reasoning regarding electric currents, and it is particularly 
useful when we are considering the energy of currents. In fact, it 
would certainly be employed for this purpose were magnetisation 
unknown, (presuming that this would not involve the non-existence of 
current,) in the form of a magnetic shell, for the idea presents itself in 
a perfectly natural manner. 

Suppose we have a current circulating in a closed path of any form, 
which we may, when we do not want to go into the space occupied by 
the current, regard simply as a closed curve. Such a current is a linear 
closed current. Let C be the strength of current. If we join any two 
points of the circuit by means of another line, and let the same current 
C go both up it and down it at the same time, we form two closed 
circuits both with equal currents of strength C flowing round them, 
with the same direction of rotation as regards lines drawn through the 
original closed curve, which lines we may reckon to be positively 
directed when the current flows round them righthandedly. Now, since 
the two circuits have a portion of their length in common, in which 
equal currents are oppositely directed, there can be no change in the 
magnetic action at all; hence the two closed currents, when taken 
together, are exactly equivalent to the original one. 

Therefore, by the same reasoning as was employed in the demonstra- 
tion of Theorem (B), p. 211, if we suppose the original circuit to be the 
boundary of a surface S, and we divide this surface into an indefinitely 
great number of small elements of area dS, and let the same current C 
flow round the boundary of every one of these elements with the same 
direction of rotation, we know that the whole collection of small closed 
currents produces identically the same field of magnetic force as the 
single current C flowing round the boundary of the whole. The form 
of the surface is quite indifferent ; the essential circumstance is that it 
must be bounded by the real current. 

Now, we found [p. 223] that the magnetic force of a current C circu- 
lating round the boundary of a small area dS was the same as that due 
to charges of magnetism of amounts mdS and — mdS placed on opposite 
sides of dS at the smal] distance dz apart, the axis of z being that of the ` 
current; that is to say, z is the normal to dS. The condition connecting 
m and C is that mdz=C, or magnetic moment of magnet = that of the 
current (per unit of area, here). : 

Let the surface of every one of the small closed circuits we have 
imagined to replace the real circuit be similarly covered with magnetism 
on its two faces, according to the same rule. This is equivalent to 
covering the complete surface S to surface-density m on one side and 

— m on the other, with the condition mdz = Č everywhere. Here 
mdz, the magnetic moment per unit area, is called the Strength of the 
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shell. The thickness of the shell must be infinitely small, but it need 
not be constant. If it vary, m must vary inversely, so as to keep the 
strength constantly = C. The magnetic force of this shell and that of 
a current C round its edge are identical everywhere, except in the shell 
itself. " 

Now, since the mechanical action between a magnet and a small 
closed current is the same as that between the magnet and a small 
magnet of the same moment as the current, similarly placed, and since 
we may build up any closed linear current by putting together an 
immense number of such little closed currents, it follows that the 
mechanical action between a magnet and any linear current is the same 
as that between the magnet and an equivalent magnetic shell. But the 
magnet may itself be a second magnetic shell; and, since we may 
substitute for it a current round its edge, it follows that the mechanical 
action between two closed currents is the same as that between two 
magnetic shells whose edges are bounded by the currents, and of 
numerically the same strength as the latter. And the mutual potential 
energy of the two currents must be the same as that of the shells, 
which may be found from the distribution of the magnetic matter. 

Now, we found [p. 222] the magnetic potential of an element dS of a 
shell of strength C to be 

dr- 


dz’ 

(now employing the common definition of unit pole), where r is the 
tensor of r, the vector drawn from dS to the point Q where Q is 
measured, and z the normal to dS. The differentiation in the above is 
performed at Q. If we perform it at dS, we must write 


Q= + cas 22 

dz 

because if 1/7 decreases when dS is fixed and @ is shifted in direction z, 
it increases when Q is fixed and dS shifted in the same direction. 

Place a magnetic pole of strength C at the point Q. Its potential at 
dS is C/r, therefore its force at dS in the direction z is — C(dr-1/dz) ; 
and since z is normal to dS the whole amount of force passing through 
dS from its - to its + side, due to the pole C at Q, is — C(dr—1/dz)dS, the 
differentiation being performed at dS. But this, with sign changed, is 
our expression for 02, the magnetic potential at Q of the element of the 
shell at dS. The same applies to every element of the shell; conse- 
quently, by summation, it follows that the magnetic potential 2 at Q of 
the complete shell = amount of force passing through the shell in the 
positive direction, due to a pole of strength — C placed at Q, or in the 
negative direction if of strength + C. Thus, we may express 2 in 
terms of a solid angle, as for electrostatic force [on p. 208]; thus, 
(Q at Q)=C x solid angle subtended at Q by the edge of the shell. The 
magnetic potential of a current C round the edge of the shell is, of 
course, the same. 

The magnetic potential Q must not be confounded with the vector- 
potential A. The curl of the latter gives the magnetic force every- 


Q= - CdS 


234 ELECTRICAL PAPERS. 


where, both within and without a current; whereas Q is scalar, and the 
magnetic force = — VQ, where V has the same meaning as before [p. 217], 
but this is only in space where there is no current. Therefore, in 
currentless space only, 


B=curl A= - VQ; 


otherwise B = curl A, and Q is non-existent. 

Next, consider two shells of strength C, and C, and let 2, and Q, be 
their magnetic potentials. The mechanical force between them may be 
ascribed to the mutual actions of the magnetic matter, and calculated 
therefrom. To fix ideas, let the shells be circular planes. If we place 
them parallel to one another, upon the same axis, and so that the N. 
side of one is next the S. side of the other, there is attraction between 
them. We may call the N. face of a shell the + face, and the S. the — 
(N. and S. meaning north-seeking and south-seeking, as applied to a 
needle), so that the N. face of shell is the same as the + face of the 
corresponding current round its edge. The + direction through the 
shell or the current is from the — to the + face. The magnetic force 
of a closed current goes through it in the + direction; it also goes 
righthandedly about the current, and the current goes righthandedly 
about a line of force. These relations, which are sometimes puzzling to 
others besides beginners, are important to be remembered, for confusion 
will inevitably arise if we do not keep to one consistent system. In 
our present case the parallel shells with contrary faces next each other 
attract. The corresponding currents round their edges are similarly 
directed, so there is consistency with the fact that parallel currents 
attract or repel according as their directions are similar or opposed. 

Since we (temporarily) ascribe the force between the shells to the 
attraction of matter, their mutual energy is, on this view, potential 
energy, and tends to decrease. If one shell be fixed, and the other 
move through a distance dz parallel to itself, and F be the mechanical 
force in the direction of motion, the work done by the force is Fdz. 
This is also the reduction in the amount of potential energy ; or — dM, 
if M be the mutual energy. Therefore, 


_ dM 
lear 


is the expression for the force. This is, in the case considered, a real 
force in the dynamical sense, viz., acceleration of momentum. But we 
may give an extended meaning to the term force (and this is important 
in the theory of energy). Let dz indicate any “displacement,” and 
-dM the corresponding fall in the potential energy, then F= —dM/dz 
is the “force” in the generalised sense, so that “ force ” x “ displace- 
ment” always equals the decrease of potential energy during the 
displacement. 

The two shells with contrary faces nearest, would attract each other 
from an infinite distance, and their potential energy would decrease all 
the time ; hence, if the energy be taken to be nil at an infinite distance, 
where the force is evanescent, the energy is negative at any finite 
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distance, and becomes more and more negative as the shells approach. 
Turn one of them round, so that similar faces are nearest; the potential 
energy is now positive, the amount of work done in turning the shell 
round being the whole increase of energy. (Rigid magnetisation is 
supposed.) Similar remarks apply to the currents round the edges of 
the shells; but we have not at present under consideration what 
becomes of energy added to the system by externally performed work. 

The mutual energy of two shells or currents admits of tolerably 
simple expression by means of the theorem connecting line and surface 
integrals. If a charge m of magnetism be brought from an infinite 
distance to a place in a magnetic field where the potential is Q, the 
work done against the repulsion is mQ, which is consequently the 
potential energy of m with respect to the field in which it is placed. 

Apply this to a shell placed in the field of a second shell. Let dS be 
an element of area of the first shell, of strength C, and dz its thickness, 
z being, therefore, the normal at dS. On the + face there is magnetism 
to the amount mdS = (C/dz)dS. Let ©’ be the magnetic potential of the 
second shell there. The energy of mdS with respect to the second 
shell is then (C/dz)Q’dS. Now, @ becomes 2’ — (dQ'/dz)dz when we 
pass through dS to the other side, where there is a quantity — (C/dz)dS 
of magnetism, whose energy with respect to the second shell is, there- 
fore, — (C/dz)dS {Q' — (dQ'/dz)dz}, The energy of the combination is the 
sum of the separate energies of the two charges of magnetism, that is, 
C'dS(dQ'/dz). 

But dQ’/dz is the magnetic force at dS of the second shell in the 
direction of the normal from the positive to the negative side; there- 
fore, dS(dQ'/dz) is the amount of magnetic force arising from the second 
shell which passes through dS in the negative direction. The same is 
true for all areas in the first shell; hence, by summing up, we find that 
the energy of the first shell with respect to the second = strength of 
first shell x total amount of magnetic force passing through it in the 
negative direction arising from the second shell. Or, if M denote the 
energy, and we always reckon the force in the positive direction through 
a shell, then 


M= - Cx amount of mag. force through C due to C’,............ (1) 


if C’ is the strength of the second shell. Similarly, by starting with 
the second shell, we find 


M= - C x amount of force through C’ due to O. .................. (2) 


It is customary to speak of the “ number of lines ” of force, each line 
being the representative of a definite “amount ” of force, or “ surface- 
integral’ of force, to use the mathematical expression. But no one 
speaks of the “number of lines” of current passing through a surface ; 
the expression “amount” or “ quantity ” would rather be used. Frac- 
tional parts of a line of force are awkward, but there is no such 
difficulty with amount or quantity. On the other hand, “ surface- 
integral ” is rather too scientific. 

The right-hand members of equations (1) and (2) are identically 
equal, and a remarkable reciprocal property of closed -currents or shells 
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is disclosed. Make the currents each unity ; then it follows that the 
unit current in the first circuit sends the same amount of force through 
the second as the unit current in the second circuit sends through the 
first, whatever may be the form or relative position of the circuits. 

Equation (1) does not apply merely to the field of a shell or single 
circuit. By the manner of its derivation it applies to any magnetic 
field whatsoever produced by magnets or currents, substituting for 
“ due to C” the expression “ due to the field.” This is to exclude the 
magnetic force of the current C itself. 

Equations (1) and (2) may be immediately put in another form. 
The magnetic force of a current is the curl of its vector-potential, 
therefore, by Theorem (B), [p. 211], the amount of magnetic force 
through any circuit = line-integral once round it of the vector-potential, 
whose curl is the force considered. So let A and A’ be the vector- 
potentials of the complete currents C and C’, then (1) and (2) become 


M= — C x line-integral of A once round C’, .............seeeeee eee (3) 
= —C x line-integral of A’ once round C. ............c cs ee ease ees (4) 


These, again, may be put in another form, which will be useful. 
Consider (3) only. Let ds’ be an element of length of the current C. 
The portion of M due to it alone is 


— AC ds’ cos( AC’). 


Here it will be convenient,—its importance will be seen later, —to 
introduce the notion of the scalar product of a pair of vectors. If a 
and b be any vectors, a and b their tensors or magnitudes, and 0 the 
angle between them, then the scalar ab cos 6 is called the scalar product 
of a and b, and is denoted by ab simply. Suppose, for instance, F is a 
force and v the velocity of its point of application, then Fy is its 
activity. Should F and v be parallel, Fv reduces to Fv simply, the 
product of their tensors or magnitudes. 

Thus, in our present case, the portion of M due to the element of 
current C’ at ds’ is — AC’ ds’. 

But A is itself a line-integral, viz., once round the current C. Let ds 
be an element of length of C, then the portion of A contributed by it is 
(by the definition of vector potential) (C/r)ds at a point distant r from 
the element C, and its direction is parallel to ©. Therefore the pornon 
of M due to the pair of elements C ds and C' ds’ is 


- oe cos (COQ’)dsds’ or -is AS p aiia (5) 


and the complete energy is the sum of all ach terms, so as to include 
the whole of both currents; that is, 


M=- coffe TS OST TEE (6) 


where r is the distance between ds and ds’, and e the angle between 
their directions, and the integration extends once round each circuit, 
the direction chosen being that of the current in each case. (6) is one 
of the simplest forms of Neumann’s celebrated formula. 
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= 


With respect to (5) and (6), the latter, referring as it does to closed 
circuits, is exact; but as regards the former all we can say at present is 
that the potential energy of two closed currents is the same asif a pair 
of linear elements, one taken from the first circuit, the other from the 
second, possessed the mutual energy expressed in (5); for such elements 
. could not exist alone. : 


SECTION II.—VARIATION OF THE ENERGY WITH THE SIZE OF THE 
SYSTEM. THE MUTUAL ENERGY OF ANY TWO DISTRIBUTIONS 
OF CURRENT. 


Given two closed circuits of any form with steady currents in them, 
laced at any distance apart in any relative positions, we have found 
Section I., p. 234] that the mechanical force between them may be 
completely defined by the variation of a certain quantity, M, which has 
a definite value for every configuration. Any linear displacement dx 
of one conductor, moving as a whole without rotation, is assisted by a 
real force arising from the mutual action of strength —-dM//dz, or the 
rate of decrease of M per unit displacement ; and, extending the mean- 
ing of adisplacement to signify any small change of position, and at the 
same time generalising the meaning of force so that its definition shall 
be contained in the statement “force x displacement = work done by 
the force during the displacement,” we have the same relation, force 
= —dM/dz. 

This eae of the force as the variation of the quantity M is 
simply a reversal of the statement that M is the integral of the force. 
For the method of obtaining M is entirely founded upon the fact that 
the mechanical force between two conductors bearing currents is the 
same as that between two magnetic shells of the same strengths as 
the currents, and with coincident edges, which again is reducible to 
forces acting according to the law of the inverse square of the distance 
between quantities of magnetic matter, so that M is really the mutual 
potential energy of the distributions of matter. We may also say that 
M is the mutual potential energy of the currents, remembering, how- 
ever, that the currents must not vary; for our equivalent magnetic 
shells are rigidly magnetised, and we so far ignore the existence of 
changes in the currents produced by the relative motion of the 
circuits. 

The quantity M for the complete circuits is the same as if any pair 
of current-elements of strengths C and C and lengths ds and ds’, at 
distance r apart, one being in the first and the other in the second 
circuit, contributed the amount —(CC’dsds'/r) [equation (5), p. 236]. 
From this we may see how the energy and the forces are affected by 
changes of dimensions in similar systems. For let there be another 
pair of circuits similar to the first, of n-fold linear dimensions, and 
similarly situated, so that every line joining corresponding points is 
magnified n times ; divide the circuits into the same number of elements 
of length as the first pair, thus making each element n times as long ; 
then (ds ds')/r is multiplied (n x n)+n=n times. Hence if the currents 
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are the same in both cases, the energy is n times as great in the 
magnified system. 

As for the forces, they are quite unaltered. For if dz be a displace- 
ment in the first case, it becomes ndz in the second ; and the changes 
in M corresponding are dM and ndM. But the force is the change in 
M per unit displacement, and is therefore simply dM as before. Thus, , 
in similar linear systems with the same currents, the forces are inde- 
pendent of, and the energy varies as the linear dimensions. 

This law, that the force in similar systems is unchanged, was made 
one of the bases of Ampére’s theory, as an experimental fact; from it 
follows, that if the actually observed actions were due to mutual forces 
between the different parts of the two conductors or currents, such 
forces must vary as the inverse square of the distance, when the 
inclinations of elements are the same. This, of course, also follows 
from (ds ds’)/r; its rate of decrease along r being ds ds'/r?. 

In varying the linear dimensions we kept the currents constant, so 
that it did not matter whether we varied the sections of the conductors 
or not. But, varying all the linear dimensions, if we keep the current- 
densities constant, so that with a doubled sectional area we have a 
doubled current, then, since an n-fold increase of linear dimensions 
multiplies each of the sections n? times, the currents are made n? times 
as great; hence in the magnified system the energy is multiplied 
nxn? x n?, or n> times instead of only n times, whilst the forces are 
multiplied nt times. 

This law of the fifth power, which in its application to dynamos has 
been pointed out by M. Marcel Deprez, is a particular case of a more 
general law. The potential energy of any similar distributions of 
matter with the gravitational law of inverse squares varies as the fifth 
power of the linear dimensions and as the squares of the densities. 
(Thomson, “ Electrostatics and Magnetism,” p. 435.) The matter may 
be of the electric or magnetic kind, repulsion between like, and attrac- 
tion between unlike kinds. If p is the volume-density and P the 
potential, 42 Pp is the potential energy, the summation including all 
the matter. Here P=È p'/r as usual; hence the energy is 422 pp’/7, 
where p and p’ are the quantities of matter in any two elements of 
volume and r their distance apart. Now, in a system of n-fold dimen- 
sions, divided into the same number of elements of volume, each of 
them is n times as large, and their distances apart are all multiplied 
n times; hence the energy is multiplied n?n3/n=n5 times. And, of 
course, when the density varies, the energy varies as its square, since 
p and p’ are both similarly increased. 

But applying this law to similar magnets of different dimensions, 
but of the same intensity of magnetization at corresponding places, the 
law becomes that of the cube, not of the fifth power. This may be 
easily seen by comparing two similar magnets, solenoidally magnetised. 
If their intensities of magnetisation are the same, the surface-densities 
of free magnetism are the same. But the law of the fifth power applies 
to volume-densities, hence there is a loss of two dimensions. Or, 
replace the surface-density, say o, by a volume-density o/t, ¢ being the 
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small thickness of the layer. An n-fold increase of linear dimensions 
with volume-density constant would increase the energy në times, as 
before ; but then, since ¢ would be multiplied n times, o would experi- 
ence a like increase to keep o/t the volume-density constant; conse- 
quently, the intensity of magnetisation, which is numerically the same 
as the surface density, would also vary as the linear dimensions. 
Thus, with the intensity of magnetisation kept constant, an n-fold 
increase of linear dimensions of a magnet makes the volume-density 
(replacing the surface-density) vary inversely as n. Hence, remember- 
ing that the energy varies as the square of the volume-density, we 
have the energy multiplied only 15/n? or në times. 

Yet, although the në law holds for magnets with intensity of magne- 
tisation constant, it does not hold for current systems, with the density 
of current kept constant, even when we replace the currents by mag- 
netic shells producing the same fields of force. For the strength of the 
equivalent shell in any case is its intensity of magnetisation multiplied 
by its thickness, and the strength must be numerically equal to the 
strength of the current it replaces. Now, the latter varies as n? with 
constant current-density ; hence, if the thickness of the shell becomes 
n times as great in the magnified system, its intensity of magnetisation 
or the surface-density must be also multiplied n times to keep pace 
with the current it replaces. Thus we have the case of similar magnets 
whose intensities of magnetisation vary as the linear dimensions, or of 
similar distributions of matter of constant volume-densities, and there- 
fore the në law holds. I observe, however, that Sir W. Thomson, in 
the paper above referred to (loc. cit., p. 435), makes the cube law hold 
both for magnets (“ polar magnets”) with constant intensities of mag- 
netisation, and for current systems (“‘electromagnets,” or systems of 
magnetic force due entirely to electric currents) with constant densities 
of current (or “intensities ”). This may be a slip, or I may not catch 
the meaning correctly, or the n> law may not apply to currents as it 
appears to do. 

As regards the magnetic force in similar systems of current, since at a 
point P it is the sum of (Ch/7r*)b,ds for each element of a linear circuit 

p. 224, ante], r being the distance of P from the element, and A its 
istance from the axis of the current, h, r, and ds are all multiplied n 
times in a system of n-fold linear dimensions with the same integral 
current C in corresponding places; the magnetic force is therefore 
multiplied n.n/n* or 1/n times, and thus varies inversely as the linear 
dimensions. But under the same circumstances, with density of current 
constant, so that C varies as n*, the magnetic force varies as n?/n or n; 
i.e., directly as the linear dimensions. 

Now, the energy is expressible, as will be seen later, also in the form 
È (87) ~1 (force)?, the summation being extended throughout all space. 
Here (force)? varies as n? under the last-mentioned circumstances, and 
the volume as nè; hence we obtain the n° law again with density of 
current constant. 

Leaving now the question of dimensions, let us pass on to the more 
general case of the mutual energy of two arbitrary current systems. 
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If we have a closed linear current C in presence of any number of 
others, C, C”, ete., we know exactly the value of M for our selected 
circuit C and any one of the others, say C’, if the rest of the system 
were non-existent. It is numerically Cx amount of magnetic force 
through it due to C’, or conversely. Also, -M is the amount of 
mechanical work that would have to be done by external force against 
the electromagnetic forces to separate C and C’ from their actual 
positions to an infinite distance apart, keeping the currents constant. 
Now, this being the case for C and C alone, and for C and C” alone, 
when C’ and C” exist together, the mechanical work required to remove 
C is simply the sum of the amounts of work done separately in the 
former cases. It is, indeed, obvious that the amount of magnetic force 
that Č and C” when co-existent send through C is the sum of the 
amounts they would separately send through C; and that the corre- 
sponding proposition is true for the work done follows from the mutual 
nature of the mechanical forces between the conductors, and is most 
easily seen to be true by replacing the currents by magnetic shells, by 
which we are reduced to mutual forces between sets of attracting or 
repelling points. In the case of the current, we may either remove C, 
fixing C' and C”, or fix C and remove C” and C”, or remove both C and 
the pair; but the pair must move as a rigid body without relative 
motion; or, if there be any, it must be cancelled later. And, in 
general, the energy of C with respect to any current-system is the sum 
of its energies with respect to the individual members of the system. 
And here remark that we have no concern with the mutual energies of 
the members of the system amongst themselves. - 

This being true for one closed current in presence of a system, is 
true for a second, or for any number; and, therefore, we have the 
result that the mutual energy of two arbitrary current systems (arbi- 
trary in all except that they must consist entirely of closed currents) is 
the sum of the mutual energies of all the pairs that can be made, taking 
one member of a pair from one system, and the other from the second ; 
and, since in neither system are we concerned with the internal 
energy, their mutual energy is the work to be done to bring them 
together to their actual positions moving as rigid bodies, without 
internal relative motion ; or, if there be such, we must not count work 
so performed. 

For the expression of this and other results in a simple manner, it 
will be convenient to introduce volume-elements of current, instead of 
the linear elements previously used. If we have a current in a wire, 
and consider the latter as a mere line, we have, of course, infinite con- 
centration of current. There is no appreciable error caused by replac- 
ing wires by lines so long as the wires are not very close together, and 
there will be no error if we locate the lines properly ; but when we are 
considering currents in general, it is best to take things as they are, 
viz., finite currents across finite areas. 

A current system may be split up into tubes of flow, which are all 
closed. Any tube is independent of the rest, in so far that there is no 
current from it to its neighbours, for it is bounded by lines of flow. 
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Now, by splitting up the tubes into an indefinitely great number, we at 
the same time reduce their sections indefinitely, and also the currents 
they carry; hence in the limit we may treat every current-tube as a 
closed linear circuit carrying an infinitely small current. Let ds be an 
element of. length of such a tube, dS its section anywhere, then ds dS 
is an element of volume, say dV. Let, now, C be the current-density, 
i.e., CdS = current crossing dS, so that C would be the current across 
unit of area normal to the current were its density all over the unit 
area the same as at dS. Now, our linear element [p. 236] was integral 
current x element of length; this now becomes (CdS)ds or CdF. 
Further, we may conveniently take the element of volume to be the 
unit volume, since the latter may be as small as we please. We now 
have, instead of equation (5) [p. 236], the following:—The mutual 
energy of two closed currents is the same as if every pair of unit 
volumes, one belonging to the first, and the other to the second circuit, 
contributed the amount 


OCF i AO AC res eese. (1) 


Here, A=C +r is the vector-potential of C at C’, and A’=C’+,r is the 
vector-potential of C’ at C, r being their distance apart. 

Now, apply (1) to two arbitrary current-systems. We know that 
(1) is true when summed up for two closed tubes of indefinitely small 
section, and that our systems may be split up into such tubes. It 
follows that when we divide space into elements of volume (ignoring 
the tubes completely), and apply (1) to every pair of volume-elements 
that can be made between the two systems, and sum up, we shall 
obtain the mutual energy, for as soon as we have finished the summa- 
tion we have closed all the tubes. 

Therefore, the mutual potential energy M of two systems of densities 
C and C’, is 

M = —-22COC/r= -È AC = -TAC,........ eee eee (2) 


where A is the complete vector-potential of the first, and A’ of the 
second system. In one form we have a double summation, viz., to all 
pairs of current-elements ; in the other forms there is but one summa- 
tion, because the vector-potential itself is obtained by a summation. 
Thus, in the form - È AC’, we sum up AC’ for every element of the 
second system; here A expresses a summation over the first system, 
viz., 2C/r (vector sum). 

Corresponding to (2) these are exactly analogous expressions for the 
mutual energy of two systems of electrification, and the comparison is 
instructive. p and p’ being the volume-densities of free electricity, 
P and P’ the potentials, and M the energy, we have 


M = 33 pp |r =E Pp =} Pp.. (3) 


Here p, the density of electrification, corresponds to C, the current- 
density in (2), and P the scalar potential to A, the vector-potential. 
Both p and P are scalars, and their product is found as in algebra. 
But in (2) both the currents and their potentials are vectors, which is 
how it comes about that we have to multiply by the cosine of the angle 

H,E.P.—VOL. I. 
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between their directions. As for the negative sign in (2) and positive 
in (3), it arises from similarly directed currents attracting, whilst 
similar electrifications repel. 

The following rule is useful in adding the scalar products of vectors. 
If A,, A, A,,... are any vectors whose vector-sum is A, and C is any 
other vector, then 


A,C+A,C+A,C+... = AC. 


[Similarly C may be split up into any number of vectors C, C,, ... ; from 
which we see that in the formation of scalar products of pairs of vectors, 
each of which is the sum of any number of other vectors, we proceed 
precisely as in common algebra, For example, 


(A, +A,) (C, +C) = AC, + 4C, + AC, + A,C 
nS" SOA, + CoA, + CA, + CA, 
The practical utility of the algebra of vectors is easily seen. ] 


SECTION III. THE SELF-ENERGY OF A CURRENT-SYSTEM. 


We have next, in natural order, to consider the potential energy of 
a current-system on itself, as distinguished from its energy with respect 
to another system. The latter being called the mutual energy, we may, 
for brevity, term the former the self-energy, just as the induction of a 
current on itself is called self-induction. The meaning of self-energy 
follows plainly from that of mutual energy; and hence, after the 
method previously given [p. 240,] we may define the self-energy (poten- 
tial) of a current-system to be the amount of work spent by exter- 
nally applied forces against the electromagnetic forces in building up 
the system by bringing together to their required positions from an 
infinite distance all the infinitely fine tubes of current into which the 
system may be split up, each infinitely small current being of constant 
strength. Now this amount is always negative (as is plain in simple 
cases, and is proved for an arbitrary system below), though the mutual 
energy of two systems may be positive or negative; hence the self- 
energy (potential), with sign changed, is the work needed to pull the 
system to pieces against the electromagnetic forces, finally bringing it 
to a state of division into infinitely fine tubes, infinitely widely 
separated. 

The calculation may be made by the same method of pairing tubes as 
for the mutual energy, with one important difference, however, which, 
when attended to, allows the method to give us the formula for the 
self-energy. Divide the system into, say, n tubes, and remove them, 
one at a time, to an infinite distance. Or, simply turn any tube in the 
act of removal into such a position that the total amount of magnetic 
force through it arising from that part of the system which remains is 
nil, and then cancel it. The required total amount of work performed 
is obviously the sum of the mutual energies, first of No. 1 tube with 
respect to the remaining (n—1); then of No. 2 with respect to the 
remaining (n -— 2), and so on. Thus, in pairing the tubes, we count 
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each once only with respect to all the rest, or we form all the different 
pairs that can be made in the system. 

Now, imagine there to be another system, exactly equal to the first, 
and coincident therewith. In calculating their mutual energy, we 
should form all the pairs that can be made, taking one member from 
the first, and the other from the second system. Now, we have, for 
example, the mth tube in the first paired with the nth in the second 
system, and also the nth in the first paired with the mth in the second. 
But the energies corresponding to these two pairs are equal, by the 
assumption that the systems are exactly equal. So the pairing is the 
same as if, in the previous case (for the self-energy), we had counted 
every pair twice over, with only this difference, that we have additional 
pairs 1,1’, 2,2’, 3,3’, etc., the accents referring to the imagined system. 
But the sum of the energies corresponding to these pairs, when the sub- 
division is carried to extremes, becomes infinitely small compared with 
the sum of all the rest. Hence we have the result that the self-energy 
of a system is exactly one-half its energy with respect to an exactly 
equal coincident system. The latter we know to be 2 AC, where C is 
the current and A the vector-potential of either system. Consequently, 
if M, be the self-energy, we have 
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Any other method, properly carried out, will lead to the same result. 
Thus, first divide the system into two coincident systems, each of half 
the strength, and, therefore, having the vector-potential halved as well 
as the density of current, and separate them. The work done is 
4.4 ZAC, being their mutual energy, with sign changed. Next, 
similarly divide the two halves into systems of a quarter the current- 
density and vector-potential, and separate as before. The work done 
is 2.4.42AC. In the third similar operation the current and vector- 
potential are (C +8) and (A+ 8) and there are four pairs; hence the 
work done amounts to 4.4.4 ZAC. Carry this on ad infinitum, and 
sum up the amounts of work spent. The result is 

È AC(4+4+7.4+...)=Z4AC, as before, 
since the sum of the series = 4. 

Collecting results, let M, and M, be the self-energies, M, the mutual 
energy of two arbitrary systems, in which C, and C, are the currents, 
and A, and A, the vector-potentials, and let M be the complete energy. 
Then we have 

-M= —-(M,+M,+M,,.)=243A,0,+24A,0, +2 AC, ...... (2) 
where, instead of the last term, we may write 2 A,C.,. 

We may easily show that (2) is consistent with ( 1) by regarding the 
two systems as a single one. For the actual vector-potential at any 
point is the vector-sum of A, and A,, say A. Now if we substitute for 
the last summation in (2) one half of (2 A C, + ? A.C), which we may 
do because the two sums are equal, and rearrange terms, we get 

—-M=2}(A,C,+A,C,)+2}$(A,C, + A.C.) =2 AC, +23AC,, 
(See rule on p. 242). Therefore, if the systems nowhere overlap, this 
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is reduced to 24AC, extending the summation over both systems. 
And when they do overlap it is the same. For in the overlapping 
parts the actual current is the vector-sum of C, and C, hence we are 
reduced to 24AC always, agreeing with equation (1) for the self- 
energy of a system. | 

There is another very important and significant expression for the 
energy, which involves a transformation of an extraordinary character. 
Expressed generally, it amounts to this :—Let A be any vector function 
of no convergence, B its curl, and C that of B, then 


E: eee nee (3) 


the summations being taken throughout all space; or, which comes to 
the same thing, the first summation extended to all places where C 
exists, and the second over all space where B exists. A, B, C are here 
defined exactly as for the volume-element of a current, viz., amount 
crossing unit of area x volume, and taking the volume-element as the 
unit volume. By making use of the fundamental theorem connecting a 
vector and its curl, and by following the tubes of flow in our summa- 
tions, the proposition admits of proof in a manner which makes evident 
how the transformation takes place. 

Since B and C are non-converging, these systems may be completely 
divided into tubes of flow (i.e., of flow as applied to a liquid), which are 
all closed. We shall first prove (3) in the case of a single tube of C, 
which may have any form, but is of indefinitely small section; t.e., 
C=0 everywhere except along a certain closed channel, across every 
section of which we have a constant amount of C, which we may call 
Cı Let B, and 4, be the corresponding values of 4 and B. (A, is 
the vector-potential of C,, and B, the curl of A,, as before shown.) We 
know by the fundamental relation of Theorem (B), [p. 211], that the 
line-integral of B, once round any closed curve = whole amount of C 
through the curve ; hence the line integral is zero unless the tube of C, 
goes through it (the closed curve). Now, the system B, is wholly made 
up of closed tubes, and since, if we integrate B, once round one of 
them, we always get a finite result (because the direction of B, is along 
the tube), it follows that all the tubes of B, pass through the circuit of 
C, and complete their circuits outside. 

Let any surface be described whose edge is bounded by the circuit of 
C,; then, by what was said last, it cuts all the tubes of B,. Next, let 
it be so situated as to cut them at right angles, and describe a series of 
other surfaces indefinitely close together, all similar to the first in that 
they are bounded by the circuit of C, and cut the tubes B, perpendicu- 
larly. This is possible, because in space where B, has no curl, that is, 
wherever ('=0, or everywhere except within the tube of ©,, B, may be 
derived from a scalar potential; and these surfaces are the equipotential 
surfaces. (We need not consider any correction in the following due 
to B, within C,, because we take that space infinitely small.) 

We have to prove that 2 A,C,=2B?. Now the summation of 2 A,C, 
extends only to the tube of C,. Hence 


2 A C) = C; x line-integral of A, once round C}; ........... (4) 
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(not meaning round C, in the sense that a tube of B, goes round C,, but 
along the tube of C,). But B,=curl A,, therefore (4) becomes, by 
Theorem (B), [p. 211], 
2 A,C, =C x integral of B, over any surface bounded by C}. ... (5) 
But again, C, = curl B,, therefore, by Theorem (B) again, 


C, =integral of B, once round any tube of B}. ............ (6) 
Hence, by substituting (6) in (5) we find 
2 A,C, =line-integral of B, x surface-integral of B}. ......... (7) 


It is important to notice that any tube of B, will do for the line- 
integral, and any surface bounded by C, for the surface-integral. But 
all the tubes of B, are cut by the surface, and when it is an equi- 
potential one they are cut perpendicularly. The same being true for 
the whole series of equipotential surfaces, it follows that the product of 
the line and surface-integrals in (7) includes every place where B, 
exists ; hence we may ignore the tubes completely, and write 

2 A,C, = 2B}, 
extending summations through all space; whence the proposition is 
proved in the case of an infinitely fine tube of C. 

Now, in the general case of an arbitrary system, divide C into its 
tubes, and consider one of them, say, C,, as before. We have A and B 
instead of A, and B,, and ZAC, instead of 2A,C,; hence, by the 
previous reasoning, 

2 AC, =C; x line-integral of A round C,, 

= C) x surface-integral of B, essensen. (8) 
the latter being over any surface bounded by C, Divide space as pre- 
viously by means of the equipotential surfaces of B, and the tubes of 
B, (not of B). ‘The tubes of B will not, save exceptionally, cut the 
surfaces at right angles, hence we have to take the normal component 
of B in the surface integral in (8); that is, B cos (BB,). Also C, has 
the same relation to B, as before, therefore, by (6) and (8), 


2 AC, =line-integral of B, 9) 
x surface-integral of B cos (BB,). J °°" "°""" ( 
But BB, cos (BB,) = BB,, and the space integrated over is as before ; 
therefore, 
ZnO = 2 BB onone ai (10) 
Similarly for a second tube of C, say C,, we shall have 
= AC, == BB, ; 


and when we do the same for all the tubes of C, and add, we get 
2 AC = = (BB, + BB,+BB,+...). 
But B is the vector sum of B,, B,, &c.; whence the bracketed 
quantity in the last equation = BB = B?; therefore, finally, 
2 AC =? B?.......... TEE (11) 


for any arbitrary system. 
I think it was a philosopher who propounded the theory that men 
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always thought in some language; an Englishman in English, for 
example ; always, if he knew no other language ; otherwise he might 
think in any one he knew. Not to raise the obvious objection that 
persons dumb from birth should, according to this, have no thoughts at 
all, the theory is certainly proved to be false by an examination of such 
a transformation as the above. As regards the case of a single tube of 
C, if only the geometrical conditions are pictured in the mind, the 
division of space into small cubes by the tubes of B, cut across by the 
equipotential surfaces of B,, the transformation becomes as self-evident 
as an axiom, and no form of words or sentences is necessary. The less 
one is cumbered with them the better. And although, the extension 
to an arbitrary system is less easy, it is still easier to be pictured than 
logically demonstrated. The transformation might have been seen 
quite intuitively ; it is only when one has to prove it to some one else 
that clothing the thoughts in words becomes necessary ; and, even 
then, the clothes do not correspond to the original thoughts, but to 
those arising in the act of description, and both words and thoughts 
require to be readjusted, perhaps two or three times, before they will 
mutually fit with any decency. The Cartesian transformation, break- 
ing up each of the vectors A, B, C into three rectangular components, 
is short enough, but is gifted with a total absence of visible reason and 
significance. 

In applying (11) to electromagnetism, we have to remember that, B 
standing for the magnetic force, C for current, and A for the vector- 
potential, we have B=curl A, but 47C=curl B. Consequently the 
potential self-energy of a current-system is, by (1) and (11) 


ES YAC= — EBY8r. oniiir (12) 


Now, go back to (10). The left-hand member is the mutual potential 
energy with sign changed of an arbitrary current-system whose vector- 
potential is A, and of a single tube of current C,. In the same manner 
as (11) followed from (10) we may easily show that the mutual potential 
energy of two arbitrary systems denoted by the suffixes 1 and 2 is 


—-M,,= -2A,C,= -2A,C, = — 2B,B,/4z. ........... (13) 


Hence, in terms of the magnetic force, equation (2), for the complete 
energy of two systems, becomes 


— M = È B?/8r + È B?/8r + È B,B,/4r, 


which is obviously reducible to 2(B,+B,)?/8r or 2 B?/8r, if B be the 
actual resultant magnetic force. . 

The expression 2 B?/8r, that is, the potential energy with sign 
changed, may be proved, though not without reference to induction 
phenomena, to be the Energy of a current-system, or its capacity for 
performing work in various ways. The form in terms of the square of 
the magnetic force, due originally to Sir W. Thomson, is of great 
significance in the theory of action through an intervening medium, as 
opposed to action at a distance. 
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SECTION IV.—PROBABLE LOCALIZATION OF THE ENERGY. DIVISION 
OF ANY VECTOR INTO A CIRCUITAL AND A DIVERGENT VECTOR. 


We have arrived at three distinct expressions for the potential 
energy of currents, involving line, surface, and volume integrations. 
Thus, confining ourselves first to a pair of linear circuits, we started 
with a surface-integral, derived from the properties of magnetic shells, 
viz., the integral amount of magnetic force passing through one circuit 
due to the current in the other. This amount, multiplied by the 
strength of current in the circuit for which the integral is reckoned, is 
the quantity upon whose variations the mutual forces depend. Now, 
the idea of magnetic force as a vector or directed quantity has become 
so widely spread and utilised that it might appear that the expression 
of the energy in terms of the number of lines of force through a circuit 
was a very natural one. In all modern explanations relating to mag- 
neto and dynamo machines, the lines of force are much employed. 
Yet this form for the energy is very artificial, and, in that respect, is 
like some other forms. For, although we may frequently merely con- 
sider the lines of force of the field in immediate proximity to a 
conductor, and the manner in which they cross the wire when it is 
moved, or when the source of the field is moved, thus producing 
variations in the integral amount of force (or of magnetic induction, to 
use the more general term, when induced magnetisation, notably that 
of iron, not here considered, is operative) through a circuit, yet to 
reckon up the integral amount a knowledge of the strength and direc- 
tion of the magnetic force just about the wire is not sufficient. We 
require strictly to know the magnetic force all over an imagined surface, 
with its edge coinciding with the linear circuit. Choose one side for 
positive, one direction through it for the positive direction, and then 
by integration over the surface find the excess of the amount of force 
going through it in one over that in the reverse direction. This 
process may become singularly complex when the circuit has not a 
simple form, owing to the extraordinarily involved character of the 
surface, through which a selected line of force may pass again and 
again. In practical applications, however, we may simplify the pro- 
cess, Thus, in the case of a coil of closely-packed windings, say n in 
number, since each winding forms nearly a closed curve in itself, we 
may imagine a separate surface for every turn of wire, thus reducing 
the problem without sensible error to that of n distinct circuits of 
simple forms placed in a magnetic field. The sum of the amounts of 
force through the individual surfaces will plainly be almost precisely 
the same as through a single surface whose edge is bounded by the real 
circuit. 

By a transformation we next obtain the mutual energy in terms of 
line-integrations following the course of the current, with a result most 
succinctly expressed in Nenmann’s formula, equation (6), [p. 236], and 
we are able to recognize the very simple manner in which the different 
current elements may be considered to contribute to the result; and, 
following this up, we arrive at simple expressions for the mutual and 
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self-energy of arbitrary distributions of current in terms of the currents 
and their vector-potentials, which are exactly analogous to the formule 
for electrostatic energy. And, by another transformation, equation 
(12), [p. 246], we obtain the energy in terms of the magnetic force 
alone. 

Now, if we change the sign of the quantity we have called the 
potential energy of a current, which is always negative (being 
= — £ B?/8r, equation (12), [p. 246] we obtain a quantity which is 
necessarily always positive. Calling it T, so that we have 


T= 4AC, 


where C is the current and A the vector-potential, it will be shown 
later that T expresses the capacity the system has for performing work, 
which may be of various kinds, in virtue of the existence of the current, 
so that T may be strictly called the Energy of the system. Taking 
this for granted for the present, in order not to enter upon inductive 
phenomena, we may, however, remark in passing that we calculated 
the potential energy ( — T) in exactly the same manner as electrostatic 
energy may be calculated, from the mutual forces, to wit. P being the 
electrostatic potential, and p the density of electrification, 24Pp is the 
potential energy of the electrification, corresponding to -24AC. Now, 
24Pp really represents the capacity the electrified system has for 
performing work, that is, its energy. It-is always and necessarily 
positive, and, when referred to the dielectric medium, may be con- 
sidered to express the potential energy arising from elastic forces due 
to displacements of some kind. The fact that the potential energy M, 
in the electromagnetic case, is negative (resulting from attraction of 
similarly directed currents) is sufficient to show that it cannot represent 
the capacity for work of the current-system. Yet the variations of M 
do represent the mechanical forces. So do those of T, any increase of 
one being equivalent to an equal decrease of the other. Therefore T 
might be the energy. But it could not be potential energy, for that 
tends to decrease : for instance, two movable circuits tend to move so 
that their potential energy decreases, with currents constant, and, 
therefore, so as to increase T. If, then, T be the energy, and it cannot 
be potential, it must be kinetic. And it is true that, considered as 
kinetic energy, it follows from strictly dynamical principles that T 
would tend to increase (with unchanged currents) by the motions 
resulting from the actions upon movable parts. Without, then, any 
knowledge of inductive phenomena, we might hazard the conjecture 
that T represented the energy, and that it was kinetic; and from the 
properties of kinetic energy all the laws of induction would follow. 

At present, however, let us merely examine how the different 
expressions for T tend to locate the energy. The original form 
(surface-integrals) is quite out of the question, even for a single linear 
circuit, to say nothing of an arbitrary system of current, whether in 
wires or diffused in large conductors. 

The form 7=243AC, however, is more definite. Here any unit 
volume where the density of the current is C contributes 4AC to the 
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total, and of course space where there is no current contributes 
nothing. The summation extends throughout the current. Now, we 
know that there is something going on in a wire conveying a current ; 
we know, for instance, that there is a transfer of energy from a battery 
or other source of electricity ; therefore, so far, it would not be 
unreasonable to suppose the energy resides where the current resides. 
But observe that, upon this view, the energy at any spot would depend 
not merely upon the current there, but also upon the vector-potential 
there, and the latter depends upon the state of the whole system. 
Now, the energy at any place, whether potential arising from elastic 
displacements of matter tending to return to neutral positions, or 
kinetic, due to a motion going on, would obviously depend on the 
displacements or motions at the place considered, and not upon those 
in all parts of the system. Evidently, then, the expression = 4AC does 
not locate the energy properly. Notice, also, that although the total is 
positive, yet the portion $AC in any particular unit volume would be 
positive or negative, according as the current and vector-potential were 
similarly or oppositely directed, and zero should they be perpendicular. 
We may therefore dismiss the idea of 4 AC representing the energy per 
unit volume, or the density of the energy. 

But we have still the form > B?/87 at disposal. This is identically 
the same in amount as È 4AC, but indicates a very different distribution 
of energy. In a unit volume we have the amount B?/8z, where B is 
the strength of magnetic force there. Being a square, it is always 
positive. Thus, not only have we the total positive, but every element 
of the sum is positive as well. And the energy at any place depends 
only upon the square of the magnetic force at the place, and not upon 
the state of all the rest of the system. 

The conclusion is irresistible that we have got an expression for the 
energy which may correctly locate it in amount at different places. 
As to its distribution, although particular arrangements of current may 
be such as to leave certain spaces without magnetic force, yet, in 
general, the latter extends throughout all space. The portion of the 
energy residing in the space occupied by the current may be only a . 
small fraction of the whole amount. And, even then, it depends on 
the magnetic force, and not upon the current-density; although, of 
course, there is connection between the force and current in other 
ways. 

Examples.—In the case of a closed solenoid there is no external 
magnetic force. And if the current-layer be thin compared with the 
diameter nearly all the energy resides in the space enclosed by the 
current, and next to none in the current itself. In the case of a long, 
straight solenoid the internal energy is very great compared with the 
external; the force is uniform, of strength 47C, where C = current 
across unit length of the solenoid, except near the ends where the force 
falls off; hence the energy in any part of the internal space not near 
the ends is proportional to the volume of the part. 

When, then, we set up a current in a conductor, a transmission of 
energy outwards at once begins, and not until it is completed does the 
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current get steady. Theoretically it never gets quite steady ; space is 
boundless, and the transmission of energy outwards never quite ceases ; 
but, in general, the permanent state is, practically, reached very 
quickly, and then we have a definite amount of energy in every place 
where the magnetic force extends, falling off in density of distribution 
rapidly as we recede from the current. A medium of some kind to 
receive the energy is, of course, necessary. 

If the energy be kinetic some kind of motion must be going on 
where there is magnetic force. One suggested form is a rotation of 
matter about the lines of force as axes. This should be of a frictionless 
character, for there is no loss of energy in a steady current except what 
can be accounted for in heating the conductor or by other work done. 
It is as if we had a frictionless fly-wheel, or immense number of fly- 
wheels somehow set moving by the establishment of a current in a 
circuit, and possessing in virtue of their motion a store of energy which 
can be afterwards utilised. The supply of energy from the battery 
may be stopped, and then the reserve store comes into action, is 
returned to the same wire, or to other conductors in its neighbourhood, 
creating the phenomena of induced currents. 

But in the absence of reason to think the energy kinetic, we could 
equally well consider it potential, with the same distribution in space. 
We might, for instance, replace the steady motions of rotation last 
mentioned by displacements in the direction of the magnetic force, or 
by the same rotations as before, but stopped by counteracting elastic 
forces brought into play. The energy would be similar to that of a 
bent spring. On the removal of the E.M.F. that kept up the current, 
the forced state would be relaxed, the displacement cease, and the 
energy be set free again. | 

We may now notice some remarkable properties of the energy con- 
sidered merely as expressing the quantity 2 B?/8r or 24AC. 

Let there be a given distribution of current C}; corresponding 
thereto we have a definite distribution of magnetic force B,, and also 
of vector-potential A,. Briefly, they are related thus, 

A, =20C,/r, 
B, = curl A, =2D,/r, 
(if D, =curl C,); and 
4x0, = curl B.. 
All these relations have been fully explained. In addition we have 
T, = 2B,?/87, and B, being definite, so is 7. 

Consider the effect upon T, of altering the magnetic force in any 
arbitrary manner, that is, B, at any place is to be changed to some 
other value, say B, differing in general from B, both in direction and 
magnitude. We may make the alteration by bringing in another 
magnetic field, say B,, of an arbitrary nature. At any point the actual 
magnetic force B will be the vector-sum of B, and B,. Now 7, becomes 
T, where 

T = 2(B, + B,)?/82 = 2 B?/8r + 2 B?/8r + 2 BLB,/47, ......... (1) 
= l +7, + T2 say. 
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The energy is increased by T+T, Here T, is the energy of the 
system B, by itself, and is essentially a positive quantity. But Tis 
containing products may be either positive or negative, so that whether 
the energy is increased or decreased is quite indefinite so far. 

But now, instead of letting B, be quite arbitrary, let it be subjected 
to the condition that it shall not alter the current. We can then 
evaluate T,» The original current C, must be still C,, after the super- 
position of the second field, and no fresh current must be introduced in 
other places. C, being completely defined by the curl of B,, it is 
evident that the condition imposed upon B, is that it shall have no curl 
anywhere. 

If we have two current systems, we have seen that [equation (13), 
p. 246], 

2 BB, = 4r 2 AC, 


where B, and B, are the magnetic forces, A, the vector-potential of one 
current, and C, the other current. Therefore, if C,=0, which involves 
curl B, =0, we “shall have XB ıBą=0. This is suggestive, but does not 
exactly correspond to the circumstances considered in equations (1) 
above. For C,=0 involves B,=0; whereas in (1) B, is not to vanish, 
but merely to have no curl. “Otherwise it may be arbitrary. Never- 
theless, it may be readily shown that È B.B, really vanishes in (1) by 
considering the imposed property of B,. When we say that its curl is 
nothing everywhere, we imply that nowhere can any closed curve be 
described so that the integral of B, once round it differs from zero. 
Now, B, consists entirely of closed tubes. Select one of them, and let 
it be of infinitely small section. The portion of 2B,B, belonging to 
this tube is 
B, x section of tube x integral of B, once round its length. 


But B, x section is a constant for the same tube, and the last factor is 
Zero, hence the portion of, 2 B,B, is zero for that tube. Similarly it is 
zero for any other, and for all, ‘and it follows that the whole summation 


SBB,=0, or Tp=0. 


Consequently (1) betons: 

T=T,+T, 

Hence, if we alter the magnetic force of a current in any manner 
consistent with keeping the current the same, the energy is invariably 
increased ; for T, is the sum of squares, and the products have gone out; 
i.e., out of the infinite number of distributions of magnetic force which 
have the same cur! 4rC,, the real distribution is that one which makes 
the energy an absolute minimum. 

There are remarkable differences between the two fields of force 
signified by B, and B, B, has no convergence anywhere ; that is its 
fundamental property. Its lines of force are all closed curves. It 
necessarily has curl somewhere. Quite apart from our having specified 
B, to have curl, we may show that if it have no convergence it must 
have curl. For, if the integral of B, be taken once round a closed line 
of force, thus always going with the ‘force, or always against it, and its 
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amount, necessarily differing from zero, be noted, and then we do the 
same for another closed line of force close to but within the first, the 
amount must be the same or different. If different, there is evidently 
curl in the space passed over in transferring one line of force to the 
other, and we need proceed no further. If the same, there is no curl 
on the whole. If so, we may go on to a third line of force within the 
second, and so on till we either find the integral change its value, or in 
the extreme case find ourselves reduced to a curve bounding an 
infinitely small area, with the same finite value of the integral, so that 
we have infinite density of curl. In electromagnetism, the curl corre- 
sponds to 47 x current-density, so that the existence of closed lines of 
force involves the existence of current sumewhere, in fact passing 
through the closed lines. 

Now consider B It must have no curl anywhere. Describe any 
closed curve in the field. It cannot be made to coincide with a single 
line of force, for that would give curl at once. The integral of B, must 
be nil. Hence, since there is not a single closed line of force in the 
field, every line of force has a beginning and an end, and the system 
may be completely divided into tubes which are all terminated, or 
unclosed, or open. (In order to exclude getting infinite values for the 
energy, it should be understood that B, and B, vanish at infinity. And 
in the case of unclosed lines of force going out to infinity, we may 
terminate them upon an imaginary large surface enclosing the practical 
field of force.) 

The field B, corresponds to that of a permanent magnet on the theory 
of magnetic matter, or north and south magnetism. This theory gives 
but an imperfect view of the force of a magnet, but just answers our 
purpose here. In a bar magnet uniformly magnetised there is positive 
magnetism at one end and negative at the other ; and, in general, there 
may with irregular magnetisation be both surface and internal distribu- 
tions of magnetism. The lines of force go from the positive to the 
negative magnetism always, and are thus all terminated or unclosed. 
The line-integral of force round any close curve is-always nil. The 
amount of magnetism anywhere is measured by the amount of conver- 
gence or divergence of the force, which convergence and divergence 
really constitute all the evidence there is of the existence of the 
matter. 

Now, we may arrange our magnetism anyhow, the only restriction 
being that there is just as much positive as negative, which, interpreted, 
means that a line which is not closed on itself must have two ends 
(which nobody can deny); hence we can produce a field of force B, 
which is quite arbitrary, save the restriction that B, has no curl any- 
where. And since we can arrange electric currents anyhow with the 
sole restriction that any line of current must have no ends, or be 
closed, we can produce another field of force B,, which is arbitrary, 
subject to B, having no convergence. Now superimpose the two fields, 
the currents and the magnets adding their forces. The result is an 
unconditionally arbitrary field of force, which has both curl and con- 
vergence. | 
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: Given, then, an arbitrary field B of unknown source, we may 
immediately divide it into two fields—one due to current, the other to 
magnetism. There is only one way of effecting the division, and no 
other course. For, measure the curl of B everywhere and construct the 
field, say B,, which has just that curl and no convergence. Deduct the 
field B, from the field B; the residual field, say B,, has obviously no 
curl, and has, therefore, convergence. Or we may start by finding the 
convergence of B, and construct the field, which has the same conver- 
gence but no curl; this will be the same B, as before, and, deducting it 
from B, will leave a field B,, which has no convergence, and which, 
therefore, has curl. B, is due to current, B, to magnetism. 

Now, the arbitrary field B might be divided into two fields in any 
number of ways, and in general equation (1) above would hold, it being, 
however, now permissible for both B, and B, to have curl and conver- 
gence as well as B, and T} would not vanish. But of all these ways 
there is just one that makes T, vanish, and when that is got there is a 
perfect separation of the closed from the unclosed tubes of force, the 
curl is confined to B, and the convergence to B. These properties do 
not belong to magnetic force only, but apply to any continuous vector 
functions, displacements, velocities, etc., and have extensive applications 
in physics. The work spent against magnetic force in carrying a unit 
pole from 4 to Z in the field B, is independent of the path followed, 
therefore depending only on the positions of 4 and Z, and hence we 
have a scalar potential. On the other hand, a vector-potential is 
appropriate to the field B,, in which the work spent is not independent 
of the path, although in space not occupied by current a scalar potential 
may be used under restrictions. Compare Theorems (B) and (C) 
(pp. 211, 212]. 

In proving the minimum property above we applied it to a field of 
force due to currents. But it is easily seen to apply equally well to a 
field due to magnetism. Thus, let B, be given without curl, represent- 
ing the field of a magnet, and consider how the quantity È B? is affected 
by altering the field in any way that does not introduce fresh magnet- 
ism. The auxiliary field B, must have no convergence, hence 2 B,B, = 0, 
and 2B? becomes 2>B?+2B?, and is, therefore, always increased. 
Hence 2 B? for the magnet is the least possible. 

An application of the minimum property is to prove that one, and 
only one, solution exists for the magnetic force or the vector-potential 
when the current is given (or similarly for the force or scalar potential 
when magnetism is given). Merely to illustrate the general course of 
argument, take the case of a given system of current. Prove that there 
is one, and only one, distribution of magnetic force. Here we define 
magnetic force so that its curl shall be 47 x current, and that it shall be 
without convergence. Assume that B, is a solution. We can show 
that, if we alter the magnetic force without altering the current, we 
always increase the quantity > B?, and that È B? is, therefore, the least 
possible. That is to say, if B, is a solution, then = B is a minimum. 
But ~ BY, being always positive, is capable of being made a minimum, 
hence there must be a solution. That there is only one follows 
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obviously by assuming there to be another, and showing that it is the 
same as the first. 

It may be asked, and very naturally, what is the use of this when we 
know there is a solution, and have been working with it all along ? 
Not much, certainly, in the present case. But when we are considering 
induced magnetisation and various other questions, the equations and 
conditions to be satisfied may become so complex that it may not be at 
all evident à priori that they are consistent with the existence of a 
single distribution of force, etc., free from ambiguity and impossibility. 
In such cases valuable evidence is obtainable by forming the expressions 
for the energy or analogous quantities, and investigating their minimum 
or maximum properties. 

Consider next the mutual energy of two systems of current. Denot- 
ing their densities by C, and C, respectively we have [equation (13), 


p. 246], 
T\.= 2 B,B,/47 =2A,C,=2A,0,. 

Now here C, is the current corresponding to the magnetic force B,, 
and C, to B,, and similarly for the vector-potentials. But since all 
alike have the property of absence of convergence we may equally well 
let C,, C,, A,, A, stand for magnetic force. We have then six fields of 
force, all different, though related three and three, and we may arrange 
them in three pairs, so that their mutual energies are equal. As an 
example, if two coils of any form containing currents be so placed that 
either current sends no force on the whole through the other, the same 
will be true of another pair of currents so arranged that the magnetic 
force of one is represented by the current in one of the original 
circuits, and the force of the other by the vector-potential of the second 
of the original currents ; and similarly the other pair of currents may 
be found. 

Nor need we stop here, for we may do the same with the newly- 
obtained systems of magnetic force, and hence construct an unlimited 
number of pairs of fields which shall have the same mutual energy as 
a given pair. This may be symbolised thus :—Let B,, B}, Bẹ, B,, B, be 
fields of force so related that B, = curl B,, B,=curl B,, and so on; and, 
similarly, let there be another set, with accents, similarly related. 
Then, for example, starting with B, and B’,, we have, out of other 
combinations, 

2 BB’, = 2 B,B’,=2B,B’,, and also =2B,B’,==B,B’,, 
the summations extending in each case over the proper fields. We may 
have, however, merely superficial distributions to deal with. 

To conclude the present article, there is a curious form in which the 
energy may be expressed, which I have not seen noticed, viz., in terms 
of the vector-potential of current and the scalar potential of free 
electricity. Let a steady current be set up, say by a battery, so that 
we may locate the impressed E.M.F.’s distinctly at a certain section or 
sections of the circuit ; let the conductivity k be uniform, P the electro- 
static, and A the vector-potential ; then 

T=3k 2 PAm 
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where 4,, denotes the normal component of A reckoned inwards, and 
the summation extends over the whole bounding surface of the circuit. 
This may be verified by Theorem (A) relating to convergence [p. 209] ; 
P being scalar, PA is a vector, and its surface-integral may be expressed 
in terms of its convergence within the enclosed space. ° 
Since the potential P is discontinuous at the section of E.M.F. (one, 
‘for simplicity), we must cut the circuit there, thus producing an 
enclosed space which does not enter into itself as the closed conductor 
does, and reckon P differently for the two new surfaces formed, the 
values, of course, differing by an amount equal to the E.M.F. 
In general, with conductivity not uniform, 


r= |e PAydS + 5(|[P.avEAY, 


where dS and dV are elements of surface and of volume, and Vk is the 
vector rate of increase of k. 


XXVI.—SOME ELECTROSTATIC AND MAGNETIC 
RELATIONS. 


[The Electrician, 1883; §§1 to 5, April 14, p. 510; §§6 to 8, April 28, p. 558; 
§§ 9 to 15, May 5, p. 582; §§ 16, 17, June 2, p. 54; §§ 18 to 22, June 9, p. 79.] 


COMPARISON OF DIVERGENT AND CIRCUITAL VECTORS. 


1. WHEN we confine ourselves to a single dielectric, as air, for 
example, and do not take into consideration the modifications produced 
in the distribution of force by the presence in the electric field of 
dielectrics of specific capacity differing from that of the main body of 
the field (which amounts practically to having no variations of specific 
capacity unless it may be in very weak parts of the field, where no 
sensible effect would be produced), the relations of the principal electro- 
static quantities are capable of simple expression, and of more or less 
easy comprehension, according to circumstances. We have in the first 
place the electrostatic force, which is by far the most important; and 
next, two auxiliary functions, the electrification and its potential. 

In an electric field in equilibrium a small charged conductor in 
general experiences force at any place, and the electrostatic force is the 
force that would act upon a unit positive charge placed at the point con- 
sidered and supposed not to modify the field [due to the other electrifica- 
tion] by its presence ; the ordinary electrostatic unit of electricity being 
so defined that two charges of amounts e) and e, at distance r apart 
experience a repulsion of magnitude e,¢,/7. 

Electrostatic force is thus a vector, having direction as well as magni- 
tude ; and the electric field becomes completely known by following the 
direction of the force from one point to another, thus travelling along a 
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line of force ; then doing the same for another line of force, and so on ; 
and ultimately dividing the whole field into tubes of force, a tube being 
everywhere bounded by lines of force, there being no force normal to 
its surface (save when cut across), and such that the integral amount of 
force crossing any section of a tube is the same, a constant for the tube. 
Now these tubes are all unclosed, or start somewhere and terminate 
somewhere else, usually upon conductors, and at the ends of a tube is 
supposed to reside free electricity. According to Maxwell’s remarkable 
theory there is a real displacement of electricity all along a tube of 
force, proportional in amount to the strength of force at any place, and 
in the same direction in general (7.¢., in an isotropic medium, whose 
specific capacity does not vary in different directions); the whole dis- 
placement across one section being the same as that across any other. 
If this amount be e for a certain tube, then at the commencement of 
the tube there is an amount e of positive, and at its end an equal 
amount of negative electrification, or of free electricity, to distinguish it 
from the electricity displaced in other parts of the tube, which gives no 
indication of its presence, for a similar reason that a uniformly magnet- 
ised magnet shows no signs of “ magnetism” save at the ends of the 
lines of magnetisation. 

2. But, quite apart from this hypothesis—however probable it may 
be—which so neatly harmonises the equations of electromagnetism, and 
may almost be considered as a truth, whose recognition was, perhaps, 
hindered by the absurd 47 multiplier connecting electric force and 
surface charge, viz. :— 


Surface density (or displacement) = (47r)~! x force x spec. capacity, 
which is just as reasonable as it would be to say that, in a conductor, 
Current = (47r)"! x E.M.F. x conductivity, 


we may always determine the distribution of electrification from the 
convergence or divergence of the force ; and from a mathematical point 
of view, when we are only concerned with the quantitative and 
directional relations, we may consider the electrification to have no 
other meaning than to express the amount of such divergence or con- 
vergence at any place. 

Describe any closed surface, and measure the integral amount of 
force leaving it. This (divided by 47) is the measure of the amount 
of electricity contained in the enclosed volume. Applying this to the 
unit volume, we see that the volume density ( x 47) = excess of amount 
of force leaving over that entering the volume. If this be positive, 
there is evidently a divergence of force on the whole at the place con- 
sidered ; if negative, a convergence. Let R denote the electrostatic 
force, and p the volume-density of electrification, then we may say 

4rp=-—conv R or 4rp=div R, 
where we use conv and div as abbreviations to be understood as 
follows :—In terms of the components X, Y, Z of the force, we have 


aX dY aZ 
4p = (= + ay + =) (Theorem (A), p. 209, ante.) 


v 
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The expression on the right hand side of this equation (with the — sign 
prefixed) Maxwell called the “ convergence ” of the force; it is really 
the integral amount of force, taken algebraically, entering the unit 
volume ; but since + convergence indicates negative electrification, we 
may as well use the term “divergence” for the same quantity with + 
sign prefixed, as it appears in the above equation, in fact; thus, if the 
amount of divergence be positive, it indicates positive electricity. 
Electrification is thus a scalar (directionless) quantity of one degree 
lower dimensions than electrostatic force as regards length. 

The other auxiliary function to R, viz., the electrostatic potential, 
say P, is one degree higher than R as regards length, and is such that 
P=Zp/r. 

Divide the space where there is electricity into small parts; divide the 
charges in these parts by their distances from a given point, and take 
the sum of all the quotients; the result is the value of the potential P 
at the given point. Since p is scalar, so is P. 


We have also the relation 
R= 3(p/r®)r, 


between force and density, the summation being now of vectors drawn 
radially from the charges, the unit vector r, being introduced to 
vectorise the quantities summed. Likewise there is the very important 
relation 


R= -VP, 


which, translated into words, says that the force is the vector rate of 
fastest decrease of the potential, which we may call simply the space- 
variation of the potential. At any point, find which way the potential 
falls fastest ; it is the direction of the force, and its magnitude is the 
rate of decrease. 

Thus we have, in descending order, 


Scalar. -= Vector. Scalar. 
P=Zp/r, = —VP, 4rp=div R. ............0.. (1) 


Although we have only spoken of volume-density, we may easily 
pass to surface-density by the same method of considering the amount 
of force leaving a closed surface, which in this case must be intersected 
by the electrified surface where the density is required. 

3. If we compare the relations in equation (1) with the correspond- 
ing relations between A, B, and C in a current-system, C being the 
density of current, B the magnetic force, and A the vector-potential, 
we observe similarities and differences. For we have 


Vector. Vector. Vector. 
A=20/r, B=curl A, AgC=curl B. 0000an. (2) 


In (2) A, B, and C are in descending order as regards length dimen- 
sions, as are P, R, and p in (1). Again, as P is the potentiał of p, so is 
A the potential of ©. So far there is similarity. But whereas in (2) 
all the quantities are vectors, in (1) we have two scalars and a vector. 
Also, whilst in (2) C is derived from B in the same manner as B from 
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A, in (1) as we pass from the vector R to the scalar p we have the 
operation divergence, and from the scalar P to the vector R the opera- 
tion of space-variation. The relations in (2) are thus much more 
uniform than in (1). 

Now, as has been discussed in former articles, if we form additional 
auxiliaries in the series belonging to the current system, below C and 
above A, we have the same properties repeated. Thus, if we form the 
quantity D=curl C, we shall have B=vector-potential of D; just as 
(4) C=curl B and A=vector-potential of ©. And if we form the 
quantity A, = vector potential of B, A, being thus one degree above A, 
we shall have A = curl A, (with a 4r factor). And we may get rid of 
the remaining irregularity of appearance of 47, and make the relations 
uniform all along the series, by making the potential of a quantity z be 
2a/4rr instead of È x/r, which in our present case amounts to making 
the integral amount of force emanating from a magnetic pole of strength 
m numerically equal to m. 


EXTENSION OF ELECTROSTATIC PROPERTIES. 


4. What are now the corresponding properties in the series P, R, 
and p, when we form auxiliaries, one below p, another above P? Their 
existence is somewhat masked by the want of uniformity in (1), but 
they exist nevertheless. 

In the first place, form the vector function R, one degree above P as 
regards length dimensions, such that 


R, =2R/r. 
Then we shall have the following relation between R, and P, viz., 
4rP=div R,; 
or, in words—The electrostatic potential ( x 4r) equals the divergence 
of the vector-potential of the electrostatic force. 


Analytically, if the components of R, are X,, Fo Zo we have, by the 
definition of R, above, 


x= || (Far, n= |f[žar, z= [f|far; ee (3) 


dV representing the element of volume. Therefore, by the definition 
of divergence, and by (3), 


_dX, dY, dZ „drol drt- pdr 
div R=- Pa -CT + ay + 4 jar, 
where we introduce the — sign on transferring the place of differentia- 


tions from the point where R, is measured to dV itself, at the other 
end of r. Hence, by integrating by parts, 


n [FR 1/dX dY dZ\ yy. 
div R,= - f as (Gt tee 


where P, is the outward normal component of R at the bounding 


surface ; or 
div R,= ale dS+ tf Í Í PAV =4rP, 
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as was to be shown, o and p representing the surface- and volume- 
densities of electrification. 

5. In the next place, form R,, a vector representing the space- 
variation of p, or 
| R, = —Vp; 


R, thus bearing the same relation to p as R to P, and inquire what 
relation R, bears to R. The answer is 

R=2R,/r, 
or in words—The electrostatic force is the vector-potential of the 


space-variation of the electric density. 
* Take one component of R at a time. For the z-component X we 


have 
a al PEE d \eav = dr- y 


where we originally perform the differentiation at the point to which 
X belongs, and then, in the last integral, transfer it to dV. Hence, 
“ by parts ” integration, 


where dS is an element of the bounding surface, and 7 the cosine of the 
angle between the normal outward and the z-axis. Disregarding the 
surface-integral, hy extending the volume-integration over all space, 
and writing X,, Y,, Z, for the components of R,, we have, by (4), and 
remembering that X,= —dp/dz, ete., 


ejjj -jjer eff 


Hence, by compounding the three left-hand members to form R, and 
X,, Y,, Z,, to form R,, we obtain simply 


R=2R,/r, 
the required result. 

6. We may see from the surface integral in (4) what to do in the 
case of a purely surface distribution of electrification, i.e., a finite 
quantity of electrification upon a surface with no thickness in the layer. 
For, substitute for the surface charge a volume charge by endowing the 
layer with a small uniform thickness, ¢, so that if o be the surface- 
density, we shall have o=pt. The surface-integral in (4), with the 
corresponding ones for Y and Z, tell us that we must draw a vector of 
length p normally to the surface of the layer outward on both sides, 
one such vector for every unit of surface, p having the proper value for 
the portion considered. This constitutes a normal system of vectors. 
The volume-integral tells us that we must draw a vector tangential to 
the surface of length - Vp, one for each unit of volume of the layer, and 
hence we may substitute one of length — ¿Vp for each unit of surface. 
The vector-potential of these two systems of vectors will be the electro- 
static force at any point. 
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Now let Q be a point where R is required, and let its distance from 
a point S on the real electrified surface be 7, and its distances from the 
corresponding points S| and S, of the outer and inner surfaces of the 
electric layer be r, and r, the outer surface being that next @. Here 
Sa ©, and S, lie along the normal to the surface through S. Then, for 
the unit of surface surrounding S, we have the normal vectors contri- 
buting (p/r, — p/7,) to the value of R at Q. Now let the thickness of 
the layer decrease indefinitely, so that S, and S, approach S; then, 
since ra = fn cose, where e is the angle between r and the normal n 

t 
? 


outwar is expression becomes 
Ta— T, __ tcose_o dr? 
p2—_1 = =— COoSe=o-,-. 
1" 7? dn 


Also, for the tangential vector, we have for the part of R contributed 
by the unit of surface surrounding S, 


l t ] 
CaP) = = Vea - No. 

Therefore, divide the electrified surface into unit areas. On each 
unit area erect a single vector of length (0/7?) cose in the direction of 
the normal, and draw the vector (1/7)V,o tangential to the surface in the 
direction in which the surface-density o decreases fastest. The result- 
ant of the two systems of vectors will be the electrostatic force at Q.* 

If the surface-density be constant, we have only the normal vectors 
to deal with, and it might appear that the force due to an electrified 
plane surface with o constant were always parallel to the normal, which 
we know to be not true, unless the surface be infinitely extended. In 
fact, the preceding construction applies only to a closed surface, without 
a bounding edge, that is to say; or to cases of unclosed surfaces in 
which the density decreases gradually to zero, either at the edge or 
before reaching the edge. We may imagine the electrification to 
terminate suddenly at a certain boundary. If so, we see, by first 
endowing the layer with thickness, that we have, in the above, 
neglected the edge, where we should, from every unit of area of the 
strip forming the edge, draw a vector of length p normally outward. 
Now, when we decrease the thickness of the layer indefinitely, the edge 
vectors are ultimately to be thus defined. Divide the edge (now a 
closed curve) into unit lengths, and from each unit length draw a vector 
of length o/7, whose direction is perpendicular to the edge and also to 
the normal to the surface at its edge. It is now the resultant of the 
three systems, the normal, tangential, and the edge vectors which gives 
the force at Q. Thus 


-1 a 
R= »(o a + z(=) +2 -m, r (5) 


* [The difference between V and V, lies in this, that V, ultimately refers to a 
surface only, instead of three dimensions. Thus Voc, when c is surface-density, 
means the vector rate of increase of o on the surface. In the original, both V, and 
V were denoted by V.] 
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where the first two summations are extended over the surface, and the 
third round its bounding edge, o(d:~1/dn)n being normal, (—V)°)/r 
tangential to the surface, and (o/7)m perpendicular to the normal to 
the surface, and to the tangent to the edge. Here n is the unit 
normal, and m the unit edge vector, perpendicular to the normal and 
to the edge. 

Now, we also know that R = 2(c/7?)r,, extending summation over the 
surface, the vectors being now drawn in the direction of r from S to Q. 
This we may decompose into normal and tangential summations, viz.:— 


om ex „O à» 
2- r;=2 cosen+2-— sinet, 
r= 72 g2 


where t is a unit vector in the plane of the surface. Comparing which 
with (5), their right hand members being equal, and the first terms of 
the same identical, we see that 


(ox Q a0 ° 
Sm = TVW 4E sinet, ETE ees (6). 
T r r 


the edge summation thus being expressed in terms of surface summa- 
tions of two tangential vectors, the first in the direction of greatest 
increase of o, the second in the plane of r and n. 

The proof of this theorem in Cartesian co-ordinates, x, y, z, is rather 
complex, but we may see its truth by means of Ampère’s “dodge” of 
substituting a network of linear currents over a surface for a current 
round the edge. See Theorem (B), [p. 211], and observe that, although 
there the line integral is of the resolved part of a vector in the direction 
of the curve, and that when we substitute for it the sum of a number 
of other line-integrals (it being allowable to do so because the direction 
of rotation round the closed curves is the same for all, so that all the 
interior line-integrals cancel, and nothing is left but the integral round 
the bounding edge), yet the same method would apply exactly if the 
line-integral were of a vector drawn perpendicular to the edge in the 
plane of the surface ; for if we join two points of the original closed 
curve by a line, thus making two circuits with a portion in common, 
and draw the vectors perpendicular to the curves in the plane of the 
surface for both circuits, outwards in each case, the vectors for the 
common portion are oppositely directed and of equal magnitude, and 
therefore annul. We see, therefore, that the edge summation »(c/r)m 
can be expressed by a surface summation, and that the portion of this 
summation for the unit of surface is nothing more than the value of 
E (o/7)m taken round its bounding line. We require then to know the 
resultant all round the line bounding the unit area enclosing any point 
S, of the vector of length o/r drawn perpendicular to the bounding line. 
Its value will depend on the tangential variation of o in different 
directions from § radially, and upon the variation of 1/7 about 5S. 
The first is (V,c)/r, the latter (c/r?) sin et, and these are the vectors 
that appear in equation (6), whose truth is, therefore, verified. Vector 
integrals are sometimes very troublesome to manage. The above 
example shows the great aid to be derived from looking at the vector 


262 ELECTRICAL PAPERS. 


itself, rather than working with its components, introducing long and 
complex formule. 

If we imagine a plane surface electrified with constant density, it 
might be the surface of a dielectric for example, the normal vectors 
give a force parallel to the normal, and the edge vectors a force parallel 
to the plane of the surface; their resultant is the actual force. The 
component parallel to the plane is, of course, of great importance near 
the edge, making the lines of force curve outwards. 

The method by which we passed from the two vectors for volume- 
density to one normal vector for surface-density, and the calculation of 
their potential, may be compared with the process of finding the 
magnetic potential of a normally magnetised shell. The only difference 
is that we are here concerned with vectors instead of scalars. In the 
case of the shell we have + magnetism in one side, — in the other, of 
finite amounts when the thickness is finite, and we find their combined 
potential at any point. Then decrease the thickness of the shell 
infinitely, and increase the surface-density of magnetism correspondingly, 
so that the magnetic moment remains constant, and find the limit to 
which the potential approaches. It is (o/7?) cose per unit area. In the 
above the process is the same, but the quantity operated on is a vector 
drawn parallel to the normal instead of a scalar. The method is also 
analogous to that which may be employed [p. 204 ante] for finding the 
magnetic force due to a current sheet by means of the vector-potential 
of the curl of the current, except that the oppositely directed vectors 
are tangential in that case, and the single vector is normal. 


COMPLETE SCHEME OF POTENTIALS. 


7. We may leave, however, the interpretation of the special forms 
which results assume for surface distributions, as it is so much easier 
to work with volume-densities. The relations stated in paragraphs (4) 
and (5) will become clearer, and a more comprehensive view of the 
matter will be obtained if we make the intensity of force be e/4m7? at 
distance 7 from a charge e, which is equivalent to defining the electro- 
static potential P = 2 p/4rr. 

Let P,, R,, P Ra Ps Ry Py ... be quantities thus arranged. 
Starting with, say, P,, let it be an arbitrary scalar; it may be volume- 
density of electrification. Let P, be its potential, P, that of P}, and P, 
that of P,. The /’s are therefore all scalars, and differ two degrees 
consecutively in length dimensions. Now between them insert 
R, R, R, ... such that R, is the space-variation of P,, R, of P,, and 
sO on. Thus, the R’s are all vectors, and of intermediate degrees in 
length dimensions. 

It follows from this specification, first, that any R is the vector- 
potential of the next following R; thus 


R, = 2 R,/4rr, 
etc. ; and, secondly, that any P is the divergence of the preceding R ; 
and there is uniformity throughout. There is no need of additional 
proofs, as we have already gone through the process for two auxiliary 
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R's, viz., R, below p and R, above P, in paragraphs 5 and 4 respect- 
ively. Two consecutive P’s may stand for electrostatic potential and 
for volume-density, the intermediate R then representing the corre- 
sponding electrostatic force. 

8. But we may, and with some advantage, transfer ideas from 
electrostatic force to the magnetic force of permanent magnets, taking 
the limited view of the magnetic force that it is due to magnetic 
“matter” [p. 223 ante]. That is, we replace electrification by magnet- 
ism, electrostatic force by magnetic force, and electrostatic potential by 
magnetic potential ; and we shall employ the definition of potential as 
in the last paragraph. The relations are exactly the same mathe- 
matically. | 

Now, besides the force due to magnetism, let there he also ordinary 
electric currents, and consider the resultant field, which is due to the 
superposition of a field consisting of closed tubes (due to current) and 
of another of unclosed tubes (due to magnetism). Let B be the actual 
magnetic force, and separate it [as on p. 253 ee into B, and B,, of 
which B, has no convergence, and B, no curl; the latter corresponding 
to the R’s of the last paragraph. Let C, be the curl of B,; it is the 
current-density ; let C, be the divergence of B,; it is the density of 
magnetism ; let A, be the vector-potential of C., and 4, the scalar 
potential of C,. And to exhibit the relations more fully, introduce D 
below ©, and Z above A, both vectors; Z, the vector-potential of B,, 
Z, that of B,; D, the curl of C,, and D, the space-variation of Ca. 


Z (A) B (C) D 
rA pons Cee — pa ee pn 
Z +2, A +4, B, + B, C +C, D, +D, 
V. V. vV. 8. V. V. V. 8. vV. vV. 


The quantities with the suffix 1 refers to the current-system, with 2 to 
the magnetism. The letters v. and s. are placed to show whether they 
are scalar or vector. We know that Z,, A,, B,, C, D, are related uni- 
formly thus :— 
A,=curlZ,. B =curl A, etc.; 
and also thus :— 
Z= potential B, A= potential C,, etc. 
Also, in the other series, 
Z,= potential B, 4,=potential C„ B,= potential D, ; 


alternately scalar and vector; whilst a scalar in the series is derived 
from the preceding vector by the operation divergence, and a vector 
from the preceding scalar by the operation of space-variation. 

Observe that we may compound B, and B, and obtain B, the real 
magnetic force. Also we may compound D, and D,, since they are both 
vectors, forming a new vector, D; and likewise Z, and Z, (both vectors), 
forming a new vector, Z. And here Z, B, and D are vectors which have 
both curl and convergence. Also, Z is clearly the vector-potential of B, 
and B the vector-potential of D ; because this is true of their constitu- 
ents, which are in each case homogeneous—of the same nature, that is 
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to say. But the intermediate 4’s and C’s do not apparently admit 
of being combined. A, is truly the potential (vector) of C,, and 4, the 
potential (scalar) of C,; but A, and 4, are not homogeneous, nor are 
C, and C,, so that the magnitudes (A) and (C) produced by their union 
are of a peculiar nature, demanding consideration. 

9. The division of physical magnitudes by Hamilton into scalars and 
vectors is not merely one of the most useful ideas ever conceived, but 
is also one that is perfectly intelligible to every one as a natural 
division. Scalars being such as pressure, temperature, density, and so 
forth, directionless, and requiring but one specification, viz., magnitude ; 
and vectors being such as displacement, velocity, force, etc., involving 
direction as well as magnitude, and, therefore, requiring three specifica- 
tions (as the magnitudes of the components in three rectangular direc- 
tions; or the magnitude of the vector itself, and two data to specify its 
direction) ; it is impossible to confound scalars with vectors. They are 
distinct and separate entities. The word entity is obviously applicable 
to a scalar, whilst it is equally applicable to a vector in spite of its three 
data. The data may be of different kinds, yet the final result is the 
same, viz., a definite directed magnitude. 

But although we cannot combine a scalar with a vector to form a 
fresh scalar or fresh vector, or a new quantity having an individuality 
of its own, it is sometimes convenient to pair them, and the result is 
called a quaternion, the name implying the four data. But a quaternion 
is always merely a definite scalar and a definite vector paired, and is 
consequently a purely artificial idea, not having the same naturalness 
as a scalar or a vector. (A) and (C) are thus quaternions, whilst Z, B, 
and D are pure vectors. Nevertheless, so far as the potential property 
‘goes, there is no occasion to draw any distinction between them, for 
we have Z= potential B, (A) = potential (C), and B = potential D. 

In the quaternion analysis, however, a quaternion assumes more 
definiteness than in the above, being in fact the ratio of two vectors, 
i.e., the operation that must be performed upon one vector a to turn it 
into another 8. Imagining them drawn from the same point, we may 
turn a into B by first rotating a through a definite angle in their 
common plane until it coincides with 8 in direction, and then by 
stretching or shortening it till it is identically the same as 8. The 
angle of rotation and the stretching require each one specification, and 
the plane of rotation two more, thus making four in all. 


ENERGY PROPERTIES. 


10. In the next place we may notice that the energy properties of 
Z, (A), B, (C), and D with the suffix 1 have their parallel in the other 
set with the suffix 2. We have already discussed the former, relating 
to the current system, and shown that 


2 B? = È A C =£ ZD =... a ee re rere (a) 
the summations extending over all space. Now in the other set we 
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have exactly similar relations amongst the mixed scalars and vectors, 
viz. :— 


2B: = 20 Os ae a (B) 


In equations (a) the quantities are all vectors, and the products are 
scalar products, the scalar product of two vectors being the product of 
their tensors and the cosine of the angle between their directions. In 
(B) we have a similar product in the third summation, because Z, and 
D, are vectors, but not in the second, because 4, and C, are scalars, 
and their product is found by ordinary arithmetic. 

We may prove the identity ÈB} =È 4,C, in a manner somewhat 
similar to that employed before in proving È B?7=2A,C,; but the 
process is now somewhat simpler, owing to the simpler nature of the 
system of force due to a charge at a poiut, viz., straight lines radiating 
equably from the charge, as compared with the closed lines of force of 
a current. 


We have 
C. i 


Select any small volume containing the charge C’,, say, and consider 
the portion of 2 4,C, belonging thereto, viz., 4,C’, Here we have 


A,=line-integral of B, from œ to C’,, 
C',= surface-integral of B’, over a surface enclosing C”, ; 


where B’, is the force corresponding to C’, The first of these equations 
follows from the relation B, = — V4, and the second from C’, = div B’, 
Noticing here that any path from infinity terminating at C’, will do for 
the line-integration, and any surface surrounding C”, for the other, and 
that by expanding the surface, starting at C’,, we may make it sweep 
over all space, at the same time that its point of intersection by the 
line chosen for the line-integral goes from C’, to œ, we see that 
A C',= = B,B’,, over all space. Similarly, 4,C",=2 B,B”,, if C”, be 
the charge in another small volume. Hence, by including the whole of 
C, we obtain 
= AC, = 2(B,B’, + BB”, + ...) = È BB, = È B}, 

since B, is the vector sum of B’,, B”, etc. Interpreted for electro- 
statics, C, being density of electricity, 4, its potential, B, the force, the 
quantity 2 B? is double the electrostatic energy expressed in terms of 
the square of the force throughout the whole dielectric with unit 
capacity, whilst in the equivalent form È 4,C, it is expressed in terms 
of the charges and their potentials. It (24B2) is the amount of work 
expended in setting up the state of electrification, and given out again 
when the charges are allowed to combine and neutralise by conducting 
paths, in the form of heat ultimately. We must not, however, hastily 
conclude that È 4B?, when B, stands for the magnetic force of a 
permanent magnet, really represents the energy of the magnetisation, 
a matter we shall not here touch upon. 
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11. The other identity È 4,C,=2Z,D,, where Z, is the potential of 
B,, and B, that of D,, may be thus established. Let F, G, H be the 
components of Z, and F, G,, H, those of D, Then, because 
A,=div Z, we have 


erie [ffo (= + is + Nar, 


and, by integration “ by parts ” through all space, 


__ dC, _ dC, „dC, 
NG qt get as. av. 


But -dC /dz = F, ete., since - VC, = D, ; hence 
X 4,0, = [FF +GG, + HH, dV =£ ZD, 


in our notation. 

12. We saw [Art. XXV., p. 253,] that the division of the arbitrary 
magnetic force B into two fields, B, and B,, the first due to current, 
the second to magnetism, is effected in such a manner that 


> B? = È B? + È B2, 


the products of B, and B, completely annulling. We now see that the 
fields thus obtained have precisely the same energy properties, employ- 
ing the corresponding connected functions in each case, without the 
necessity of distinguishing between the different natures of the 
functions. 

We shall, of course, find the same relations in the quantities Z and D, 
since they are similar to B, being pure vectors, of which Z, and D, are 
the closed tube portions, and Z, and D, the open. Thus 


222Z =? 2+2, and ÈD?=È D? +È D? 


But we cannot expect to find this property when we take the inter- 
mediates (A) and (C), which are not pure vectors. For instance, we 
must not expect to have È (C) =È C? + È C2, for this would involve 
XC,C,=0. This is a vector summation, for C, being vector and C. 
scalar, C,C’, in the summation represents a vector of length CC, in the 
direction of C.. 

13. But although 2C,C, does not in general vanish, yet we have 
x C,=0 and 2 C,=0 separately. The former we have assumed from 
the beginning, for it merely expresses that there is just as much positive 
as negative magnetism, which is always the case in any arbitrarily 
assumed state of magnetisation. The same is true for electricity, but 
we must exclude lines of force going out to infinity without returning, 
or we may terminate such lines upon a surface enclosing the whole 
space considered. In fact, 2 C,=0 separately for every tube of force. 

The other equation, 2C,=0, interpreted for current, says that, in 
any system of closed currents, the current has, on the whole, no pre- 

onderance in any.direction. As an illustration of the meaning of this, 
divide the whole space occupied by current into a very large number, 
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say n, of equal small volumes, and draw n vectors from a fixed point, 
representing the current in each volume. If these were forces acting 
upon the point, they would exactly balance. This may be seen by first 
noting that a closed line has no preponderating direction, since it returns 
into itself, and next that we may split up any system of current into 
closed tubes of infinitely small section, each conveying a definite 
current, and that, although the section of a tube may vary, yet the 
density of current then varies exactly inversely ; consequently È C, =0 
for any tube, as for a closed line, and hence 2C,=0 universally. 
Similarly £ B, =0, and the same for all the quantities with the suffix 1, 
since they have no convergence. 

14. But we do not have 2 B,=0, since the lines of B, are not closed. 
Let B, be electrostatic force, and consider a tube of force of section dS 
starting from one conducting surface and terminating upon another. 
B.dS is constant, although B, and dS may vary along the tube, and 
this product is numerically equal to the amount of positive and negative 
electricities at the terminal sections of the tube upon the conducting 
surfaces. If we join the ends by a tube whose axis follows the shortest 
distance between them, and let the same amount of force as went from 
` + to — electricity along the real tube return by the other, we have a 
closed tube, and 2B,=0. Consequently 2B, for the real tube is 
numerically equal to the product of the amount of terminal electricities 
into the shortest distance, /, between them, and is directed from + to 
— along l. 


As a magnetic illustration, let there be a cylindrical magnet of length 
l, and of any section, with plane faces perpendicular to 1, uniformly 
magnetised parallel to 1, and let B, be its magnetic force. Then 2, B 
throughout all space is numerically equal to the whole magnetic 
moment, and is directed from the N. to the S. end, parallel to 1. We 
may verify this as follows :—Given that the magnetic force in a cylin- 
drical space similar to that of the magnet is of uniform strength B 
parallel to 1, and directed from left to right say, and that outside the 
space there is no magnetic force at all, what is the distribution of 
current and of magnetism that would produce such a field of force? 
We must find the curl of B for the one, and its divergence for the 
other. Plainly the latter is B per unit area of the terminal faces, 
positive at the left end, negative at the right. Hence the left terminal 
face has surface density of magnetism + B, and the right - B. The 
curl of B is plainly confined to the curved surface of the cylinder, 
where B is tangential, and suddenly changes from B to zero in passing 
through the surface from within outward. Turn B at the surface 
through a right angle, and we obtain the surface curl. The current, 
therefore, circulates round the curved surface of the cylinder in planes 
perpendicular to its length, and is of density B per unit of length of 
the cylinder. The magnetic fields of this current, say B}, and of the 
terminal magnetism, say B,, together produce the uniform field of 
strength B within and zero outside. But for the former we have 
> B, =0, and since È B is plainly = B x volume, and therefore = magnetic 
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moment, and directed from left to right, the same must be true for 
> B, i.e., for the magnetic force of the magnet with which we started. 
In fact, what we have done is to make a current flow round the magnet 
of such a strength and direction that the external field of force 1s 
exactly annulled, and of course we make the supposition that the 
magnetisation is rigid, or unaffected by its exposure to the magnetising 
force of the current. Now, on the understanding that the force of the 
magnet is derived from the magnetic potential as well within as with- 
out the magnet, we see from the above that the internal force of the 
magnet is annulled at the same time as the external by the super- 
imposition of the magnetic force of the current, leaving only the 
uniform field B. On the other hand, if we were to employ the 
“electromagnetic definition” of the internal force of a magnet, we 
should find that the current field exactly neutralised that of the magnet, 
both within and without. 


THE OPERATOR V AND ITS APPLICATION. 


15. Going back to Z, (A), B, (C), D, we have, in spite of the identity 
of the potential property of their constituents with suffixes 1 and 2, and 
of the energy properties as above mentioned, a striking apparent 
dissimilarity in the mode of derivation of any term from the preceding 
in the first set, as compared with the second. Thus, in the first set we 
have A,=curl Z, B,=curl A,, and so on throughout; whilst in the 
second set we have the two operations of divergence when a scalar is 
derived from the preceding vector, and of space-variation when a vector 
is derived from the preceding scalar. Now it is very remarkable that 
(as was discovered by Professor Tait) these three operations of curl, 
divergence, and space-variation are really only three different forms of 
the same operation, the effect varying according to the nature of the 
function under examination. 

We have hitherto used the symbol VP to express the resultant space- 
variation of P per unit length, but have applied V only to scalar 
quantities. Let a scalar function be given, as for example the tempera- 
ture at every part of space, single-valued at any point. Nothing is 
needed to specify it but its magnitude, it having no direction. Owing 
to this, its variation from point to point is one merely of magnitude. 
Measure its rates of increase, dP/dz, dP/dy, dP/dz, in three rectangular 
directions, x, y, Z, and call them X, Y, Z. In directions x, y, z draw 
vectors of lengths X, Y, Z, and compound them (as forces, velocities, 
displacements, etc.). The resultant vector, say R, shows the direction 
and rate of greatest increase of P, and, with Hamilton’s symbol, R= VP. 
The above method of forming R is what we are literally told to do 
when we use the full expression for V, and its effect upon a scalar is to 
. give a vector expressing the most rapid space-variation. There being, 
as before mentioned, merely a variation of magnitude concerned, there 
is little difficulty in conceiving the nature of the space-variation of a 
scalar. 
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Now it appears that when V is applied to a vector, it gives its curl 
and its convergence respectively. ‘This extraordinary effect of V is not 
easily to be understood—although symbolically it works out very 
simply—for there is undeniably a certain amount of mystery about the 
rules for vector multiplication. But we may gain some insight into the 
matter by examining in what manner a vector may vary, and by 
analysing simple cases. 

16. In the first place we see that, given a definite vector, as electro- 
static force, for every point of space, it may vary as we pass from one 
point to another as well in its direction as in its magnitude, and it is 
evidently not an easy matter to form an idea of what its resultant 
space-variation may be if we endeavour to follow the rule for a scalar in 
the last section. In fact the construction fails, and obscurity prevails. 
But let us completely separate change of magnitude from change of 
direction, by starting with a vector which is everywhere directed the 
same way, and which can, therefore, suffer only change of magnitude. 
Let its direction be parallel to x, and its magnitude at any point be X. 
Regarding this as a scalar,.it is clear that there is a certain direction in 
which X increases most rapidly, and that we can find it, and the rate of 
increase, by the construction for a scalar, viz., the resultant of vectors 
of lengths dX/dz, dX/dy, dX/dz drawn in the directions of x, y, and z. 

But this will give us neither the convergence of X nor its curl. To 
obtain them we must separate the space-variation of X into two 
portions, first variation in its own direction, and next perpendicular 
thereto.. We may easily recognise a manifest distinction between these 
two kinds of variation. 

First, let X vary in amount only in its own direction, then, in 
passing from any point through the distance dz parallel to x, X becomes 
X + (dX/dr)dx, where dX/dz is the rate of increase. Let there be a 
cubical element of volume dV =dzdydz, whose edges are parallel to 
x, y, Z, and consider the amount of X entering and leaving the space. 
Two opposite faces are perpendicular to X, and the four others are 
parallel thereto. The latter may be disregarded, whilst the amount of 
X entering one of the first pair is Xdydz, and leaving the other 
{X +(dX/dx)dx}dydz, both faces being of area dydz. The excess of 
the latter over the former amonnt is (d.X/dz)dV, that is, dX/dx per unit 
volume. ‘This is the divergence of the vector in the special case taken, 
since Y and Z are zero. 

Next consider the variation of X perpendicular to x, i.e., in the plane 
y, 2, or parallel thereto. If we start from any point and go in different 
directions in this plane, X may or may not vary, but if it should do so, 
there will be in general a certain direction in which it increases fastest, 
and another direction, crossing the first at right angles, in which there 
is no variation, just as when one is upon the side of a hill there is a 
direction of greatest slope at any point, and a level direction perpen- 
dicular to the first, disregarding singular points requiring special treat- 
ment. dX/dy and dX/dz being the rates of increase of X along y and z, 
the resultant of vectors of these lengths drawn along y and z is a vector 
in the direction of most rapid increase of X in the plane y, z, of length 
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equal to the rate of increase. Now, rotate this vector through a right 
angle in the plane y, 2, i.e., about the axis of x, so that in its final posi- 
tion it points along the axis of no variation, it will then represent the 
curl of X. It will come to the same thing if we rotate the original 
vectors through a right angle, and compound them afterwards; and by 
this we see that the components of the curl of X are +dX/dz along y, 
and —dX/dy along z, when the rotation is left-handed about the axis 
of x. Let the plane of the paper be the plane of y, 2, and the positive 
direction of the axis of x be downward through the paper at the point 


O where the variation of X is estimated. Let OP and OQ be of lengths 
adX/dz and dX/dy respectively. Their resultant is OR, showing the 
direction and rate of most rapid increase. Rotate the rectangle 
OPRQO about the axis of x through a right angle into the position 
OP'R'Q'O, then OF’ will represent the curl of X, and OP’ and —- OQ its 
components along y and z. 

Now let the vector whose space-variation is required be Y, everywhere 
parallel to y, and treat it similarly. We shall find its divergence =dY/dy 
from the variation in its own direction, and its curl to have components 
+dY/dx along z and —dY/dz along x, by rotating the resultant space- 
variation in the plane z, x, through a right angle about the axis of y. 

And with a vector function Z everywhere parallel to z treated 
similarly, we shall find its divergence = dZ/dz, and the components of 
its curl to be + dZ/dy along x and — dZ/dz along y. 

Finally, if we compound X, Y, and Z, we obtain a vector R, which is 
arbitrary, and, consequently, may vary both in direction and magnitude 
from point to point. Its divergence will be the sum of the separate 
former divergences, or dX/dx+dY/dy+dZ/dz, which expresses the whole 
amount of R leaving the unit volume, reckoned algebraically. And its 
curl will be represented by the resultant of the three vectors represent- 
ing the curls of X, Y, and Z (the first being OF’ in the figure, and the 
second and third two other vectors in planes perpendicular to the plane 
of the paper and to each other), and its components will be the sum of 
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the former components, and are consequently dZ/dy-—dY/dz along x, 
dX/dz-—dZ/dx along y, and dY/dx—dX/dy along z. [Compare with 
Theorem (B), p. 211. 

17. We thus find the vector curl of R by compounding three vectors 
which represent respectively the rates of greatest increase in three 
rectangular planes of the components of R perpendicular to the planes, 
each of the three vectors being then turned through a right angle in its 
proper plane. Now this selection and subsequent rotation is effected 
mechanically when we use the operator V according to quaternion rules. 
For, if we denote by i, j, k three rectangular vectors of unit lengths 
parallel to x, y, and 2, then Xi will denote a vector of length X parallel 
to x, and similarly for Yj and Zk, consequently we may write 


R= Xi + Yj+ Zk, 
with the convention that the sign of addition signifies compounding as 
velocities. Now the full expression for V is 


d d aa. 
P tug ae 
(od d d e 
hence VR = (iz. +) +E) (xi+ Yj+Zk). 
dx “dy dz 


Expand this expression, with the further conventions 
i=j?=k?= -1, and ij=k, jk=i, ki=j, 
and we obtain, 
_ (aX dY ,dZ\ ,.(dZ_aY\ ,./dX dZ dY dX 
vam ~ (Fo ae) tie Ge) tHe ae) TES ay 
i.e., VR = conv R + curl R. 


The meaning of the rules ij=k, etc., may be interpreted thus :— 
j signifying a unit vector parallel to y, and k another parallel to z, let 
i be taken to mean, not a unit vector parallel to x, but a rotation 
through an angle of 90° about x as an axis. Then since j rotated 90° 
about the x-axis is turned into coincidence with k, we have ij=K. 
Similarly for the other products. As for the squares, we may verify 
i? = — 1 thus :—Rotate j a second time through 90° about the axis of x. 
The first rotation brought j into coincidence with k, the second brings 
it into the same line as at first, but pointing the other way. Thus 
i?j = -—j, or i?=-1. This use of vectors to denote either lines drawn 
in definite directions, or else rotations about such lines, is the founda- 
tion of the great simplicity and conciseness of quaternion operations 
and expressions ; it is justified by the already mentioned identity of 
the rules for compounding velocities and rotations, and by its always 
leading to results which are found to be correct when expanded; but it 
must be confessed that this double use of the same symbols makes it 
difficult to establish the elementary parts of quaternions in an intelli- 
gible manner.* However, this is merely parenthetical, and we shall 


* [See Taits Quaternions, chapter II., for the quaternionic establishment of 
vector analysis. As the above is the only paper in which I have used the 
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have no more concern with quaternion expressions beyond noticing that 
the properties of the quantities defined in § 8, relating to an arbitrary 
system of magnetic force B, divided into two systems B, due to current 
C,, and B, due to magnetism C, may be thus formally expressed. Since 
V operating on a scalar function gives the vector rate of greatest 
increase, and on a vector gives its convergence and its curl, or its curl 
only if it has no convergence, and conversely, we have simply 


VZ =A,  VA,=B,  VB,=C, VC =D; 
-VZ,=4, -V4,=B, ~-VB,=Cy» -VC,=D, 


In the first line, the V signifies “ curl” only, because the quantities 
are vectors of no divergence. In the second line (relating to the 
magnetism) it is convergence when operating on a vector, and the 
vector rate of increase when operating on a scalar. The presence of 
the — sign all along the second line makes it awkward to combine the 
quantities consistently as they stand. But by simply changing the 
sign of C, and 4,, so that C, when positive represents S. magnetism 
instead of N. we get things straight. Z, B, and D, are unchanged, 
and denoting —C, by C’, and — 4, by 4’, we have 


VZ, =á, VARY VB,=Č, VC,=D, 


We may now combine the quantities with suffixes , and ,; thus 
B = B, + B, etc., and we have 


VZ=(A), V(A) =B, VB = (C), V(C) =D, 


where Z, B, and D are pure vectors, Z being the potential of B, which 
is the actual resultant magnetic force due to currents and magnetism, 
and B the potential of D. On the other hand, (A) and (C) are both 
scalar and vector, i.e., quaternions, though still (A) = potential (C). 

The operator V contains the whole theory of potentials, whether of 
scalars or vectors. But owing to the remarkably different nature of the 
effects of V on different functions, 1t conduces to clearness to distinctly 
separate the space-variation of a scalar, which is easily grasped, from 
that of a vector, and to instead speak of the curl or the divergence of 
the latter, as the case may be, and as we have always done hitherto. 


quaternionic ideas and notation, it is perhaps desirable to emphasize the fact that 
the use was parenthetical. There is great advantage in most practical work in 
ignoring the quaternion altogether, and also the double signification of a vector 
above referred to, and in abolishing the quaternionic minus sign. The establish- 
ment of the algebra of vectors, too, is independent of the difficult theory of 
quaternions. See especially the articles to follow on ‘‘ Electromagnetic Induction 
and its Propagation,” and on ‘‘The Electromagnetic Wave-Surface” (1885). 
Professor Willard Gibbs, the author of a valuable work on Vector Analysis, also 
ignores the quaternion, abolishes the minus sign and the double signification of a 
vector, following Grassmann rather than Hamilton. He has been denounced by 
Professor Tait in consequence as a retarder of quaternionic progress. Perhaps so; 
but there is no question as to the difficulty and the practical inconvenience of the 
quaternionic system. ] 
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DISPLACEMENT AND FLUID MOTION ANALOGIES. 


18. What is, however, of greater importance than the mere symbolical 
identity of the operations is the physical interpretation that may be 
assigned to the different kinds of space-variation. Operating upon an 
arbitrary vector function we obtain the scalar convergence and the 
vector curl; thus from magnetic force we obtain the density of magnet- 
ism and of current. That is to say, there are certain invariable 
relations between the space-variation of the magnetic force about any 
point, and the density of magnetism and of current at that point, which 
are most comprehensively stated in saying that the amount of magnet- 
ism within any space, which may be large or small, equals the whole 
amount of magnetic force leaving the space through its surface, and 
that the total current passing through any closed curve equals the line- 
integral, or the circulation of the magnetic force along the curve in 
making one complete circuit. But instead of such an abstraction as 
magnetic force, let us suppose that our vector function is of the simplest 
conceivable type, that it represents the continuous displacements of the 
particles of a continuous mass. Selecting any particle, the straight line 
drawn from its original to its final position is its displacement. The 
displacements of all the points constitute the vector system, or, expressed 
mathematically, the vector function. In estimating the space-variation 
of the displacement, we have to examine the manner in which it varies 
in the neighbourhood of any particle 0. In the first place the particle 
O with the surrounding particles may be displaced as a whole, a bodily 
translation, in fact. This we disregard in considering the relative 
displacements, that is, we regard O as fixed. In the next place, the 
group of particles surrounding O may occupy a greater or less volume 
in the strained than in the unstrained state, t.e., there may be expansion 
or compression. The expansion is estimated by finding the additional 
volume occupied in the strained state by the particles which occupied 
the unit volume in the unstrained state, and this is plainly to be done 
by finding the whole displacement outward through the surface of the 
unit volume; hence “divergence” in general, when applied to the 
special case of displacements, has the same meaning as the cubical 
expansion. 

Again, the group of particles surrounding O may, during the act of 
displacement, suffer not merely the translation and the expansion, if 
any, but a rotation through a definite angle about a definite axis. 
Going back to the figure, let the displacements X be all perpendicular 
to the paper, say downward, and consider the variation of X about the 
point O. If O and the particles surrounding it are equally displaced, 
the matter in the plane of the paper about O is merely transferred 
bodily, remaining in a plane parallel to the paper ; but should there be 
a greater displacement on one side than on the other, there will be 
rotation as well. Thus, if OR as before be the direction in which the 
displacement increases fastest, OR’ perpendicular thereto is the axis of 
rotation of the matter about O. Now OJ’ represented our vector curl; 
consequently, interpreted for parallel displacements, the curl is the 
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vector axis of rotation, and by elementary considerations its amount is 
twice the (small) angle of rotation. Hence, remembering the manner 
of composition of rotations, we see that the curl of the displacement 
function is a vector showing by its direction the resultant axis of 
rotation of the matter surrounding any point, and by its length twice 
the angle of rotation. 

Also, it results from the analysis of the most general continuous dis- 
placements of a collection of particles, that the particles which originally 
occupied a small sphere with centre at O in the unstrained state occupy 
an ellipsoid after the displacements. The principal axes of the ellipsoid 
always correspond to a set of three rectangular lines in the original 
sphere, but there are two distinct cases. The three lines in the sphere 
may, as the sphere is turned into the ellipsoid, keep their directions 
unchanged, in which case the strain is pure, and may be produced by 
three rectangular compressions or elongations acting in directions 
parallel to the three lines. In the second case the three lines in the 
sphere do not keep their directions unchanged during the displacement, 
but are rotated as a whole about some axis. This is a rotational strain, 
and there is one definite manner of decomposing an arbitrary strain 
into the simultaneous effects of a pure strain and a rotation. 

Thus, corresponding to divergence and curl, we have expansion and 
rotation. The condition of no divergence means, in the case of dis- 
placements, that the strain ellipsoid has the same volume as the 
corresponding sphere, and the condition of no curl implies that the 
strain is pure, or unaccompanied by rotation. 

We have similar results when we consider not the displacements, but 
their rates of increase, i.e., the velocities of the particles. Thus, the 
motion of a fluid may be rotational or irrotational at any place ; in the 
latter case the curl of the velocity is nil, in the former its value is twice 
the angular velocity. 

19. Electric current and its related quantities are all characterised by 
the absence of divergence. Their distributions are therefore similar to 
possible states of displacement of the particles of an incompressible 
solid, or of the instantaneous velocity of an incompressible liquid. 
There is also a common characteristic, that having no divergence any- 
where they have necessarily curl somewhere, a property essentially con- 
nected with the existence of closed lines (of force, current, etc.). Let us 
suppose that we have a field of magnetic force, B,, due to currents only, 
and that the force actually produces a small displacement in the medium 
where it acts, of amount proportional to the strength of force. A state 
of strain would be set up. In space unoccupied by current, curl B, 
=C,=0, and the strain is pure. But where there is current, curl B, 
=C, is finite, and the strain is rotational, its axis is the direction of 
C,, and the angle of rotation 4C, in amount. In both cases, either 
within or without the current, div B,=0, or there is no expansion 
accompanying the strain. 

The existence of the rotation (with the above assumption of displace- 
ment in the direction of B,) is easily recognised in the case of a straight 
current. Let the wire be of circular section. The lines of force are. 
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circles in planes perpendicular to the axis, centred thereon. The 
strength of force increases from nil at the axis regularly to a maximum 
at the surface of the wire, being, anywhere between, proportional to the 
distance from the axis. If we then take a thin slice of the wire bounded 
by two parallel planes perpendicular to the axis, and displace its parts 
through very short distances proportional to and in the direction of the 
magnetic force at any place, the result will be a rotation of the slice 
en masse about the axis, as a wheel for example. It is easily seen also 
that the supposed displacements produce relative rotation of the same 
angular amount of any two points in the slice, and that besides the- 
motion of translation as a whole of the particles surrounding a given 
point, there is the definite rotation about a line parallel to the axis of 
the wire. The rotations are equal, because we have assumed the 
current-density to be uniform throughout the section of the wire. 
Outside the wire, however, the strength of force falls off, varying 
inversely as the distance from the axis. This distribution of force 
makes curl B,=0, and the corresponding strain at any place when 
small displacements are produced by the force is unaccompanied by 
rotation, or the displacement is differentially irrotational. (We have 
used the word “strain” to include the case of mere rotation without 
distortion.) 

20. But by far the most interesting analogue is that presented by the 
motion of a perfect incompressible liquid. Let it fill all space (since 
the magnetic force of our rectilinear current extends without limit), 
and replace lines of force by lines of motion of the liquid, its velocity to 
everywhere correspond to the magnetic force. We have then a case of 
vortex motion. The liquid within the cylindrical space corresponding 
to the wire is rotating, every particle of it, with the same angular 
velocity. The motion of the liquid outside the vortex, however, 
although the lines of motion are circles about the vortex, is differentially 
irrotational—i.e., particles which at a given moment occupy a very 
small sphere about a given point, at a very short time after occupy an 
ellipsoid of the same volume without rotation from one to the other. 
We might, from our knowledge of the relations between magnetic force 
and current, deduce some of the remarkable properties of vortex 
motion, so far as they do not involve the dynamics of the subject—z.e., 
merely characteristics essentially connected with the motion. Current 
direction corresponds to the axis of a vortex, current-density to twice 
the angular velocity ; vortex lines and tubes, analogous to current lines 
and tubes, are always re-entrant; the line-integral of magnetic force 
about a current measuring the amount of current corresponds to the 
circulation of liquid about a vortex being proportional to the angular 
velocity of the latter, etc. But, not to go into details, we will merely 
note, further, the analogue of the identity 


2 $B? =È }A,C; 


[p. 244 ante]. Here, B, being the magnetic force of current C,, whose 
potential is A,, we have two expressions for the quantity that there is 
reason to believe is the kinetic energy of the system of magnetic force. 
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Now, let B, be the velocity of a perfect liquid of unit density, then 
> 4B? is really the kinetic energy of the whole motion (sum of mass of 
each elementary portion x 4 square of its velocity). We have then the 
remarkable result that the kinetic energy of the moving liquid can be 
expressed in terms of its angular velocity in those places where the 
motion is rotational, and of the corresponding vector-potential. Further, 
since if C,=0 everywhere, making È A,C, =0, it follows that 2 B?=0, 
which (being the sum of squares) involves B,=0 everywhere. That is 
to say, if there is no rotation there can be no motion of the liquid 
Cs a uniform motion not vanishing at infinity]. Hence, if the 
iquid fills all space, its motion, whatever it be, cannot be everywhere 
irrotational. When, however, the liquid is bounded, as by the surfaces 
of immersed solids, the motion of the liquid may be everywhere irrota- 
tional in itself. If so, the rotation is to be sought at the bounding 
surfaces, and there it will be found, being represented by the difference 
of the tangential motion of the liquid passing the surface of a solid and 
of the solid itself at the same place. Or we may reduce this to the 
former case by imagining the solid to (momentarily) become liquid like 
the rest, whilst the new liquid has the motion of the solid at the moment 
considered. There is now continuity of the normal components, and in 
general discontinuity of the tangential components of the motion of the 
liquid just within and just without the surface, which was that of the 
solid before it was melted; and, consequently, differential rotation at 
the surface. The latter, therefore, constitutes a vortex sheet, analogous 
to a current sheet, and the vortices are distributed just as the current 
would be in the current sheet which would produce a field of magnetic 
force exactly corresponding to the actual state of motion of the liquid 
at the time. 

21. A simple example is that of a spherical solid set in motion in a 
perfect liquid originally at rest. Let its velocity at any time be V 
parallel to s. ‘The motion of the liquid exactly corresponds to the 
external magnetic force of the system of surface current over the sphere 
which would produce an internal field corresponding to the given 
internal motion, i.e., a uniform field of strength V parallel to s. To 
find this system, we may notice that the curl of the magnetic force 
given, the internal uniform field, is purely superficial, of amount V sin 6 
per unit area at any part of the surface whose angular distance is 0 from 
the pole or most forward point of the sphere in motion. A system of 
circular currents over the surface, of surface-density V sin 0, with 
positive motion about the axis 8, will be easily found to give a uniform 
internal field parallel to s, but only of strength 2V. Consequently, if 
we make the strength of current 3V sin 0 we get the required internal | 
field of strength X, and the corresponding external field will represent 
the liquid motion when we translate V as velocity. The added current 
corresponds to the external surface curl, of magnetic force or of velocity 
as the case may be. The external vector-potential of the surface 
current is 4/a/r? sin 6 at distance r, directed perpendicular to r and 8, 
the lines of vector-potential thus being also circles about 8 in planes 
normal tos. At the surface it becomes }Va sin 0, if a he the radius of 
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the sphere, and coinciding in direction with the current. Hence we 
may easily find the energy, viz. :— 


D}Ac= aff Va sin0. 2V sin 0. aduded = V?ra?, 


[by integration over the spherical surface, between the limits + 1 for p, 
and 0 and 27 for ¢.] Of this 4 is external, ? internal, as we may con- 
clude from our having obtained twice as great internal as external 
surface curl, agreeing with the well known result that the kinetic 
energy of the liquid is one half that of the solid sphere which moves it, 
if it has the same density. Va? is in fact the whole energy in the 
electromagnetic case, and also the whole energy in the case of the 
moving liquid, including that of the sphere of same density. The 
external magnetic force, or velocity, is the curl of the above vector- 
potential 4Va%/r? sin 6. The scalar potential, on the other hand, is 
+Va3/r? cos 6, and its space-variation gives the magnetic force or the 
velocity at any point. This scalar potential is that of the magnet which 
would give the same external force. It may be got by substituting a 
plane magnetic shell for each circular current. The whole collection of 
shells constitutes a sphere magnetised to intensity 3V parallel to 8. 

22. The other kind of magnetic force, B, above, arising from magnet- 
ism, possesses just the same characteristics as B, arising from currents, 
as regards the space external to the magnetised matter. In fact, given 
a space in which there is a given distribution of force, but quite devoid 
of current or of magnetisation, and given no knowledge of anything 
outside the space, it is impossible to say what the origin of the force is, 
whether magnetisation or current. No necessary distinction can be 
drawn under the mentioned circumstances. The sources external to 
the space considered might be either currents or magnetism. The lines 
of force of B,, however, in a complete field, as well as in the incomplete 
field above, are unclosed, and hence arise important differences in the 
mathematical treatment. But this idea of magnetic force being due to 
magnetic matter, the residual or unneutralised polarity of the magnet- 
isation, whilst perfectly accounting for the external force, is in all 
probability entirely erroneous as regards the force within a magnet, 
and so may be here dismissed, and the more complete theory of internal 
force will be considered later. 


XXVIL—THE ENERGY OF THE ELECTRIC CURRENT.* 
SECTION Va. THE INDUCTION OF ELECTRIC CURRENTS. 


THE mechanical forces between conductors carrying currents, the 
induction of currents, Joule’s law of the generation of heat, and the 


#[The Electrician, 1883; Section Va., June 16, p. 104; Vb., June 30, p. 149; 
Vc., July 14, p. 198; Vla., July 28, p. 246; VIb., Aug. 11, p. 294; VII., Aug. 
25, p. 342; VIII., Sept. 15, p. 414; IXa., Oct. 12, p. 510; IXb., Oct. 27, p. 558 ; 
X., Dec. 1, p. 55; XI., Dec. 22, 1883, p. 127; XII., Jan. 12, 1884, p. 199; XIII., 
Feb. 2, p. 270; XIV., March 1, p. 367; XV., March 29, 1884, p. 463.) 
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principle of the conservation of energy are all intimately connected. 
We cannot, in fact, isolate the mechanical forces from the induced 
electromotive forces without setting up artificial barriers, to be after- 
wards taken down. Yet it is necessary, since we cannot treat every 
part of a subject at the same time, to make a beginning somewhere, by 
selection of some facts and temporary exclusion of others, and the 
question presents itself, where to make a starting point for the induction 
of currents from the theoretical point of view. It is not so much a 
= question of what are the laws of induction, though they are of course 
involved in the matter, as how to exhibit them and their connections 
with other electromagnetic phenomena in a complete theory based upon 
the simplest and least number of experimental laws, and in what order 
to take the latter. 

Now, in building up a consistent theory to embrace a number of 
facts of a certain class (complete relatively, that is to say, by a process 
of abstraction) there may be a large choice of methods. As all roads 
were said to lead to Rome, so all truth is consistent, and by however 
roundabout a method we go to work we shall arrive at the same results 
on the way or in the end, if we are working correctly and not trusting 
to unsound hypotheses. From a group of experimental facts we may 
divine a certain relation, and by generalising it from the particular 
cases observed, make it a law, empirical so far, i.e., not deducible from 
previously known laws at the time, though it may become so later. 
Such a law is that of gravity ; though so long since its discovery, it has 
not been satisfactorily explained by more easily understood laws. 
Ohm’s law is also without explanation, whilst, on the other hand, the 
gaseous laws have been explained dynamically, as Newton’s law of 
gravity and Ohm’s law may be some day. 

In general, several such experimental laws are required to form the 
framework of a complete theory, though two or three may suffice to 
make considerable progress. ‘Thus in electrostatics, after learning that 
electricity is a physical magnitude capable of measurement, that charges 
may be added and subtracted, the addition to this of the law of force 
between two concentrated charges, as ascertained by means of Coulomb's 
torsion balance, generalised to apply to all cases of electricity distributed 
in a single dielectric, enables us to at once apply the theory of the 
potential in its general aspect, and to find the distribution of force and 
the potential energy in the case of any arbitrary distribution of electricity. 
Add to this, further, the division of bodies into conductors and non- 
conductors, thus necessitating that in a state of electrical equilibrium 
there can be no electric force in any part of a conductor, and that there- 
fore the potential of each insulated conductor or of each group of con- 
ductively-connected conductors must be a constant, and we have the 
means of determining the distribution of electricity in practical cases. 
To this add the further law relating to the difference of capacity of 
different dielectrics, and we are enabled to calculate the modifying 
influence on the field of force produced by varying dielectric capacity, 
and we have got nearly as far as the mathematical theory of electro- 
statics goes at present. There are plenty of facts outside the theory, 
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but so far as it goes it is complete and consistent, and the facts excluded 
relate in the main to phenomena observed during the change from 
one state of equilibrium to another, on the borderland between purely 
static and purely dynamic phenomena. 

Now, we might arrive at just the same results by other methods. 
Thus, in the theory of the influence of varying dielectric capacity above 
mentioned, instead of putting Faraday’s law at once into a mathematical 
form, and starting with it, as Sir W. Thomson long ago did (introducing 
the dielectric constant K into the potential and force equations), we may 
try to do without it by assuming that the law of force between two 
charges is exactly the same for any dielectric, but that there are an 
Immense number of small conducting particles embedded in a dielectric. 
After long travail, we shall find that this hypothesis leads eventually 
to Faraday’s law. The hypothesis may be really true, but the mathe- 
matical theory is much simpler without it altogether. 

There is an analogous case in the theory of induced magnetisation. 
The simplest method of laying down the theory is to start with Faraday’s 
idea that different bodies “conduct” magnetic force differently, and to 
at once introduce a coefficient to express this “conductivity” (the 
magnetic permeability, etc.). Calling the magnetic force as thus modi- 
fied, that is u x force, the magnetic induction, we find that the induction 
is a circuital flux,* or is distributed in closed tubes, and we have 
magnetic force producing magnetic induction in heterogeneous media, 
Just as electromotive force produces current in similarly heterogeneous 
conducting media. But we may arrive eventually at the same result, 
which Maxwell thought best represented Faraday’s ideas, by following 
Poisson, making the induced magnetisation the object of attention in 
the first place, and not the magnetic induction. 

In these and similar cases the best course to pursue is to adopt 
that initial hypothesis which leads to the general results in the 
most direct manner, provided, of course, the hypothesis be free from 
objection. 

In the theory of electromagnetism, there is considerable choice of 
methods. As regards the electromagnetic forces alone, we may find a 
law of force between a pair of current-elements which will enable us to 
deduce the force acting upon any complete circuits. The investigations 
concerning the imaginary force between a pair of elements are usually 
very complex, and there is besides a grave objection. For we have no 
reason to believe that current-elements can be isolated in the same way 
as charges of electricity may be (viz., on insulated conductors separated 
by a dielectric from all other charges). The current-elements of course 
exist, but never independently of all other elements, if currents 
are always closed. As a consequence, there is an indefinite choice of 
formule for the force between a pair of elements, which is essentially 


* [To save circumlocution, I here substitute the valuable word ‘‘circuital,” 
introduced by Sir W. Thomson in 1890. A circuital flux has no divergence. It 
has curl, or rotation. The other kind of flux, which has divergence, but no curl, 
may be similarily termed a ‘‘divergent”’ flux. The words apply to vector distri- 
butions in general. ] : 
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indeterminate, a definite formula being obtainable only by making some 
pure assumption. 

But a knowledge of the force in question is not required, even if it 
could be definitely found, and it is preferable to start with closed 
circuits and keep to closed circuits. Thus, all the mechanical forces 
between currents and currents, and currents and magnets, may be based 
upon the law of the equivalence of a small closed current and a little 
magnet as regards the forces they exert; or we might do without the 
magnet altogether. Then, with a knowledge that currents are quanti- 
tatively expressible, have «direction, and follow closed paths, we may, 
by geometrical or analytical reasoning regarding the properties of lines 
and surfaces, deduce all the rest, aided in particular by Ampeére’s device, 
whereby a finite linear circuit is replaced by any number of other 
circuits forming a network externally bounded by the original circuit, 
a process which has many important applications, and is of great 
assistance in various complex questions. Without further laws to help 
us, for we have no concern with how the currents are obtained, we can 
develop the whole theory of the quantitative and directional relations 
of current and magnetic force, and of the vector-potential of current, 
and calculate the electromagnetic forces, and the potential energy of any 
distributions of current with respect to those forces. As regards a pair 
of linear currents, we find that the forces between the conductors may 
be found from a scalar function whose value depends upon the size, 
form, and relative position of the circuits, multiplied by the strengths of 
the currents, say MC,C,, where M is the function mentioned. The 
mutual potential energy of the two currents is— MC,C,, and its rate of 
decrease as the circuits are shifted measures the rate of working of the 
electromagnetic forces during the displacement, and consequently the 
forces concerned. The most readily intelligible form for the potential 
energy is in terms of the amount of induction or number of lines of 
induction through the circuits. The unit current in the first circuit 
sends the same amount of induction through the second as the unit 
current in the second does through the first, and this quantity is the M 
in the potential energy, reckoning the positive direction through a 
current to be that in which a free N. pole would travel through it under 
the action of its magnetic force. 

From a pair of linear circuits we easily pass to the case of any 
distribution of currents, and we find the potential energy of two 
systems of densities C, and C, to be — T, where 


T= $4,0, +2 44,0, + X AC, 
= 2 $B,’ + 2 4B; + È BB, 


and A,, A, are the vector-potentials, B,, B, the magnetic forces, and 
space is divided into volume-elements. But the most convenient form 
for two linear circuits is 


T=}L,U2+4L,C2+ MCC, 


where M is the same quantity as before, and L, L, are the corresponding 
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quantities for the circuits taken separately. C] and C, are now the 
integral currents, not the current-densities. 

We have now to take down the artificial barrier set up in dealing 
with the electromagnetic or mechanical forces. The currents were 
presumed to be given constant, and to remain constant during relative 
motion, and although work done by the electromagnetic forces has 
been estimated, no account has been taken of other work in the system, 
as in keeping up the currents, or of the principle of conservation of 
energy. But currents do not remain in general of constant strength 
when in motion in a magnetic field, the changes in the currents being 
the induced currents, and it becomes absolutely necessary to enlarge the 
field of view. 

There are several methods of laying down the laws of induced 
currents. If we were to choose that method which leads most easily 
and directly to the required laws, we should employ Maxwell’s 
dynamical method, which exhibits the whole subject in a concise and 
comprehensive manner, whilst both the electromagnetic actions and the 
electromotive forces of induction are deduced in the simplest possible 
mode. But it can scarcely be said that the cardinal assumptions of the 
dynamical method, that the energy of a current system is kinetic 
energy, that the system is a dynamically connected system in which 
currents correspond to velocities, and that the expression for the energy 
does not contain products of the velocities of the geometrical and the 
electric variables, are sufficiently simple to justify us in selecting the 
method to start with. The dynamical method should rather follow 
other methods, which, if less direct, are more easily understood in the 
earlier stages. 

The laws of induction were first completely quantitatively established 
by J. Neumann, who took for his basis Lenz’s law, which was a 
generalisation from a comparison of the results of obtaining induced 
currents by the relative motion of a circuit (the secondary), without a 
permanent current, and of a primary circuit containing a current kept 
up by a battery. Now, if we grant that a current is induced in the 
secondary by relative motion of the circuits, it must be in either one 
direction or the other, and the electromagnetic action set up between 
the induced and the primary current must, therefore, be such as either to 
resist or assist the motion. If the latter were the case, it would follow 
that the secondary circuit, when at rest, and with, therefore, no current 
in it (the primary being also supposed at rest), and with no force acting 
on it, would be in unstable equilibrium. For the least displacement of 
the secondary circuit, either to or from the primary, would call up 
forces increasing the displacement, and the secondary would continue to 
approach or retreat from the primary circuit, according to its initial 
motion. Such a state of unstable equilibrium being plainly inadmissible, 
it follows that the direction of the induced current, if there is any, 
must be such that the mutual forces between it and the primary resist 
the motion. This principle, applied to the motion of either primary or 
secondary, constitutes Lenz’s law. 

In reference to Neumann’s investigations, Maxwell remarked that a 
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step of still greater scientific importance was soon after made by 
Helmholtz and Sir W. Thomson, who showed that the induction of 
currents could be mathematically deduced from the electromagnetic 
actions of Oersted and Ampère by the application of the principle of the 
conservation of energy. 

But it must not be concluded from this that, given the electro- 
magnetic forces, and the truth of the general principle named, nothing 
more is needed to build up the whole science of the induction of 
currents. The statement sometimes made, that the laws of induction 
follow of necessity fron: Ampére’s forces and conservation, is of too 
broad a nature. If we modify the statement, and say that the laws of 
induction are consistent with Ampére’s actions, and with conservation, 
there will be nothing to be objected to. That this is not a mere 
difference of tweedledum and tweedledee may be easily seen from the 
history of the subject, if it be not sufficiently evident by itself. We 
may, indeed, from the existence of Ampére’s forces, and a conviction of 
the truth of the conservation principle, conclude certainly that some 
other actions occur, but the principle merely asserts that energy is never 
lost, that energy put into a system from outside must necessarily be 
either stored up or make its appearance somewhere in some form or 
other ; but what the form may be depends upon the mechanism—on the 
dynamical connections—and conservation does not tell us what they are, 
nor what will happen. There must be other information given. 


SECTION Vb. TRANSFERENCE OF ENERGY. OH8™M’s LAW. 


Given a magnet placed near a closed circuit with no current in it. 
There is no mutual force when they are at rest, and it is not immedi- 
ately evident that there should be any when the magnet or the 
conductor is moved. But, following Helmholtz, if we start with a 
current in the conductor, kept up by a constant E.M.F., we can go 
further. For now there is force between them, exactly determinate 
when the data of shape, etc., and strength of current and of magnetisa- 
tion, are given. Let the positions be such that there is a repulsion of 
whole amount F, so that a pressure of this amount must be applied 
to prevent the magnet and conductor separating further. Now push 
the magnet towards the current through the space dz. The amount of 
work externally done against the force F during the operation is Fdz, 
and by the principle of the conservation of energy an equal amount of 
energy is put into the system, and must be accounted for somewhere. 
But where to look for it conservation will not tell us, and more facts 
are needed to assist us to a definite conclusion. As a matter of fact, 
the work spent is accounted for finally as heat in the conductor. How 
it gets there is a mystery. The current in the conductor is increased 
by the motion of the magnet, the rate of transfer of energy from the 
battery is also increased, the generation of heat which is inseparable 
from the existence of conduction currents is likewise increased, and 
this additional generation of heat is the equivalent of the additional 
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energy leaving the battery and of the external work spent against the 
electromagnetic forces. This is sufficiently complex, but the reality is 
even more so, for the above supposes that the motion is such that the 
induced current is not changing, that is, that the actual increased 
current remains steady. We see, however, preliminarily, that the 
energy put into the system externally by moving the magnet must 
exist in at least one intermediate form before it becomes heat in the 
wire, for it has to be transmitted across the intermediate space, and 
the heat is not generated at the place of external work, as when a 
button is rubbed upon the coat sleeve. Now, this intermediate energy 
must also be taken into account when the induced current is not 
steady, for then there will be no longer equivalence between the rate 
of generation of heat and the rate of supplying energy from the battery 
re from the external source, the difference going to the intermediate 
orm. 

But to develop this matter it becomes necessary to take a general 
view of the connection of Ohm’s law with Joule’s law, and the 
principle of conservation as concerned in the transfer of energy from a 
battery in steady action. As regards Ohm’s law, if there is little to be 
said that has not been said over and over again, it is certain that a 
good deal of nonsense has been written about it. Perhaps no scientific 
law has had so much unscientific discussion, a result to be attributed 
in the main to its remarkable practical importance bringing it down 
from the professors to the multitude, which must always contain 
amongst the great mass who are willing to learn, and are too modest 
to imagine, if they cannot understand a thing, that the professors are 
all wrong, a certain number of self-confident paradoxers, whose peculiar 
conceit is that their views are necessarily right. Self-confidence is, 
no doubt, an excellent thing in its way, but when coupled with ignor- 
ance of the fundamental truths of dynamics (which they should know 
is an exact science), leads to extraordinary jumbles sometimes. Did 
they only deceive themselves in their delusions little harm would be 
done, but when they take to writing books for students, then a whole 
body of blind followers is precipitated into the ditch of mental confu- 
sion, from which extrication is so difficult, and whose mud sticks for 
so long. , 

In any conductive metallic circuit in which a steady current is flow- 
ing, if there be any connection at all between the current C and the 
whole electromotive force E in the circuit, we may write L=/f(C), 
some function of the current, and, it may be, of other quantitics. Or we 
may say E= RC, where R is the ratio of the EM.F. to the current, 
and R may be a function of the current and of other quantities. Now, 
according to Ohm’s law, this ratio is constant for a particular circuit, 
that is, is independent of the current. Increase the E.M.F. in any 
proportion, and the current will be increased in the same proportion. 
There is a reservation to be made, viz., that the temperature must be 
kept constant, otherwise the ratio will slightly change. Also another, 
of lesser immediate importance, that the long-continued passage of 
currents may slightly alter the ratio, a result probably due to some 
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structural alteration produced in the conductor. And minute changes 
may be due to other causes, but practically the ratio is a constant. 

What is true for a complete circuit is also true for any portion 
thereof, the ratio of the E.M.F. in that portion to the current is 
constant, and this naturally leads us to the most general way of stating 
Ohm’s law, which is to take the unit volume (cube) of a conductor, 
with two opposite faces perpendicular to the current, and apply the 
law to it. Let e be the ¥k.M.F. between the faces mentioned, and 
c the current crossing them and every intermediate section of the tube, 
then e=rc, where r is constant for the material. Here e is the E.M.F. 
per unit of length, or the electric force, c the current per unit area (the 
current-density), and 7 the specific resistance. 

Another useful form is c=ke, where k, the constant ratio of the 
current to the electric force, is the conductivity, the reciprocal of r. 

Corresponding to c=ke in a conductor we have D = Ke in a dielectric, 
where D is the displacement produced by the electric force e, D 
referring to unit surface and e to unit length as before, and K being a 
constant for the material. 

Again, we have in induced magnetisation the analogous law B= pH, 
where u is the ratio of the magnetic induction B to the magnetic force 
H. And similarly J=«H, where I is the magnetisation produced by 
H, and «x their ratio. 

But the constancy of K in any dielectric is by no means well assured, 
whilst in solid dielectrics there is the complication introduced by the 
phenomenon of “absorption,” making the value of K appear to vary 
according to the time the E.M.F. has been acting on the dielec- 
tric, and the displacement already produced, a phenomenon analogous 
to the effects of imperfect elasticity in bodies under stress. 

And « and » in magnetisation are only constants (approximately) 
for weak magnetic forces, their values [after initial augmentation] fall 
very rapidly when the force is greatly increased, a limiting maximum 
magnetisation being reached. 

On the other hand, Ohm’s law is remarkable in that the ratio r 
remains constant from the lowest to the highest electric forces, a 
constancy which could not be predicted or expected à priori with any 
certainty in our ignorance of the nature of what is really going on in a 
body carrying a current. 

The constancy of 7 implies that the existence of one current in a 
wire does not in any way alter the wire so as to interfere with its 
capacity for bearing another current if the required additional electric 
force act, which is very different from the superposition of magnetisa- 
tions, where the effect of additional magnetic force depends upon the 
already existing state of magnetisation. An immediate consequence is 
that any number of electric forces may be superimposed at any point 
of a conductor, the resulting current being the algebraical sum of the 
currents the electric forces would separately produce if they act all in 
the same line; and when their directions are not all the same, the 
resultant current and resultant electric force have the same direction, 
and have the same ratio of magnitude r as any of the component 


THE ENERGY OF THE ELECTRIC CURRENT. 285 


electric forces and currents, of which they are the vector sums. [An 
isotropic conductor is referred to here.] 

With the application of Ohm’s law to practical circuits and its 
developments we have no concern here, but a few remarks as to some 
misunderstandings may not be out of place. 

The constant R in E= RC is called the resistance of the circuit (or 
portion thereof, as the case may be). Notice that it is “called” so. 
Now, students are sometimes led, or rather misled, by the name and 
by certain ideas they may possess as to frictional resistance to imbibe 
the idea that R is really analogous to the frictional resistance to the 
flow of water through a pipe, when the current of water is compared 
to the electric current. To credit them with supposing it to be 
not merely analogous to, but actually frictional resistance, would be to 
place them in the category of “men of science who are not natural 
philosophers,” described by Maxwell, who seized on the word Fluid as 
something intelligible, and forthwith endowed electricity, along with 
fluidity, with mass, inertia, etc. 

The real analogue to the frictional resistance of water flowing 
through a pipe is not R, but RC in the electrical case. Thus, if we set 
water in a pipe in motion, driving it by means of a constant difference 
of pressure between its ends, the velocity will increase until the 
motive force is just balanced by the frictional resistance. Now, let the 
frictional resistance be exactly proportional to the velocity, as it is said 
to be approximately for low velocities in thin pipes. Then, if C’ be 
the current, KC’, where K is some constant multiplier, will be the 
frictional resistance, and C’ will increase until 2’C’=£’, which gives 
the steady current corresponding to the motive force Æ’, after which 
there will be no further acceleration of velocity. 

Now, representing the difference of pressure by the E.M.F. in 
the wire, and the current of water by the electric current, the analogue 
of frictional resistance in the pipe is RC, and the constancy of R (which 
is analogous to the coefficient of friction) implies that the resistance is 
proportional to the current. 

Again, if ideas are correct, it is of secondary importance what 
language is used to express them, but it certainly would appear that, 
when people say that a certain E.M.F. is required to enable the 
current to overcome the resistance of a wire, it is the idea that is wrong. 
For there is really no question of overcoming, though there is of 
coming over. To every EM.F. corresponds its definite current, 
neither more nor less. To give a parallel case in mechanics. A body 
resting on a level surface is set sliding under the application of a 
constant force; what velocity it will assume depends upon the friction 
when in motion, since there is no lifting work done. Assuming, for 
the sake of argument, that it is proportional to the velocity v, say Rv, 
where R is the coefficient of friction, and that F is the applied force, 
Rv= F determines the steady velocity, similarly to the case above. The 
final velocity and the applied force are in a constant ratio. Here there 
is no question of overcoming, for it is the motion that brings the 
resistance. 
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But if the body be at rest, there will be a definite force required to 
set it moving at all, depending upon the statical friction. There is 
really a resistance to be overcome before the body will move. But 
this has no analogue in conduction currents in metals; the least 
E.M.F. will set up its corresponding current, down to the small- 
est measurable, and there is no initial resistance to be overcome. In 
gases, however, there appears to be something of the kind, and 
naturally we find it expressible as Æ and not as È. Thus Mr. Varley 
found that 323 cells were required to start the current in a certain 
tube, although when set up the current was that due to the excess of 
the E.M.F. over 304 cells, following Ohm’s law thereafter. The 
initial Æ =323 Daniells is analogous to the statical friction. For the 
rest, the analogy is not a good one for our purpose. 

Ohm’s classical memoir of 1827, of which a translation is to be found 
in Taylor’s “Scientific Memoirs,” contains a good deal. more than 
E=RC. Therein will be found the laws of distribution of potential in 
different parts of a circuit, with the well-known zig-zag lines showing 
its changes in passing through a battery of many cells. Also, if I 
remember rightly, the method of joining up cells to get the maximum 
current in a given external resistance, and the corresponding law for 
the size of wire of a galvanometer. There is, besides, an analytical 
investigation relating to the propagation of electricity in a wire, 
wherein, proceeding upon an entirely erroneous assumption regarding 
the power of a wire for storing up electricity in its substance, like heat, 
following in fact Fourier’s investigation of the conduction of heat, he 
was led to the true equations for the propagation of potential in 
a long wire, with electromagnetic induction neglected, afterwards 
legitimately established by Sir W. Thomson, and he gave the solution 
in a certain case of constant E.M.F. acting in one part of a circuit. 
Why he should have come to the right result by a wrong method was 
simply that, whether electricity is stored up in the substance of a wire, 
or goes to the surface and stays there, the equations are of exactly 
the same form. 


SECTION Ve. OHm’s LAW AND EoLOTROPY. THE ROTATIONAL 
PROPERTY. 


When we apply Ohm’s principle of the constancy of the resistance co- 
efficient in the most general manner possible to bodies which conduct 
differently in different directions, a remarkable consequence is the 
establishment of the possibility of existence of a rotatory resistance 
coefficient, or rather of three coefficients which specify a definite axis of 
rotation. Thus, in order to express without hypothesis the relations 
between electric force and current at any point, we require no less than 
nine coefficients of resistance, or an equal number of conductivity, viz., 
three direct and six transverse ; a direct coefficient referring to the 
current produced in a certain direction by an electric force acting in 
that direction, and a pair of transverse coefficients to express the com- 
ponent current in the plane perpendicular to the electric force, Taking 
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x, Y, 2 for any three rectangular axes of reference through the point 
considered, let an electric force of strength X along x produce currents 
ky, X, kX, ką% along x, y, and z respectively, these being the com- 
ponents of the actual current, and employ a similar notation for electric 
forces acting along y and z. Then, if any electric force E, whose com- 
ponents are X, Y, Z, produce a current C, whose components are u, v, w, 
we have the equations of conductivity, 


u= kX + kY + kil, 
v= kA + ko Y + kozk, 
w = ky X + kgo Y + koal ; 


where the Xs are the nine coefficients of conductivity, kij, kog and kog 
being direct, and the rest transverse. We have, of course, an exactly 
similar set of equations of resistance, expressing the electric force in 
terms of the current, thus, 


X =r l HT + 1g; 
Y =r U + Togt + Vogt, 
Z =T U +130 + Tyg 5 


where the values of the 7’s, the coefficients of resistance, may be put in 
terms of the k’s by solving the former equations for X, Y, Z. 

Now, these equations are of the same form as those concerned in the 
transformation of a sphere into an ellipsoid, exemplified in the theory 
of strains, and we may thus interpret them. Let the electric force at 
the point considered be of constant intensity, but variable in direction. 
Representing it by a straight line drawn from the point, the extremity 
of this line of electric force will obviously travel over the surface of a 
sphere when we vary its direction. At the same time, the correspond- 
ing current will vary both in direction and strength, and if we represent 
it also by a straight line drawn from the centre of the sphere, then as 
the extremity of the line of electric force travels over the spherical 
surface, that of the line of current will travel over the surface of an 
ellipsoid. 

There is, therefore, in general, corresponding to an electric force of 
constant intensity, but variable direction, a direction of maximum 
current, one of minimum current, and a third minimax, corresponding 
to the three principal axes of the ellipsoid. Two axes may be equal, or 
all three, in which last case the ellipsoid becomes a sphere. 

Similarly, let it be the current that is kept of constant strength 
whilst its direction varies, and represented by a straight line of constant 
length, whose extremity, therefore, travels over a spherical surface. 
Now it is the electric force required to produce the current which 
varies in intensity in different directions; and as the line of current 
travels over the spherical surface, that of electric force travels over the 
surface of an ellipsoid. But this second ellipsoid has not in the general 
case its principal axes in the same direction as those of the first. For 
this to be the case there must be a certain symmetrical relation, which 
may be thus expressed. E, and E, being any two electric forces, and 
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C, and C, the currents they produce, we must have E,C,=E,C,; or, in 
terms of components, 


X Uy + Yita + Zw = Xo, + Yor, + Zu. 


The interpretation of E,C,=E,C, is that an electric force acting in 
any direction produces the same component current in any second 
direction, as the same electric force acting in the second direction does 
in the first. 

In a system of connected linear conductors the corresponding property 
is that the current produced in a branch R, by an electric force in 
another branch R, equals the current in R, due to the same electric 
force in R, with similarity of direction. That is, choosing the directions 
of E in R and of C in R, as positive, when Æ is transferred to A, and 
acts in the assumed positive direction, C will be also in the assumed 
positive direction in R,. This reciprocal property is necessary in a 
system of linear conductors; but there is nothing to prove that the 
corresponding law E,C,=5,C, is necessary in a non-isotropic conductor. 
But, supposing it to exist, it follows that the transverse coefficients are 
equal in three pairs ; thus kig = ka, etc., and Ti =f etc. The principal 
axes of the two ellipsoids above mentioned are now coincident in 
direction, and if we choose them for our axes of reference (x, y, z) we 
reduce the general equations to the simpler forms 


Us g =f — p ays Zy — 4° 
u=k X, v=k Y, w=k;,Z, and X=ryu, Y=ruv, Z=ryw, 


where the k's are the principal conductivities, and the 7’s the principal 
resistances, viz., along the common axes—and now, which was not the 
case before, the 7’s are the reciprocals of the /’s. 

From these equations we see at once that there are three lines of 
directional identity of the current and the electric force, viz., the three 
mutually perpendicular principal axes for which the current is maxi- 
mum, minimum, or minimax, with an electric force of variable direction 
but constant intensity. In any other direction there is not coincidence; 
thus J, m, n being the direction cosines of the electric force, those of the 
current are lk /k, mk,/k, nk,/k, where 

k= JPA? + mk + nk? ; 
and the strength of current is C = kE. 

If we describe an ellipsoid whose axes are along the principal axes, 
but of lengths proportional to the square roots of the principal resist- 
ances, and let the radius vector from the centre to any point of the 
surface represent the electric force in magnitude and direction, the 
corresponding current will be parallel to the normal to the surface at 
the point, therefore along the perpendicular from the centre upon the 
tangent plane, and its strength will vary inversely as the length of the 
perpendicular. Similarly, with an ellipsoid whose axes are of lengths 
proportional to the square roots of the conductivities, the radius vector 
representing the current, the electric force will be inversely as the 
perpendicular on the tangent plane and in its direction. 

hen this symmetry does not exist (ki not = ka, etc.), we have rota- 
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tion. Representing the electric forces by radii of a sphere, the lines of 
current trace out an ellipsoid, as before, but we no longer have the lines 
of directional identity of current and electric force for the principal axes 
of the ellipsoid, for the ellipsoid is rotated as a whole about a definite 
axis, besides altering somewhat in shape to become another ellipsoid. 
Similarly, with the sphere for current, the ellipsoid for electric force is 
rotated, though not about the same axis, save in a special case. There 
may be still three lines of parallelism of current and electric force, 
though no longer mutually perpendicular, nor coincident with the 
principal axes; but also there may be only one such direction. And 
this last case is the special case of identity of rotation axis of resistance 
and conductivity, and exhibits the rotatory phenomenon in the simplest 
form. Let a conductor be isotropic in the first place, then E=RC; or, 
in terms of the components, 
X=hu,y Y=krņ, Z=Ru, 
where & is the one resistance coefficient. Now introduce rotation upon 
the top of this. We may put 
111 =T= g= A 
in the general equations, and 
Mg=—%=Ty Th=—-Ng=Ly Me = -Ta = Ty 
We now have 
where 
X,=Tw-Tyw, Y,=Tyw-Ty, 4=Tw-Ty. 
Multiplying X,, Y,, Z, first by u,, v, w, respectively and adding, and 
then the same with 7,, Tp» T's, we find 
Xu+Yw+Zw=0, and 4X,7,4+Y,7T,+2,7,=0. 

Hence the electric force, say E,, whose components are X,, F}, Zp is 
perpendicular to the current C, and to a vector, say T, whose com- 
ponents are T}, Ta, T} Also, if 6 be the angle between T and C, we 
have 

E, =TC sin 6. 

E is therefore the resultant of two electric forces, one of intensity RC 
in the direction of the current, the other of intensity CT sin 0, perpen- 
dicular to C and to T. These three electric forces form the three sides 
of a right-angled triangle, of which E is the long side; whence, by the 


famous 47th, 
E =(RC)? + (TC sin 6)?, 


which gives E = (fh? + T? sin?0}C. 
Also, if p be the angle between E and C, 
| tan $= T/R. 


The one line of parallelism of current and electric force is the axis of 
T, which indicates a definite direction in the body, independent of the 
directions of E or ©. Put 0=0, and we have simply E= RC when B 
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acts along the axis of T. Next, let it act straight across the axis. Put 
6=90°, then 


E=(R2+ 24, 


or the specific resistance is apparently increased from R to (fh? + T?}; 
but C and E are not parallel. C is still perpendicular to the axis, the 
same as E is, but is rotated through an angle ¢, such that tan ọ = T/R. 

_ In the general case of E inclined at any angle to the rotation axis, 
the component of E along the axis produces current parallel to itself as 
ordinarily, and the component perpendicular to the axis produces 
current with resistance (R? + 7?) and rotation ¢. The sphere of electric 
force becomes a prolate ellipsoid of revolution for the current, the long 
axis being parallel to T, and showing the one line (instead of three) of 
parallelism of C and E. 

The necessity of nine coefficients in the general case, and hence the 
possibility of existence of the rotatory effect, was maintained by Sir W. 
Thomson in 1854; Maxwell said there was reason to believe it did not 
exist in any known substance, but should be found, if anywhere, in 
magnets. Its actual existence [if this be the true explanation of the 
Hall effect] was only demonstrated two or three years ago by Hall’s 
discovery that it is developed in metals when placed in a powerful field 
of magnetic force. 

Let there be a steady current in a straight isotropic wire, and for 
distinctness let it go from left to right in the plane of the paper, and be 
kept up by a battery. Now let the lines of force of a magnetic field 
pass straight through the paper, and therefore perpendicular to the © 
current. Ignoring altogether the ordinary current of induction, examine 
what the effect of the rotatory resistance vector will be, assuming it to 
be parallel to the lines of force, say downwards through the paper. 
The current must be deflected in the plane of the paper, say from 


—» —> it tends to -7 -7 . But this transverse current will alter 


the distribution of the surface charge, the upper half of the wire will 
receive a positive, and the lower a negative charge, independent of the 
original distribution. This will introduce a downward electric force 
across the wire, tending to decrease the deflection. So long as any 
transverse current exists this opposing electric force will increase ; hence 
the final result is that it reaches such a value as to keep the current 
going straight from left to right as before the magnetic force was put 
on. Thus the deflection of the current can be but momentary; on its 
cessation the current goes on as before, but now under the influence of 
an impressed electric force not in its direction, but from left to right 
with a downward slant, being the resultant of the original electric force 
and of the transverse downward electric force, whose strength must be 
TC, if C is the current-density, as before. 

Two points of the wire, one above and the other below, which were 
originally at the same potential, are under the influence of the rotation 
made of different potentials, the upper being positive to the lower, and 
a current may be therefore taken off in a shunt wire between the two 
points. The difference of potential is, of course, greatly magnified by 
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using a very thin sheet instead of a wire, and thus was rendered 
perceptible. 


SECTION Via. THE CONSERVATION OF ENERGY. 


After Ohm’s law, the Conservation of Energy demands consideration. 
For Joule’s law, which naturally follows Ohm’s, is an example thereof, 
and as it happens that in Current electricity we meet with some of the 
most important and practical, as well as scientifically interesting appli- 
cations of this great modern generalisation (made the more interesting 
by our ignorance of the connecting mechanism) it will save future 
repetition to here briefly discuss it from the standpoint of theoretical 
dynamics. One may indeed gain, as most educated people have gained, 
by often reading about it, or from popular lectures, without previous 
study of dynamics, a general notion of the conservation of energy, and 
accept the principle as an article of faith, and at the same time have 
very vague ideas as to what is meant by energy, or why it should be 
conserved. Nothing will supply the deficiency save a careful study of 
dynamics, a repulsively dry subject to most people, but, owing to the 
far reaching of its principles, one whose preliminary study is indispens- 
able to those who wish to form correct ideas in electricity and magnet- 
ism. Not that they will thereby learn what electricity and its connected 
functions are, but rather that they will know certainly what they are 
not, and hence be able to avoid the absurdities arrived at by those who 
ignore dynamical relations. 

Now, in theoretical dynamics the conservation of energy is a necessary 
consequence of Newton’s laws of motion, with our definition of what we 
mean by a force doing work. A force being what causes, or tends to 
cause motion, is naturally measured by the amount of motion caused. 
Measuring the force acting upon a free particle of mass m by the rate of 
acceleration of its momentum, mv, where v is the velocity (relative to a 
body assumed to be at rest, or to bodies not in relative motion), and 
calling F the force, we have =m, the dot indicating rate of time- 
increase. (Newton’s notation.) 

Also, work is done by a force when its point of application moves 
with the force, and work is done against the force in the reverse case, 
which is exemplified when a stone falls to or rises from the ground with 
or against the force of gravity. A force F acting through a distance x 
does work of amount Fx. In the general case, F must be taken to be 
the force acting in the direction of motion, the component in that 
direction of the actual force. Thus the downward force of gravity does 
no work on a body moving horizontally. 

Since v the velocity is the distance moved per second, with the proper 
qualification for varying velocity as the distance that would be moved 
through per second if the velocity kept constant, we have Fv as the 
work done per second—the rate of working, or the activity. But since 
F=mi, we have Fvu=mwvi, and the latter is the same as d/dt(4mv’). 
Calling the quantity in the brackets the kinetic energy, and denoting it 
by T, we have Fv= T always. That is, the rate of working of the force 
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equals the rate of increase of the kinetic energy of the mass moved. 
Hence the work done by the force in increasing the velocity from v, to 
v,, however the force may vary in the interval, is exactly equivalent to 
the whole increase of kinetic energy, T,- Ti or 4m(v;? — v?). 

The quantity 7, the equivalent of the work done in producing the 
motion from rest, is conversely the amount of work the body can do in 
coming to rest by moving against a force, hence the propriety of the 
term kinetic (i.e. motional) energy. For we have now retardation 
instead of acceleration of momentum, work done against, instead of by 
the force, and by a reversal of the previous reasoning the total work 
done when the body is brought to rest is exactly 7, the initial kinetic 
energy. 

Thys, project a body upward with initial velocity v, it will rise to 
such a height h as to do 4mz? work against the downward force of 
gravity g; that is, 4m? = gmh gives us the greatest height to which it 
will ascend. Gravity still acting, the body will return, and on reaching 
the ground have the same velocity and kinetic energy as at first. That 
is to say, the original kinetic energy, although wholly lost at a certain 
height, is completely recoverable on allowing the mass to return. The 
energy, when it has thus disappeared from the kinetic form, but is 
recoverable, is called potential energy, or energy of position. To what- 
ever height the body may have ascended at any moment, with a certain 
loss of kinetic energy, exactly the amount lost is recoverable, and hence 
is to be considered potential energy. At the greatest height, where the 
velocity is nil, the potential energy equals T, the initial kinetic energy ; 
whilst on starting from the ground and on reaching it again the potential 
energy is nil; and in any intermediate position the sum of the kinetic 
and potential energies is 7, and remains constant throughout the 
motion both ways. 

Potential energy, or work obtainable in virtue of position, is a more 
abstract idea, seemingly, than kinetic energy, but the two are quite 
correlative, and one is as easy or as hard to understand as the other. 
Force of some kind is equally involved in kinetic and potential energy, 
when there is change from one to the other. Force produces relative 
motion and its kinetic energy, and the latter cannot be utilised without 
force. In the above simple case the conservation of energy only means 
that when kinetic energy is lost by the body moving against the force, 
such loss is perfectly recoverable in the return motion, since the force 
remains the same in the same places. This last remark, indeed, con- 
tains the reason why the energy is conserved, or returnable to the 
kinetic form. 

Consider a system of free particles in motion on which no external 
forces act, the forces being wholly mutual stresses, say attractions or 
repulsions, which vary only with distance, so that the force between 
two particles is the same at the same distance apart, whatever be their 
actual positions. Let the system move from any one configuration 
through any series of intermediate configurations, back again to the 
original. During the cycle, any two particles which approached or 
receded from one another during one part, recede from or approach one 
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another the same distance in the remainder of the cycle. The work 
done by the mutual force in the first part is therefore exactly equal to 
the work done against the force in the second part of the cycle, and 
this applies to every pair of particles. Hence the whole work done by 
the forces during the cycle is nil, and the kinetic energy at the end of 
the cycle is the same as at the beginning. (To make the particles 
return to the original configuration without alteration of energy, the 
artificial plan of frictionless constraints may be adopted, e.g., guide a 
particle through a perfectly smooth tube of any form desired under the 
action of the given forces; the constraining force of the tube will be 
always perpendicular to the direction of motion of the particle, and no 
work will be done by it.) Further, the kinetic energy in any configura- 
tion will be a function of the configuration only, i.e., in whatever way 
the particles move from one configuration to another, the gain of kinetic 
energy, being the total work done by the forces, will be the same, for 
the forces depend only on the configuration. 

Defining, then, the potential energy V of the system in any configura- 
tion 4 to be the work spent by the forces when the system moves from 
A to a standard configuration chosen arbitrarily, and T to be the kinetic 
energy in the state 4, it follows that V +7 remains constant in every 
configuration. In the standard state, V=0 (or any constant value we 
like); any departure from that state which is attended by an increase 
or decrease of kinetic is attended by an equal decrease or increase of 
potential energy, meaning that the decrease of kinetic energy is regained 
or the increase lost by letting the system go back to the standard state. 

If-we have two such systems of particles, each with internal forces 
alone, their energies are naturally independent and remain constant as 
above. But should there be force between one system and the other, 
energy may pass between them, and now it is the two systems as a 
whole, considered as a single system, that is conservative. 

We may pass from systems of particles to the ideal rigid bodies of 
mechanics, which cannot change shape, by introducing constraints. 
Let any collection of particles be constrained to always preserve the 
same relative positions, to become, as it were, a rigid body. No work 
can be now done by the mutual internal forces if they be pulls or pushes 
along the joining lines between the particles, since the relative motion 
of any pair must be always perpendicular to the line joming them. 
Hence the internal forces wholly disappear from the equations of energy, 
and only external forces need be considered. Any collection of such 
rigid bodies with mutual forces preserve the sum of their kinetic and 
potential energies constant, unless work be done on the system from 
without, when the amount of such work is the gain in its total energy. 
Practically, real bodies which do not change their form appreciably 
under not too great external forces, though their parts may be in 
irregular motion, come under the same law, from the experimental 
evidence that the unknown internal actions do not tend to change their 
state of bodily motion, whether of translation or rotation. 

Again, in the ideal perfectly elastic body, the work done by external 
forces in changing it from one form to another against the internal 
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stresses is independent of the series of intermediate forms, and the 
energy thus put into the body is perfectly recoverable by letting it 
return to its original shape through the same or any other series of 
shapes, the stresses depending on the shape only, with consequent 
conservation of energy. 

But the conservation of energy, in the limited sense in which we have 
employed the idea above, does not exist in Nature. Thus, when one 
body is set sliding over the surface of another, its motion is retarded, 
and it finally comes to rest. The force that brought the body to rest 
will not act back and restore the kinetic energy, which is apparently 
lost for good. Make the body move back over the same path, and 
there is a further loss of energy, for the frictional force is not the same 
in coming back, but is always against the motion, and, besides, it 
depends upon the velocity more or less. Again, the stone which, pro- 
jected upwards with a given amount of energy, loses it all at a certain 
height, and recovers it all (or nearly all, some being lost in friction 
against the air) on reaching the ground, suddenly loses it again, for 
there is only a small fraction in its first rebound. A portion of the 
energy may be traced in the vibrations set up in the masses in collision, 
but this is only a portion; whilst the vibrations themselves subside, 
and leave no trace. 

Energy thus disappearing from view was formerly supposed to be 
lost, or, at any rate, it was disregarded. But the modern principle of 
conservation of energy teaches that energy is never lost, though it may 
not be recoverable directly. Being a broad generalisation from in- 
numerable experiments, it must be regarded as an experimental law, 
whose observed fulfilment in so many cases leads us to believe that its 
truth is universal, and that in every case of disappearance of energy of 
one kind there is an equal gain in some other kind or kinds, no doubt 
ultimately resolvable into the simple kinetic and potential energies of 
dynamics, but usually of unknown exact nature, as the energy of a 
distribution of static electrification, probably the potential energy of a 
strained state of the medium, the energy of electric currents, or of 
magnetisation, or of chemical affinities. To enumerate all would be to 
_ range over all natural phenomena, but as we are confined to Electricity, 
we need only mention preliminarily that it has been proved, and 
abundantly so, that heat is energy itself, requiring no multiplication by 
some other physical quantity to make energy, as is the case with 
electrification, electric current, magnetisation, etc. A definite amount 
of heat represents a definite amount of energy, and the very important 
relation between heat in caloric units and mechanical, after being 
theoretically, though by what is considered unsound reasoning, calcu- 
lated by Mayer, was experimentally determined by Joule, who, from a 
numerous series of experiments, found that 772 foot-pounds of work 
per pound of water frictionally spent in stirring it raises its temperature 
1° F., a result confirmed in many other ways less direct, through other 
forms of energy. The quantity of heat required to raise the temperature 
of a pound of water 1° F. is therefore 772 foot-pounds, or of a gramme 
1° C. is 42,000,000 ergs. l 
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_ Now, whatever may be the ultimate nature of electrostatic actions, 
the quantities termed electrification and electromotive force are such 
that their product is energy, which is something definite, being work 
obtainable. That this is so follows from the definitions of electrification 
(quantity of electricity) and E.M.F., and elementary considerations. 
Thus, let a static charge Q be carried from a place where the potential 
is P, to a place where it is P, the whole EM.F. along the path being 
P,- P,=E, say. Then the work done by E upon Q during the transfer — 
is EQ. For the electrostatic force f, or force per unit charge, is the 
space-variation or rate of decrease per unit distance of the potential ; 
the force upon Q is therefore Qf, and this is a real mechanical force (as 
in the common expression repulsion = qq'/d”, q is electrification, and q'/d? 
electric force.) Its space-integral from the beginning to the end of the 
path is Q(P, — P,) or EQ, which is therefore energy. 

Energy being thus the product of a quantity of electricity and an 
E.M.F., of course neither of the factors can be energy. That is, electri- 
city cannot be energy, as heat is. Such a very obvious conclusion it 
might seem to be impossible to misunderstand, yet there are men of 
standing who have failed to see the force of the argument, simple 
as it is. Can their failure have arisen from a want of acquaintance 
with the fundamentals of dynamics? If not, I can think of no 
other explanation than that the rapid whirl of their ideas, for they 
are men of imagination, may have produced some degree of oblateness 
of the spheroid. 

Of course, if either E or Q were known the other would be known, 
since their product is a known quantity. But concerning the often- 
asked question, What is electricity ? I can attach but little importance 
to the answer by itself. But the question, What is the mechanism of 
electrical phenomena? is quite another thing. For, if its answer were 
known, the functions E and Q would be known, and found to be worth 
—their full value. It might be then found desirable to completely alter 
the nomenclature of electrical theory, and instead of the present 
functions to employ others to which a plain dynamical meaning can be 
assigned. Of course the present established relations would remain 
true, but for them might be substituted equivalent relations in 
terms of better-understood quantities. But, naturally, until this 
desirable consummation is reached we had better keep to the present 
E and Q. 

In W= EQ, where W is the work done by the E.m.F. # during the 
transfer of the quantity Q, we have supposed @ to be a static charge, - 
and to be transferred by convection. That the same relation should 
hold when the charge is transferred by conduction, or when, as in a 
galvanic circuit, Q does not appear as a static charge at all, cannot be 
considered as immediately self-evident. For although experiment 
proves that a conduction current is virtually equivalent to the transfer 
of electricity, expressed symbolically by Q = Ct, where Q is the quantity 
transferred by the current C in time ¢, yet this relation is only a 
quantitative one. It suggests that there is actually motion of electricity 
round the circuit, and the current is popularly spoken of as such. But 
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this must not be taken literally. There is an enormous difference 
between a state of electrification and the electric current which may 
produce it or be derived from it, and we cannot from electrostatic pro- 
perties say what properties will be developed when a static charge dis- 
appears, and energy is transferred from a dielectric to a conductor. In 
the resulting phenomenon all trace of the electrostatic properties is lost, 
there is no external sign of any electricity in the conductor, whilst 
entirely new properties come into existence. As the static charge dis- 
appears, and the action upon static electricity likewise, or rather as the 
latter occurs and we infer the former, action upon a magnet at once 
appears in its place. The relation symbolised by @=C?# does not, 
without special hypothesis, imply the motion of electricity from place 
to place, meaning by electricity the quantity we make acquaintance 
with in electrostatics, in spite of the law that the current is the same in 
all parts of the circuit, and that it is virtually equivalent to convection 
of electricity. 

The German philosophers seem determined, however, to make an 
electric current be static electricity in motion round the circuit, and 
have made elaborate attempts, with much success, to find the law of 
force between two charges of electricity in motion, to include electro- 
dynamics as well as electrostatics. Weber gets over the difficulty of 
absolute apparent disappearance of the electricity as such by supposing 
an electric current to consist of two equal currents, one of positive, the 
other of negative electricity, in opposite directions, the currents being 
static electricity in motion. In any finite part of the wire there are 
always equal amounts of positive and negative electricity, and hence no 
external electrostatic force can be shown. This is, perhaps, the simplest 
way of evading the difficulty, and apparently far simpler than Clausius’s 
hypothesis, wherein the very artificial plan is adopted of making a 
current in, say, the positive direction consist of positive electricity 
moving one way, with an equal amount of negative held fixed, or of 
negative moving the other way with an equal amount of positive held 
fixed, or of any combination of these opposite currents with their 
corresponding fixed charges, which will make the total current come 
right and balance the electrostatic force of the moving by that of equal 
amounts of fixed of the opposite kinds. It will be observed, however, 
that Clausius’s hypothesis gives us much greater latitude than Weber's, 
which it includes as a particular case (although Clausius considers 
Weber's hypothesis unthinkable), viz., equal opposite currents, when of 
course the fixed electricities cancel, not being wanted. 

Now, it may be that a conduction current really consists of convection 
of electricity on charged molecules, with inter-molecular discharges, the 
continual cancelling of positive and negative charges being quantita- 
tively equivalent to the transfer of electricity round the circuit, with no 
integral free electricity in any space containing a large number of mole- 
cules, but I have not as yet been able to conceive Clausius’s hypothesis 
of the moving and fixed electricities. It will be observed that the 
German speculations contrast very strongly with the methods of the 
British school of electricians. 
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SECTION VIb. APPLICATION OF CONSERVATION OF ENERGY TO A 
STEADY CURRENT. 


But although, because W = EQ is true for convection of electricity, it 
is not therefore immediately seen to be self-evidently true in the case 
of a conduction current ; yet it is found to be necessary when we apply 
the principle of conservation of energy, according to which the disap- 
pearance of an amount of electrostatic energy must always be accom- 
panied by the appearance of an equal amount in other forms of energy. 
Let there be a distribution of static electricity, the separate charges 
being kept insulated and unalterable. We know, in the first place, 
that if we alter the distribution in any manner by convection of the 
charges the mechanical work required to effect the change of configura- 
tion is equal to the increase produced in the quantity V=24Pp, where 
p is an elementary charge and P its potential, depending on its position 
with respect to the other charges. The increase produced in V equals 
the sum of force x distance moved for all the charges; or, in terms of 
the charges, the sum of electric force x electricity x distance, where the 
product of the first two factors is mechanical force, and of the first and 
third electromotive force, or difference of potential; the E.M.F. per 
unit distance being the electric force, otherwise called the E.M.F. at a 
point. Of course ordinary force acts on matter, and electric force on 
electricity. The quantity V,in any state of the system, is the whole 
work required to set up that state by bringing the elementary charges 
to their places from an infinitely widely separated state. But (and 
this view of the matter is instructive in regard to discharge by cancel- 
ling of opposite ey it is also the whole amount of work done in 
separating the positive half of the electricity from the negative half, 
supposing the electricity given initially in a state where we have every 
elementary positive charge paired with an equal negative charge infin- 
itely near it, a state equivalent to no electrification. And, conversely, 
V is the work done by electrostatic force on the electricity when we 
reverse the above processes, and either separate the charges infinitely, 
or let them come together and co-exist in pairs of opposite kinds. To 
illustrate the latter case, let there be two conductors, 4 with a positive 
charge Q, B with an equal negative charge, every elementary portion of 
A’s charge being connected with a corresponding negative charge on B 
by a tube of displacement. Let 4 be a hollow shell with a trap door; 
bring B up to A. By this V is reduced, the force being an attraction. 
(The value of V is simply 4£Q, where Æ is the difference of potential 
of the two conductors.) Open the door, put B inside, and shut the 
door. During the passage of B through the door most of the elec- 
tricity on 4 moved from the external to the internal surface of the shell, 
and when the door is shut again it is all on the internal surface. Now 
let B expand and take the same form as the inner surface of 4, and be 
separated therefrom by a thin layer of dielectric. Their difference of 
potential now, and in any further expansion of B, will be simply 
proportional to the thickness of the layer (as for two insulated parallel 
plates with equal opposite charges), and hence becomes infinitely small 
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as B approaches 4, and the value of V becomes infinitesimal. Here V 
has disappeared by mere convection of the charges ; a quantity, V, of 
mechanical work has been done, and V is strictly the potential energy 
of the state of electrification. 

But if, as in Maxwell’s development of Faraday’s views, we regard a 
state of electrification to be accompanied by an elastically strained state 
of the dielectric medium, the potential energy of the strain being V, it 
becomes more easily comprehended how, since when a strained elastic 
body is allowed to return to a state of no strain it gives back the work 
done in straining it, which amount of energy may be convertible into 
various forms, if we in «any way cause the electrical phenomenon to 
disappear, there will be a transfer of an amount V of energy from 
electrostatic into other forms, whose kind will depend on the circum- 
stances of the disappearance. The appropriate form for V on this view 
is > KR?/8r (identically equal to the former expression in terms of the 
charges and potentials), R being the electric force and K the specific induc- 
tive capacity of the medium, throughout which the summation extends. 
This is with the ordinary electrostatic units, but if we choose them so 
that ¢/477? is the electric force at distance r from a charge e in air, we 


shall find 
V=>iKR? 

Here R is the force, and KR the displacement it produces, so that the 
energy per unit volume = } force x displacement, the force and displace- 
ment being both electrical ; the case 1s exactly analogous to that of a 
real force producing a displacement of matter, the work done during 
the displacement being the displacement x mean value of the force; t.e. 
when the displacement is proportional to the force, 4 force x displace- 
ment. 

The potential energy of a state of electrification may, according to 
the circumstances of the discharge, be used up as mechanical work, 
setting bodies in motion with consequent kinetic energy of visible 
motion or of heat of friction, etc., or as heat through the medium of the 
kinetic energy of conduction currents, or as the energies of sound, light, 
magnetisation, etc., the number of possible transformations through the 
agency of conduction currents being very considerable. In passing to 
conduction currents we may notice the anomalous character of a fact 
connected with one kind of discharge. A dielectric, as air, is unable to 
bear tension above a certain amount. The tension along lines of force 
is measured by the same quantity, KR?/87, as before, the tension per 
unit area being numerically equal to the energy per unit volume. 
Above the limiting tension we have disruptive discharge, varying from 
the tiny spark to the magnificent lightning flash that so terrifies the 
vulgar and charms a Faraday —a break-down of the dielectric, accom- 
panied or followed by light, heat, sound, violent commotion of particles, 
and other effects. Now, Sir W. Thomson found that a greater tension 
was required to produce a spark between two close parallel plates (one 
having very slight curvature to localise the discharge) at small than at 
greater distances—an extraordinary result, if true generally and not 
dependent on some unobserved special peculiarity in the experiments. 
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We have this for a consequence, that two electrified bodies, the tension 
between which is insufficient to effect disruption, may be discharged by 
increasing the distance between them. This will obviously be so if the 
tension be nearly sufficient to effect disruption at the smaller distance, 
and if in moving to the greater distance the tension remains the same 
as before, hence becoming sufficient for discharge at the greater dis- 
tance. And the constancy of tension is attained in the case of two 
parallel plates equally and oppositely charged by a battery to any 
desired difference of potential. On removing the battery, and so keep- 
ing the charges constant, and increasing the distance between the 
plates, the work done in separating them to, say, n times the original 
distance just multiplies the energy n times, and the force and tension 
remain of constant amount, save near the edges, so long as the distance 
is a small fraction of the diameter of the plates. 

Now, let our system of electrification be merely a charged condenser, 
and connect its terminals by a conducting wire. The charge rapidly 
disappears, the rate of disappearance being the measure of the electric 
current, expressed symbolically by Q = Ct for any interval of time ¢ so 
small that the current C may be considered constant, @ being the 
quantity of electricity that has disappeared in that interval. The- 
current at any moment is proportional to the E.M.F. at the moment, 
which (disregarding correction for electromagnetic induction) equals 
the difference of potential of the condenser, and hence is proportional 
at any moment to the charge left. Thus, as time increases arithmeti- 
cally, the charge left and the current fall geometrically. We have 

C= - cE, 
where C is the current, c the capacity of the condenser, and E the 
difference of potential at time & Also, by Ohm’s law, E=rC, if r be 
the resistance of the wire. Hence, , 

C= = rcO, 
integrating which we find 

r= Bee. 

which gives us the current at any time ¢ after the commencement of the 
discharge, Æ, being the initial difference of potential.. The time taken 
in falling from the initial full strength of current to any stated fraction 
thereof is proportional to 7c, which is an interval of time, called by 
Lord Rayleigh the time of subsidence, really the time required to fall 
from 1 to e7}, or from 1 to 1/2°7. 

Let the condenser be made larger and larger, thus increasing the 
time of subsidence, and imagine it to become, for the purpose of 
argument, enormously large, thus containing, with the same difference 
of potential, an immense store of electricity and energy. The time of 
subsidence becomes so great that we shall have, on joining the terminals 
through a wire, a practically steady current with constant EM.F. In 
any interval of time £ (small compared with the time of subsidence) we 
have Q= Ct, where Q is the charge that has left in that time, and C the 
current ; also H= HC; and, finally, 


W= EQ 
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is the work done by Æ in driving Q, or, in other words, it is the amount 
by which the potential energy stored in the condenser falls in the time. 
By conservation, W is the amount of energy to be accounted for. 

Now, in the above, we have been really dealing with the disappear- 
ance of static electricity, and so know that W = EQ must be true. But 
if, instead of discharging our big condenser through a conductor and 
setting free electrostatic energy, we substitute a galvanic cell for the 
condenser, we find exactly the same phenomena produced as before. 
There is mechanical action between the wire and a magnet, between 
different parts of the wire, power of magnetising iron, of effecting 
electrolysis, etc., in both cases, and in both cases are the actions steady. 
Now here, although with the galvanic cell we have no disappearance of 
static electricity, or, indeed, any sign of a large store of it to be drawn 
upon, yet the phenomena, being the same as regards the conductor, 
must be virtually equivalent to the discharge of static electricity, and 
we may apply the same formule exactly as in the case of the condenser, 


Q=Ct and W= EQ, 


which are now truths, though not truisms. The Q is now not electricity 
in esse, but in posse (i.e. without hypothesis to account for the absence 
of electrostatic force from the electricity we may assume to be 
moving). To verify which, we may insert our big condenser in the 
circuit, when the phenomena in the wire will be as before, whilst in the 
time ¢ the condenser will acquire a charge of amount Ct. It will, how- 
ever, have very little energy compared with EQ, the whole work done 
whilst it was being charged. And now we may, of course, discharge 
this Ct of electricity (removing the cell first) through a wire, when it 
will be entirely done for. 

Returning to the cell with steady current and no condenser in circuit, 
we may measure the E.M.F. maintaining the current in the wire electro- 
statically, by means of an electrometer connected to its ends, and its 
strength is ŁC, where ÈR is the resistance of the external wire. RC is 
not the whole E.M.F. in the circuit, for the battery has itself the same 
power of limiting the current as the wire, which is proved by the 
observed difference of potential rising when the length of the external 
wire is increased. The limit to which it tends is the complete E.M.F. 

But the cell will show the same difference of potential when the 
circuit is not closed conductively at all. According to Maxwell’s theory 
there has been still a current in a closed circuit, viz., as before in the 
same direction through the cell, and then from one terminal to the 
other through the air; the current of “displacement” in the air, how- 
ever, having the remarkable difference (amongst others) from that in a 
conductor that the displacement is elastically resisted, and hence will 
return when it is allowed to; whereas there is no such reversibility in 
a conduction current. The case is, of course, substantially the same as 
in charging a condenser, the difference being in the amount of capacity 
and the quantity of electricity concerned, which are excessively small 
when the terminals have no large opposed surfaces connected to them. 
And the same thing occurs when the circuit is closed conductively, 
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there being also other circuits through the air on starting the current, 
which results in charging the wire. 

The observed difference of potential of the disconnected cell should 
not be confounded with its EM.F. They are numerically equal, but 
opposed in direction, as regards their power of producing current in the 
circuit, viz., cell and air. That this is so is evident on considering that 
if there were no E.M.F. to keep up the static charges they would unite 
through the cell itself. It is the same when we have not an ordinary 
galvanic cell, but merely two metals 4 and B in contact in air, forming 
a circuit 4, air, B, 4. If we find B at a higher potential than 4, the 
E.M.F. that caused it must have been numerically equal to their 
difference of potential, and have acted in the direction Ð, air, 4, B, 
with a transfer of electricity in this direction round the circuit, lasting 
until the difference of potential stops further current. It is no easy 
matter, however, to settle exactly where the small consumption of 
energy needed for this state of electrostatic energy comes from, though 
probably it arises merely from a very minute amount of chemical action. 
[See Section XIII. er 

Since EQ of work is done by E during the passage of Q, an amount 
EC is done per second. The supply of energy obviously comes from 
the galvanic cell, of which more later, whilst we now consider its 
destination. In W = EQ insert RC for E and Ct for Q, their equiva- 
lents when the circuit is conductively closed, and we obtain 

W= Rt 
in terms of resistance and current, as the amount of energy to be 
accounted for. The solution is supplied by Joule’s discovery that with 
a steady current heat is continuously developed in a conductor, its 
amount being proportional to the square of the current and to the time 
it has been on. Hence, if H be the heat, expressed as energy to avoid 
the useless introduction of Joule’s coefficient, we have : 

H= R Ct, 
where K, is a necessary quantity required to make R,C?t be energy. 
Now #C%i is energy, being the same as EQ, consequently R, is resistance, 
and can therefore be only R multiplied by a mere numeric. But if no 
other work is done than in heating the wire, we must have H= W, the 
numeric =1, and f,=F. Hence 

H= RC*t 
expresses Joule’s law. 

Thus, in EC = RC?, which is the equation of activity, or rate of work- 
ing in a galvanic circuit when the sole result is heat in the conductor, 
we may say that HC is the work done by £ in driving C (true, what- 
ever other effects than heat may be produced), and AC? the equivalent 
rate of generation of heat. We may here advantageously reintroduce 
the mechanical analogy before employed, viz., a body set in motion by 
a constant force F, and opposed by a resisting force rv, simply propor- 
tional to its velocity, v So long as F is greater than w there is 
acceleration of velocity, which must cease when /=7v, which equation 
consequently gives us the steady velocity. At the same time Fv is the 


302 ELECTRICAL PAPERS. 


activity of the applied force F, or its rate of working. Now, if the 
resisting force rv be frictional, the equivalent of Fet is found to be heat. 
Thus 

Fr = r? 
corresponds exactly to 

EC = RC? 
in the galvanic circuit, and, with the proper limitations, the expression 
sometimes used, the “frictional generation of heat” by the current is 
perfectly appropriate. If we like, the body moved may be a fluid in 
a pipe, moving round and round, as some people think electricity 
moves. 

The heat RC? per second is produced under all circumstances in 
conduction currents, being a necessary part of the phenomenon. Other 
work may be being done, but, with:a given current, it will not affect 
the generation of heat in the least, which can only be altered by alter- 
ing the current, unless we count the change in / produced by the heat 
itself raising the temperature, making R indirectly a function of C or of 
Q, but really a function of the temperature. But in a dielectric current 
there is no such development of heat, the energy being potential, and 
returnable. The only quite universal characteristic of current is 
probably its relation to magnetic force. The heat resulting from 
current in a conductor has done with electricity ; it is diffused by heat 
conduction, a comparatively slow intermolecular process, by currents of 
air, or goes off by the wonderful process of radiation. 

It will be interesting to observe the form taken by EC = RC? ina 
non-isotropic medium, in which the relations between E.M.F. and 
current are contained in three linear equations with nine coefficients 
of resistance, and to note whether the rotational phenomenon has any 
peculiar influence upon its form. Using the previous notation [p. 287], 
and referring to the equations of resistance X=7,,u+ ..., etc., we 
have, E being the electric force with components X, Y, Z, and © the © 
current-density with components u, v, w, 


EC = Xu + Yv + Zw 
=V W HT + TW? + (Tio HTa )W +... 
Here we see that we are only concerned with the sums of the transyerse 
coefficients, not with their differences, on which the rotation depends. 
If no rotation, i2 =f, etc., and now, choosing the axes of reference to 
be the principal axes, we have 
EC = 70? + rv? + Trw, 


where r}, . . ., are the principal resistances ; which reduces to EC = RC? 
when the coefficients are equal, and the medium is isotropic, with E 
parallel to C. 

In the case considered later, isotropy plus rotation, we have 


EC = RC, 


nearly as simple as with perfect isotropy. Dividing by C, we see that 
the component in the direction of the current of the actual electric 
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force is HC, as may bė verified by the formule given |p. 289]. When, 
as later, the transient effect has subsided, and the current goes straight 
under the influence of the ordinary electric force, which we may now 
call Æ, and the transverse electric force of strength TC, their resultant 
being E, the actual electric force, 


EC = RC? 
becomes, by division by C, 


E,=hC, hence £,C=RC?, 
just as without the rotation. 


SECTION VII. THE Minimum HEAT PROPERTY IN CONDUCTORS, 
LINEAR OR CONTINUOUS. 


In electrostatics and electromagnetism there are remarkable mini- 
mum properties connected with the energy of distributions of magnetic 
and electric force. We considered this matter in Section IV. [p. 250 
with respect to magnetic force, either arising from closed currents, an 
therefore consisting of closed tubes, in which case the value of the 
summation 2 B,?, where B, is the force, is the least possible, the force 
being supposed to vary in any manner consistent with the same cur- 
rents ; whilst if arising from magnetism, say now B,, the value of > B,? 
is the least possible, the force varying in any manner consistent with 
the same distribution of magnetism, the ultimate reason being that 
ae Ne all space is zero, when B, has no convergence, and B, 
no curl. 

In connection with Ohm’s and Joule’s laws there is a similar pro- 
perty, which, in its present application, is particularly useful and 
instructive, for, owing to the general better acquaintance with current 
than with magnetic force, and the certainty that we are really dealing 
with energy and its distribution, or its rate of transformation from one 
form to another, practical interpretation is much facilitated, whilst at 
the same time light is cast upon the more abstract similar properties of 
magnetic force, etc. 

The matter to be discussed is perhaps most easily approached by 
starting from a very simple case, which, though not comprehensive, 
will lead up to the more general cases in a natural manuer, and with 
an already attained idea of what to expect or look for, which is as 
valuable in theory as Faraday found it to be in experimentation. Let 
there be two wires in parallel arc of resistances F, and F, and let the 
difference of potential of their common terminals be Æ. By Ohm’s law 
the currents are given by 

E = RC = fC. 


This is the natural division of the whole current (C,+(C,) supplied at 
one terminal and leaving at the other, when there are no intrinsic 
F.M.F.’s in the two wires, i.e., no E.M.F. in either wire except that 
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arising from the given difference of potential. And the energy sup- 
plied per second is EC,+EC,, which is accounted for by RC? of heat 
per second in one wire, and EC in the other. 

Now, whilst the potentials of the terminals remain constant, and the 
supply of current keeps the same, let the current divide in some other 
than the natural manner. If then C, becomes C, +c, C, must become 
Ca —c¢ to keep the supply constant. We have, therefore, in addition to 
the natural current, a current of strength c flowing in the circuit formed 
by kı and R, Thus, as a special case, let c=C,; then the current in 
R, is nil, and in R, it is C,+C,; that is, the whole supplied current 
goes through one wire only. 

Consider the change in the amount of heat developed in accordance 
with Joule’s law. It is now R (C1 +¢)} in one wire, and #,(C,—c)? in 
the other. The additional heat is therefore 

hye + Rye? + 2R Cyc — 2R Ca. 


But the sum of the third and fourth terms is nil, because R C) = RoCo 
Hence the additional heat is A,c?+R,c?, which is exactly what would 
be produced per second by the auxiliary current c if it existed alone. 
Thus, whether c be positive or negative, small or great, the heat is 
always increased by any departure from the natural division of the 
current, which is therefore that which makes the heat a minimum with 
. a given supply and a given difference of potential. 

From this case we may pass to that of any system of connected 
linear conductors. Thus, let there be any number of terminals given, 
whose potentials are P,, Pa etc., and let them be connected together 
by wires in any manner. Every terminal may be connected to every 
other, but we need not suppose any two terminals to have more than 
one wire connecting them, as it would only introduce useless complica- 
tion. Thus, if there are three terminals, we need not have more than 
three wires; with four terminals, six wires; and, in general, with n 
terminals, 4n(n—1) wires at most. Any junctions between the 
terminals are inadmissible, such really introducing fresh terminals. 
Let, in the first place, the system contain no intrinsic E.M.F.’s. Then, 
under the action of the differences of potential of the terminals (some 
of which are of course connected otherwise with sources of electricity), 
current enters the system at some and leaves at others. Let Q, be the . 
current supphed at the first terminal, Q, at the second, and so on. 
Since in steady flow as much must leave as enters the system, we have 
the condition È Q= 0. 

Again, current Q, is supplied at potential P,, Q, at potential P,, and 
so on; hence the whole rate of supply of energy to the system is 2 PQ. 
But we cannot say that P,Q, of energy is supplied at the first terminal, 
or P,Q, at the second; this is indeterminate without further know- 
ledge. To be true, Q, must leave at potential zero, Q, at potential zero, 
and so on; thus the result is only true inthe sum. If but two termi- 
nals, we have 


P,Q, + PQ =(P- PQ (because Q,= - Q,), 
and = EQ; 
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if E, is the difference of potentials or E.M.F. We may add a constant 

potential all round without making any difference in the energy sup- 

plied. For if p be the additional potential, the increase in = PQ is 
Zp=pzZQ=0, because 2Q=0. 

If the potentials are given at a certain number of terminals, and the 
supplies at the remainder, the distribution of currents in the system is 
exactly determinate, however complex it may be. For, if it were 
possible for there to be two different distributions of current, which 
should both be consistent with the P’s having certain values at some 
terminals, and the Qs certain values at the remainder, it would be 
possible for a third distribution, viz., their difference, to exist, with the 
P’s nil at some terminals, and the Qs nil at the remainder. But in 
this third distribution we should have 2 PQ=0, owing to the vanishing 
of the P’s at one set of terminals, and of the @’s at the remainder, t.e., 
no energy would be given to the system. Hence, as we have supposed 
there to be no intrinsic E.M.F.’s, and as electric currents produce heat, 
there can be no current at all in the third distribution; hence our 
supposed second distribution is the same as the first, which is therefore 
unique. Special cases included in the above are when all the potentials 
and none of the supplies, or all the supplies and none of the potentials, 
are given. It should also be noticed that we have made use of the 
principle of Ohm’s law in the demonstration of uniqueness, viz., when 
we formed the third distribution, afterwards proved to be a state of no 
current. 

Now, the current in every conductor being determinate, the heat 
according to Joule’s law is known. If È be the resistance of and C the 
current in any conductor, the heat is 2 RC? per second. Hence, by 
conservation of energy, we must have 


> PQ== RC?, 
if all the energy supplied goes to generate heat. And since RC = E, if 
E is the difference of potential between the ends of a conductor, we 


have also E PQ= EC, 


the first summation referring to the terminals, the second to the con- 
ductors. 
Although we thus obtain 
2 PQ=?2Z EC 
through Joule’s and Ohm’s laws and the law of conservation, yet this 
equation is independent of Ohm’s law altogether, and is true for any 
kind of distribution of the currents in the conductors consistent with 
the same supplies at the terminals. It is true when Q, divides in any 
manner between the conductors connected to the first terminal ; Q, in 
any manner into its conductors, with the exception, of course, that in 
the wire connecting the second and first terminals we do not alter the 
current already fixed upon; and so on to the rest. Every wire has 
two terminals; hence for a particular wire joining, say P, with P, we 
have 
P Cie + Polo = (Pi - Pa) Ci = Erla 


H.E.P.— VOL, I. U 
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and by extension to all the conductors we obtain 


DPQ= EC. 
With the proper distribution according to Ohm’s law we have also 
: > PQ= 2 RC, 


and then conservation of energy, knowing that the heat is AC? for any 
conductor. 

Now, let the currents be altered from their natural distribution, 
without changing the potentials and supplies, the P’s and Q's. Let ¢,, 
Coy etc., be the currents required to be added to the old to make the 
new distribution, and let q}, qa, etc., have the same relation to ¢,, Ca etc., 
as Qi, Qo etc, to Cis Ca etc. That is, q} is the sum of the additional 
currents entering the system at the first terminal. But the supplies 
are to be unchanged, therefore ¢,=0, g,=0, etc. Hence, Z Pq=0. 
But È PQ==2 EC, independently of the manner of division of the Q’s. 
Hence also > Pg=? Ec. Therefore £ Ec=0 also, or the differences of 
potential do no work upon the new currents. 

The heat per second is now 


Z (C +e st RCE NRE +2 KC. i 


But the last summation = 2 Ec, already proved to vanish; hence the 
additional heat is precisely that due to the new system of currents (c) 
alone. The two systems (C) and (c) are quite independent, and when 
they co-exist the heat equals the sum of their separate heats. 

The heat of the system (c) being essentially positive, we see that the 
natural division of current is the one which makes the heat the least 
possible of all the distributions consistent with the supply conditions. 
With this natural distribution 2 PQ == RC?; in any other case = RC? is 
the greater. The excess proves the existence of intrinsic E.M.F.’s, pro- 
ducing a quite independent system of current. ‘The intrinsic E.M.F.’s 
may be very variously arranged, and they may be so distributed as to 
give rise to no difference of potential in any part of the system. Thus, 
select a number of conductors forming a closed chain, and in this chain 
put E.M.F. of uniform amount per unit of resistance. If 7 be the whole 
resistance of the chain, and e the whole intrinsic E.M.F., we shall have 
e=rc, where c is the current to be added to the current due to difference 
of potential: No change will be produced in the currents in the other 
branches. Then we may take another chain (part of which may belong 
to the first), and do the same for it, and similarly for all the chains that 
may be made up. The final resultant will not alter the potentials or 
the terminal supplies. 

We may pass with less difficulty than might be imagined to the 
corresponding question when we are concerned, not with a linear 
system, but with a conducting mass of any shape and size, and of any 
conductivity, uniform or not, with or without isotropy. Let P be the 
potential at any point of the bounding surface of the body, in general a 
function of its position, varying from point to point over the surface. 
We may conveniently divide the surface into unit areas, and assume 
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the potential of such an area to be its mean potential. A unit area 
thus corresponds to a terminal in the former sense. Since we may take 
our unit area as small as we please, we shall clearly arrive at results 
which are correct in the limit. Let also Q be the current supplied to 
the body per unit area, corresponding to the former Q. Then, exactly 
as before, 2 PQ, with the summation extended over the whole surface, 
expresses the energy communicated to the body per second, the rate of 
working of the E.M F.’s on the current. (Although we here have our 
terminals, for simplicity of diction, solely upon the exterior bounding 
surface of the conductor, yet what follows will not be affected by causing 
our conducting body to be bounded by any number of internal surfaces 
as well, to be counted with the exterior surface; thus we might have 
an infinitely extended conductor with internal electrodes to be taken 
for the bounding surface.) 

Now, P being given over a portion, and Q over the remainder of the 
surface, and the resistance of every part of the body being given, and 
that there are no internal intrinsic E.M.F.’s, the distribution of current 
is determinate and is unique, as well as the distribution of potential, 
when Ohm’s law, or its linear extensions, are followed, their character- 
istic being that if we cause an electric force to act when there is an 
already existing electric force with its corresponding current, the new 
electric force produces its current just as if the other current did not 
exist ; ie., the resultant electric force corresponds to the resultant 
current in the same way as the separate electric forces do to their 
currents. In the first place, that there must be current is obvious if Q 
have any value not ni at any part of the surface, or if P is not the 
same all over the surface and the body has any conductivity at all. 
And that there can be but one distribution of current and of potential 
throughout the body under the given circumstances may be simply 
proved as formerly for a linear system. If two systems of current 
could exist separately with the same P at certain parts of the surface 
and the same Q at others, their difference would constitute a third 
system in which there would be no potential at certain parts of the 
surface and with no current entering the body through any portion 
of the remainder. Hence > PQ =0 in this third distribution, and it is a 
state of no current anywhere, for if there were any, heat would result 
with no supply of energy to produce it, since there are no intrinsic 
E.M.F.’s. Thus there can be but one distribution of current possible, 
and since Ohm’s law or its extensions give the corresponding distribu- 
tion of electric force, if the potential is given at any part of the surface 
it becomes known everywhere. 

Next we have to see what form the equation 2 PQ=2 EC takes. 
Divide the body into unit volumes, and. let EB and C be now the electric 
force and the current-density, these being not in general in the same 
direction, and therefore to be treated as vectors. Now Q is the normal 
component inwards of the surface current; hence, since P is scalar, PQ 
is the normal component of the vector PC, and we may at once apply 
the general theorem expressing the surface-integral of a vector as a 
volume-integral. The energy supplied to the body per second through 
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its surface equals the sum of the energies supplied through the surface 
of each unit of volume. Hence 


= PQ=2 conv PO, 


where the second summation extends throughout the body. Perform- 
ing the operation of convergence, we have 


conv PC=EC +P conv C. 
But the current has no convergence, or does not accumulate anywhere ; 


hence, finally, 
> PR = 2? EC, 


the first summation referring to the surface and the second to the 
volume it encloses. 

This equation is quite independent of the nature of the conductor, or 
of any relation whatever between electric force and current, following 
strictly from the property of the current that it has no convergence and 
of the electric force that it is the rate of decrease of the potential. 
But we must introduce connection between E and C. First, if the 
conductor be isotropic, we have E= RC, where £ is the resistance per 
unit volume, and therefore 


2 PQ =z RC? 


simply, where of course # may be variable from point to point. Should 
isotropy not prevail, we have, instead, the three linear equations of 
resistance [p. 287], 

A=TyU+t..., ete; 


Z PR=È (rw? ...), 


the most general form. [See also p. sa But there is no occasion 
whatever to use the lengthy expression for the heat, it being quite 
sufficient to write 2 EC, with the understanding that E and C are related 
through the linear equations. 

Whilst P and @ are unchanged, let the natural current be altered 
from C to C+C,. This can only be by the addition of systems of 
internal current that either do not reach the surface at all, or, if so, 
do it tangentially, so as not to alter the surface supply ; and intrinsic 
E.M.F. must be supplied just sufficient to keep up the new currents. E 
becomes E+ E, where E, bears to C, the same relation as Eto C. The 
total heat becomes 


2(E+E,)(0+C,), or ŁEC+?E C, +2?EC +2?EC, 
by expanding. 

We can easily show that the third sum vanishes. For C, consists of 
closed tubes of current entirely within the body. Select one of these, 
of very small section, and sum up EC, for it alone. Since ©, is 
constant for the tube we obtain C, x line-integral of E once round the 
tube, and since the line-integral is the sum of differences of potential 


round a closed curve it vanishes. Hence 2EC,=0 for any tube, and 
for all. 


consequently now 
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As for the fourth sum, if the coefficients of resistance form a 
symmetrical system, 7,,=7,,, etc. ; ie., if there is no rotatory property, 
we have EC,=E,C at every point of the mass [see p. 288]. Hence 
2 B,C also vanishes, and the heat reduces to 2EC+25,C,. That is, 
when the systems C and ©, coexist, the heat is the sum of their separate 
heats. The heat added to the original heat by altering the current 
being positive, the actual distribution of current C must be that 
arrangement out of all consistent with the supply conditions that 
makes the heat a minimum. Then, and only then, it equals È PQ. 

When the rotatory property exists E,C is not equal to EC, ; hence it 
is not proved that 2H,C=0, and it requires separate treatment. Let 
C, be the current that must be added to C, to make the current that 
would correspond to the same electric force E, if the transverse 
coefficients of conductivity changed places, k,, becoming k, etc. ‘Then 


throughout the body, 
= > PQ, (surf.) + 2 P div ©, (vol.), 


where Q, is the normal component of C, Here ©, being real, E is 
real; but C, is not a system of closed currents, or div C, does not 
vanish ; neither does Q, necessarily vanish. The disappearance of 
È EC does not therefore follow. 


SecTION VIII. THERMO-ELECTRIC FORCE. PELTIER AND 
THOMSON EFFECTS. 


We had occasion in Section VII. to consider the distribution of steady 
current in a conducting body of any conductivity, uniform or variable, 
and with or without identity of properties as regards the electric current 
in different directions, such system of current being supposed to be kept 
up by E.M.F. arising purely from difference of potential, there being sup- 
posed to be no internal intrinsic E.M.F.’s. This is, however, an ideal 
state of things. For, in a perfectly homogeneous and non-crystalline 
conductor there are intrinsic electric forces unless every part of it be at 
one temperature. And, whenever there is change of material or of 
structure there is usually intrinsic electric force, even without change 
of temperature at the place. Also, in a naturally crystalline, or in an 
originally isotropic material when strained, the intrinsic electric forces 
arising from difference of temperature are altered so that the thermo- 
electric qualities vary in different directions. In general, when an 
electric current passes from one material to another, or in one material 
from a hot to a cold place, it produces, besides the ordinary ‘‘frictional” 
generation of heat according to Joule’s law, which, varying in amount 
as the square of the current, is irreversible, or always positive, thermal 
effects which are reversible with the current, being a heating or a cool- 
ing, according to its direction. To the consideration of the theory of 
these reversible effects we now proceed. 
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If a conductor forming part of a galvanic circuit, or of a circuit con- 
taining any constant source of electrical energy outside the conductor 
under observation, is wholly of one homogeneous metal, and is all at the 
same temperature, the heat which is the result of the current is generated 
uniformly per unit of resistance, the amount being RC? per second in a 
portion of resistance R, with the steady current C. But if the conductor 
is made up of a number of different metals, still all at one temperature, 
there will be, besides the above heating, a heating effect at some junc- 
tions and a cooling at others, their sum balancing on the whole, so that 
the whole heat is still in accordance with Joule’s law. And when the 
current is reversed, at any junction where there was previously a heating 
there will now be a cooling, and conversely. This is the Peltier rever- 
sible thermal effect of the current. 

To particularise, when an iron wire is inserted between two copper 
wires, and a current is passed through them, there is a cooling at the 
junction where the current goes from copper to iron, and a heating 
where it goes from iron to copper, whilst away from the junctions the 
heating is as the square of the current. The amounts of these heating 
and cooling effects are found to vary in simple proportion to the strength 
of the current (their reversibility shows that they must vary as some 
odd function of the current—first, third, etc., powers, or combinations). 
Hence, in the resistance F containing a junction, the heat per second is 
not £C?, but PC + RC?, where P is a quantity independent of C. What 
it does depend on will be seen later. P is positive at the iron-copper 
junction, and negative at the copper-iron junction (the order of the 
linked metals showing that of the current), or the extra heat is PC at 
the iron-copper and the deficiency PC at the copper-iron junction, if 
we reckon P always positive. We have thus a transference of an 
amount of heat PC from the copper-iron to the iron-copper junction, 
when both are at the same temperature, taking place, not by heat con- 
duction, but through the medium of the energy of the electric current 
we pass through the wire. 

Since LC%t represents an amount of energy, and also PCt, both being 
heats generated in time ¢, the quantity P is clearly an E.M.F. In fact, 
if E is the externally impressed E.M.F. in a portion of the circuit 
containing one junction, we have 


EC= PC + RC. 
Hence E-P=RC, 


or the actual Em.F.is E — P. Thus, from the Peltier effect we recognise 
the existence of at least two E.M.F.’s in the circuit besides that of the 
battery, which do not, at least immediately, appreciably alter the current 
strength, from their being equally strong and oppositely directed in the 
circuit, and whose localities are the two junctions. In short, there is 
an intrinsic E.M.F. P from copper to iron at both junctions. This is the 
real contact force of copper and iron. All others are counterfeits. To 
distinguish it from the apparent contact force of copper and iron in air 
or other medium, often erroneously referred to the metallic contact, we 
shall call it the Peltier © M.F. 
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Any two metals exhibit the Peltier EM.F., and to a different extent 
at different temperatures. Its magnitude is obtainable without ambig- 
uity by measurements, when possible, of the reversible heat effect at a 
junction. If it is a cooling, the E.M.F. acts with the current; if a 
heating, against it; and the magnitude of P (being, of course, PC¢/C%), 
is numerically equal to the extra heat produced during the passage of 
the unit of electricity through the junction, and is found by dividing the 
extra heat in time ¢ by the integral current in that time. The extra 
heat may be found by two measurements of the whole heat generated, 
one with the current from copper to iron, and the second from iron to 
copper, their difference being twice the Peltier effect. 

Now, we could not expect on cutting out the battery to observe any 
current in a closed circuit of copper and iron if one E.M.F. continued to 
exactly balance the other, as happens when the junction temperatures 
are equal. And, in fact, in a circuit of any number of metals whose 
junctions are all at one temperature no current is to be observed ; hence, 
just as for two metals we have 

Past Poa =9, 

. (the order of the small subscript letters indicating the direction of the 
E.M.F., thus in P,,, from metal a to metal b), so for three metals we must 


have 
Pat Puet Pa=0 


at one temperature, with similar extensions to any number of metals. 
This summation law of Peltier ¥.M.F.’s shows that we may refer all 
metals to one metal as a standard ; hence we may drop one letter when 
the standard is one of the metals. P, and P, being the Peltier E.M.F.’s 
from a and from b to the standard metal, that from «a to b, or P,» is 
P,- P, 

But our battery current heated the iron-copper and cooled the copper- 
iron junction, destroying the equality of temperature, and on cutting 
out the battery there is a weak current found in the circuit whose 
direction is opposed to the original current, viz., from copper to iron at 
the warmer junction, which ceases quickly on restoration of equality of 
temperature. It may, however, be maintained indefinitely by mere 
application of heat to one of the junctions to keep up a difference of 
temperature, and the current will be always from copper to iron at the 
warmer junction when the temperature does not depart greatly from the 
ordinary atmospheric temperature. We now have the thermo-electric 
current of Seebeck and Cumming. As the current in this case is in the 
reverse direction to that of the battery current which would cause the 
same difference of temperature, there must now be a transference of 
heat in the reverse direction, viz., from the warm to the cold junction ; 
heat must be supplied at the warm junction to prevent it cooling, and 
heat must be taken away at the cold junction to keep it from getting 
warmer, quite apart from the frictional heat, and the alteration of tem- 
perature by thermal conduction, radiation, etc. P, and P, being the 
Peltier E.M.F.’s, now no longer equal, we should have 


P,- P,= RC, 
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` by Ohm’s law. Also P,C of heat is absorbed at the hot junction 
per second, P,C generated at the cold, and their difference, which 
equals RC?, is frictionally generated. This is in accordance with 
Ohm’s law and the law of conservation of energy, with the assump- 
tion that there are no other intrinsic EM.F.'s than the Peltier in 
the circuit. 

So far, we have no knowledge of how P varies with the temperature, 
except in this respect: that since P is from copper to iron when both 
the metals are at the same (ordinary) temperature, and the current is 
from copper to iron-at the warmer junction when its temperature is 
raised, it follows that if P, be the E.M.F. at the cold and P, at the warm, 
both from copper to iron, P, must have been increased by the heating, 
for P, remains the same, the temperature of the cold junction being 
unaltered. But this legitimate conclusion is soon found to be utterly 
erroneous. For if we keep the cold junction constantly at, say, 0° C., 
and continuously raise the temperature of the other junction, the current 
increases up to a maximum (when the hot junction is at about 275° C.), 
and then decreases to nothing at a higher temperature (about 550° C.), 
and immediately sets in the reverse way on further heating, viz., from 
iron to copper at the hot junction. 

Now, it has been proved that when a junction is at the temperature 
275° C., there is neither absorption nor generation of heat there, i.e., 
P,=0, or the metals, iron and copper, are thermo-electrically neutral 
at this temperature. Hence, when the hot junction is at this neutral 
temperature, the current being from copper to iron there, and the only 
known E.M.F. being from copper to iron at the cold junction, the current 
is against the EM.F. Therefore there must be other E.M.F.’s in the 
circuit not at the junctions, whose sum is greater than P,, the Peltier 
E.M.F. at the cold junction, and opposed to it in direction. Three 
courses are open: (1) There must be an E.M.F. in copper from cold to 
hot, with possibly a weaker in the iron, also from cold to hot. (2) Or, 
E.M.F.’s in the copper and iron from hot to cold, the latter being the 
greater. (3) Or, an E.M.F. in iron from hot to cold, and in copper from 
cold to hot. In all three cases their sum to be greater than P,, and 
against it in the circuit. 

The existence of E.M.F.’s (with reversible thermal effects) in unequally 
heated wires was theoretically predicted by Sir W. Thomson, reasoning 
from the behaviour of iron and copper, and he afterwards verified his 
prediction experimentally, and determined the directions of the E.M.F,’s. 
The reasoning itself is of the simplest character, but the results thereof 
may be put into a form likely to cause some bewilderment. Followin 
the analogy of a material fluid moving in a pipe unequally heated, an 
giving out or receiving heat in its motion, Sir W. Thomson expressed 
hie results in terms of the convection of heat by vitreous or by resinous 
electricity. Ifthe E.M.F. in a metal is from cold to hot, the specific heat 
of electricity in that metal is positive, and it is the vitreous electricity 
that carries heat with it; whilst, if the E.M.F. is from hot to cold, the 
specific heat is negative, and the resinous electricity conveys the heat. 
For, imagine the fluid at rest in the pipe in the first place, the fluid 
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having everywhere the temperature of the pipe at the place where it 
may be. Set the fluid moving; as the fluid moves from colder to 
warmer places it receives heat from, and, therefore, cools the pipe ; 
this heat it carries with it until it reaches places where the temperature 
falls, when it gives out the heat and warms the pipe. We have similar 
heat effects in a wire when the E.M.F. acts from cold to warm, a cooling 
when the current passes from cold to warm, and a heating when from 
warm to cold, hence the electric current acts as a real fluid would 
do. But should the E.M.F. be from hot to cold, the heat convection 
would be reversed, therefore now it is the resinous electricity that 
carries heat with it. I had much difficulty in following thermo- 
electric descriptions in terms of the specific heat of electricity and 
the convection of heat by resinous or vitreous electricity. However, 
all that it is necessary to remember is whether the E.M.F. acts from 
cold to hot or from hot to cold. The corresponding absorptions and 
generations of heat when a current passes may be of course easily 
deduced. 

- Let o be the E.M.F. from cold to hot per unit rise of temperature in 
any metal. Theno-. is Sir W. Thomson’s specific heat of electricity 
(“ without hypothesis, but by an obvious analogy”). It would be very 
much better if this important quantity had a less misleading name, but 
I cannot at present think of a suitable word to convey a connection 
between an EM.F. and a rise or fall of temperature. But the whole 
E.M.F. in a wire due to this cause may be suitably called the Thomson 
E.M.F., as the reversible heat effect is called the Thomson effect ; simi- 
larly to Peltier effect and E.M.F. Thus the Thomson E.M.F. in a wire 
whose terminal temperatures are ¢, and #,, ¢, being the higher, is simply 


tı e . e e,e e 
odi, acting when it is positive from the low to the high temperature. 


In a closed circuit of one metal, it vanishes ; the terminals, which may 
now be anywhere, having the same temperature. 

Regarding this, it was proved by Magnus that there was no current 
in a closed circuit of one metal, however the temperature varied, and 
also however the section varied. Though this has been shown later to 
be not always rigidly true in extreme cases, yet the departures are very 
small. Assuming its exact truth, it follows that in a circuit of one 
metal the E.M.F. from one point to another must be the same by either 
path ; and generally, the integral E.M.F. between points at temperatures 
t, and ¢, must be independent of the intermediate temperatures, and 
therefore must equal 7, — T, where 7, and T, are the values at temper- 
atures ¢, and t, of a function T of the temperature only (for a single 
metal), the E.M.F. per unit rise of temperature being therefore dT'/dt. 
Therefore, if 7, and T, are the values of T for two metals a and b, the 
complete E.M.F. in a circuit of two metals (which might be called the 
Seebeck E.M.F.) is 


E= [Pa], +[T,- H), TETE E EET TEE, (1) 


where the square brackets indicate that the difference of the functions 
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at temperatures ¿ and ¢, must be taken. The 7’s being reckoned from 
cold to hot, the Peltier E.M.F. from a to b, and é being the higher 
temperature, when Æ, is positive the current sets in from a to b at the 
hot junction. In terms of o we have 


How P and ø vary with the temperature there is nothing to show so 
far, except that we know that with copper and iron P falls to zero as 
the temperature rises from 0° to 275°, whilst, as Sir W. Thomson found, 
g is positive in copper and negative in iron, or the E.M.F. is from cold 
to hot in copper and from hot to cold in iron. This was to the dis- 
coverer a most unexpected conclusion, he expecting to find o either 
positive in both or negative in both, having a slight bias in favour of 
the former. Thus, both Thomson EM.F.’s act the same way in the 
circuit as if from copper to iron at the hot junction.* 

The phenomenon of thermo-electric inversion or reversal of direction 
of the current by raising the temperature of one junction, discovered 
by Cumming and Seebeck, is not peculiar to iron—though certainly 
especially noticeable when iron is one of the metals paired—but is an 
almost general property of any two metals or alloys, with sufficient 
range of temperature. It is so easily observed in the iron-copper couple 
that it is scarcely credible that many early observers should have been 
unable to verify it. An interesting way of observing it is with the 
telephone. Connect a low-resistance telephone with a copper wire, 
with an iron wire inserted, and make and break connection so rapidly 
by means of a rheotome that a weak current in the circuit will give a 
pure musical tone. Warming a junction with the hand will bring on 
the sound. Bringing it near a hot flame will be sufficient to raise the 
sound to its maximum, which is when the neutral point is reached. 
On further heating the sound falls steadily to a dead silence, and then 
returns. This is at about low red heat. Still further heating raises 
the sound steadily up to about twice the loudness at its former maxi- 
mum, and at the highest temperatures the sound is about stationary. 
That is to say, on first removal from the source of heat, although the 
junction is cooling most rapidly, yet the sound is stationary for a 
moment, or falls only slowly, before the rapid fall sets in and the 
reverse phenomena occur. This shows that there is a second maxi- 
mum ; and, in fact, with a thin steel wire, there was a decided increase 
of sound on first removal from the source of heat, showing that the 
second maximum had been passed, which I could not observe with soft 
iron. The temperature of the junction at the second maximum could 
not be much less than the melting point of copper, 1,090° C., for the 
thin copper wire did partially melt sometimes. On the other hand, if 
the wires be thick, it is much more difficult to heat them sufficiently. 
The reason of the second maximum will appear later. 


* [Thomson’s researches are to be found collected in his ‘‘ Mathematical and 
Physical Papers,” vols. i. and ii.; his theory being in vol. i. and experiments 
mostly in vol. ii.] 
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In saying that there is no current in an unequally heated circuit of 
one metal, it is of course to be understood that the metal is all the 
same metal—not merely all copper, for instance, but the same cupper. 
Different specimens may give strong thermo-electric currents. Thus, 
two copper wires of the same gauge and make gave, when one of their 
Junctions was at bright red, a current nearly as strong as that in the 
copper-irou couple at the first maximum, which indicates an K.M.F. of 
about ‘003 volt, and it was the same with several fresh joints, proving 
a great difference of quality. It sometimes happens, too, that the 
sudden insertion of a wire into a flame will bring on a faint sound, 
without any possibility of heating of junctions. This may be due to a 
difference of structure in parts of the same wire, either existing 
originally, or brought on by different parts of the wire having been 
subjected to different treatment before the experiment, and not having 
returned to identity. 


SECTION IXa. THE FIRST AND SECOND LAWS OF 
THERMODYNAMICS. 


The equation already given for the total K.M.F. in a thermo-electric 
circuit of two metals [equation (2) p. 314] in terms of the Peltier and 
Thomson forces, or the reversible heat effects per unit quantity of 
electricity at the junctions and in the unequally heated parts of the 
separate metals respectively, involves no hypothesis. If we could 
measure the values of PQ and of oQ (the Peltier and Thomson heats 
produced by the passage of any quantity Q of electricity) for all pairs of 
metals, and at a sufficient number of different temperatures, thus obtain- 
ing P and ø as functions of the temperature, we should have all the data 
required for the calculation of the thermo-electric force in any metallic 
circuit. But at this point of the inquiry a remarkable speculation of 
Sir W. Thomson comes in, furnishing an excellent example of the great 
aid to be derived from mathematical theorising in giving a direction to 
experimental inquiry and facilitating the practical completion of the 
theory. For the science of Thermodynamics, which at the time of its 
application to Thermo-electricity had only just been established on 
correct principles, furnishes information as to a relation between the 
Peltier and Thomson effects and the temperature, which, though not 
amounting to strict demonstration, is yet of great probability and 
suggestiveness. 

There are in Thermodynamics two fundamental laws. The first 
expresses the equivalence of heat and work, an example of the principle 
_of conservation of energy, and first applied to Thermodynamics by 
Clausius. Let a substance be made to go through a cycle of changes, at 
the end of which it returns exactly to its original state, having during the 
cycle been varying in pressure, temperature, and volume, and receiving 
or losing heat during its changes of temperature, and doing external 
work or having work done upon it by its pressure during its changes 
of volume. Let H,, H. ..., be the amounts of heat successively given 


4 
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to the substance, heat given out being reckoned negatively, and let M 
be the whole external work performed by the substance during the 


cycle, then 
2H=W 


expresses the First Law of Thermodynamics. If 2H be positive, or 
heat be given to the substance on the whole, it is accounted for by the 
external work done by it during the cycle, since the body is in the 
same state at the end as at the beginning, and contains the same amount 
of heat, whilst if £ H be negative, there has been work done upon the 
substance. In the first case heat is transferred from higher to lower 
temperatures, in the latter from lower to higher. Any such arrange- 
ment is a heat engine, by means of which work may be obtained from 
heat, or conversely. 

The mathematical expression of the Second Law is 

2 A/t=0, 

when the cycle of operations is completely reversible, £ denoting the 
temperature at which the quantity H of heat is given to the substance. 
It is a consequence of Carnot’s reasoning regarding reversible heat 
engines, when his erroneous assumption of the materiality of heat is 
discarded, and the equivalence of heat and work admitted in its place. 
As shown by Carnot, the test of perfection in a heat engine is its perfect 
reversibility. Thus, if it work between the temperatures ¢, and ¢, on 
any scale, the working substance receiving heat of amount H, from a 
hot body at the higher temperature ¢,, and giving out an amount H, to 
a cold body at the temperature /,, and performing therefore W= H, — H, 
of work in a cycle; and if the operations be completely reversible, 
so that by doing W of work on the substance, H, of heat is taken from 
the cold body and the greater amount H, = W + H, given to the hot 
body, such an engine is perfect ; in this sense, that no other engine can 
possibly do a greater amount of work with the same supply of heat and 
working between the same temperatures. If there could be an engine 
B which should have a greater efficiency than a given reversible engine 
A, the two might be coupled, both working between the same tempera- 
tures, B working direct, receiving H, of heat from the hot body and 
driving 4 backward (since 4 is reversible) with an excess of useful 
work, For B would do more work in its direct action than would be 
needed to drive 4 backwards and give back to the hot body the heat 
H, which B received therefrom, and we could thus obtain a perpetual 
supply of work from heat at the lower temperature, t.e., without letting 
heat down from a higher to a lower temperature, which is admittedly 
impossible. [This was made an Axiom by Clausius and Thomson, 
though in different forms. | 

It follows that all heat engines working between the same tempera- 
tures have, if they are reversible, the same efficiency, or, in other 
words, the efficiency is independent of the nature of the working 
substance, and depends only upon the temperatures between which it 
works. Ze., the ratio W:H, is a function of ¢, and ż, only, or, 
more conveniently, the ratio H,:H, is a function of ¢, and ¢, only. 
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¿The nature of this function could therefore be found by experiment 
upon any substance. 

Now, if the substance be air, and the scale of temperature be that of 
the air thermometer, whose zero is 273 °C. below the freezing point of 
water (air and other gases expanding nearly alike in the ratio 273 : 373 
when raised from 0° to 100 °C. at constant pressure), then, by the known 
gaseous laws, and with the assistance of the experimentally known fact 
that a gas in expanding from one volume to ancther requires no heat (or 
nearly none) to be supplied to it to keep its temperature from falling 
(unless it be performing external work during the expansion, when an 
equivalent amount of heat must be supplied to the gas), it is easily 
shown that the ratio of the heat supplied to the substance at the higher 
to that given out by it at the lower temperature, when working reversibly, 
is simply the ratio of the temperatures. That is, 


H,: Hy =t,: th; 


Hf, /t, = H,/ty. 
And, extending this to any reversible cycle, reckoning heats given out 
as negative, the corresponding equation is 


H, |t, + Hjt, + He/ty +... =, 


2 H/t=0, 
each amount of heat being divided by the temperature at which it is 
supplied. 

This, however, depends for its accuracy upon the degree of closeness 
with which air fulfils the gaseous laws, and also the above-mentioned 
property of requiring no supply of heat when expanding to keep its 
temperature constant. Some gases cool a little, others heat a little in 
expanding, and the gaseous laws are not perfectly fulfilled by any gas. 
Hence, although 2 H/t=0 is very nearly true whatever be the nature of 
the working substance when the temperature is reckoned by the air 
thermometer, yet it is not exactly true. It would be exactly true with 
an imaginary perfect gas for thermometer. But, by actually defining 
the scale of temperature so as to make 

H, : Hy =, 2 tes 
when an engine works reversibly between any two temperatures ¢, and 
t» we have a scale which is independent of the properties of any 
particular substance, which is Sir W. Thomson’s scale of absolute tem- 
perature. It is practically the same as that of the air thermometer. 

In a thermo-electric circuit we have reversible heat effects resembling 
those taking place in the cycle of a reversible heat engine. Thus, in a 
circuit of two metals, if we make the temperature ¢, of one junction a 
little higher than ¢,, that of the other, and if P) and P, are the corre- 
sponding Peltier forces, there is absorption of heat P,Q and generation 
P,Q at the hot and cold junctions respectively ane the transfer of the 
quantity of electricity Q by the current set up, their difference (P, — P,)Q 
being expended in uniformly heating the circuit according to its re- 


or 


or simply 
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sistance. Here P,Q corresponds to H,, the heat given at temperature 
t to a substance working reversibly between £ and t,, and P,Q to H, 
the heat given out at the lower temperature ; ‘whilst (P, —P,)Q corre- 
sponds to H, -H,=W, the work done by the substance. In both 
cases there is transference of heat from hot to cold, with performance 
of work. But the heat developed “frictionally ” in the wire by 
the current is not a reversible operation. To make the correspondence 
complete, we must suppose that when the heat engine does W of 
work, it immediately converts it into heat again by working against 
frictional forces. | 

And, as we may work the engine backwards, transferring heat from 
cold to hot, taking H, from the cold body, and giving H, =H, + W to 
the hot body, so we can, in the thermo-electric circuit, by sending a 
current through it in the opposite direction to and of greater strength 
than the natural current, carry heat from the cold to the hot junction, 
absorbing P,@ at the cold and generating P,Q of heat at the hot junction 
during the passage of Q. 

There is also the ordinary conduction of heat going on, which is 
essentially of an irreversible nature, and it may be of far greater 
magnitude than the reversible effects. But this is completely ignored 
in applying the Second Law to the reversible effects, and is considered 
to have no influence on the phenomenon. 


SECTION IXb. APPLICATION OF THE SECOND LAW TO 
THERMO-ELECTRICITY. 


In the first place, if there were only the Peltier ehects in a circuit of 
two metals, a and 6, we should have 
where #, and ¢, are the absolute enero: of the junctions, ¢, being 
the higher, P3 “and P, the Peltier forces, both reckoned from a to b, and 
Q the quantity of electricity passing whilst P iQ of heat was absorbed at 
the hot and P,Q generated at the cold junction ; or 


P/i = Pota. 
And, this holding for any two temperatures, the quantity P/t should be 
the same for all temperatures, a constant depending upon the nature of 
the two metals concerned, =p say. Hence 
P=pt 
would express the Peltier force at any temperature t, and the thermo- 
electric force of the circuit would be simply 
E =P,- P,=p(t,- t), 

and therefore be proportional to the difference of temperatures of the 
junctions, whatever their absolute values might be. 

This formula for Æ is nearly true for small differences of temperature 
when we keep /, constant and raise £. But the value of p must be 
taken differently ‘according to what the mean temperature is. And the 
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fact of inversion of current with many pairs of metals shows that the 
formula is quite wrong for wide ranges of temperature. 

But now apply the Second Law to both the Peltier and the eee 
effects. Let o, and o, be the E.M.F.’s from cold to hot in a and in b per 
degree of rise of temperature. Then o,Q and o,@ are the heats absorbed 
when Q passes from cold to hot. Hence, taking Q as the unit of elec- 
tricity for simplicity, 


expresses the Second Law. We have the — sign before P., because 
both P’s are reckoned from a to b, and the — sign before e, because 
both o’s are reckoned from cold to hot, whilst the current must go 
from a to b at one junction, and from b to a at the other, and from cold 
to hot in one metal, and from hot to cold in the other. 

Equation (3) holding for any two temperatures, let the range be 1°, 
the mean temperature being /, and 4 =/+4°, t,=t,-3°. We thus get, 
(or by simply differentiating (3) ), : 


€(P\ o-o, 
wa) + gy teats en (4) 


which expresses the difference of “specific heats of electricity” in the 
two metals in terms of the variation of P/t with the temperature. Let 
b be a metal in which there is no reversible heat effect, i.e., let o, = 0. 
Then by (4) we see that, if the Peltier force divided by the temperature 
varies with the temperature, its increase per degree equals the Thomson 
E.M.F. from hot to cold divided by the temperature. 

By means of the relation in (4) we may eliminate the Thomson forces 
from the equation of E.M.F. This is, 


=P,- P+ Ke —o,)dt, 


from a to b at the hot junction. Put for o,- c, its value in terms of P, 
by (4), and integrate, and there results simply 


E= l: E IR ENEA, (5) 
ty t 

which is Sir W. Thomson’s expression for the complete E.M.F. in a cir- 
cuit of two metals in terms of the Peltier force only, at the temperatures 
intermediate between those of the junctions. In words, the thermo- 
electric force equals the product of the difference of temperature of the 
junctions into the mean value of alu between #, and #,. 

Let the range be 1°, 4, =/+4, t=t- 4. Then we get simply E = P/t. 
In fact, the Thomson effect decreases indefinitely in comparison with 
the Peltier effects at the junctions as the difference of temperature is 
made smaller and smaller. ‘This all-important quantity P/t is called the 
thermo-electric Power. It depends upon the nature of both metals and 
on the temperature. 

Thus, we do not need to measure the Peltier and Thomson effects to 
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determine the E.M.F. in a circuit, but merely require to know how P/t 
varies with the temperature, and that may be found by observing the 
current in the circuit due to both P’s with a small difference of tempera- 
ture and varying the mean temperature. 

It is convenient to refer all metals to a standard metal in which o = 0, 
whether such a metal really exist or not. Then, in a circuit made up 
of any number of different metals, the 


complete E.M.F. = x [a 


the summation including all the metals, each integral being taken 
between the terminal temperatures, for the metal concerned. P here is 
not now the real Peltier junction force from one metal to the next, but 
what it would be if the next metal were the standard. If all the junc- 
tions are at the same temperature, every integral vanishes, and there is 
no resultant E.M.F., the Peltier forces balancing, whilst the Thomson 
forces also balance, separately in each metal. And it follows that if any 
circuit be cut anywhere, and the ends joined through a series of metals 
whose junctions are all at the same temperature, the terminal conductors 
of the series being of the same metal, no change will be made in the 
E.M.F., i.e., the E.M.F. of the new circuit is the same as that of the old. 
Of course there are additional reversible thermal effects introduced, but 
they exactly balance in the sum. 

Further progress is facilitated by representing the changes in the 
thermo-electric powers P/t of different metals continuously in a diagram. 
Measuring temperatures from left to right, and the powers upwards, the 
power of any metal for all temperatures will be represented continuously 
by a line, which may be straight or curved for all we know without 
experiment. Sir W. Thomson’s first thermo-electric diagram consisted 
of a number of lines which were all quite straight except that for brass, 
which shows some curvature. It has been confirmed by Professor Tait’s 
experiments that the lines of thermo-electric power for all the metals are 
sensibly straight within wide ranges of temperature, with one or two 
exceptions. For generality we may take one straight and the other 
curved, arbitrarily. , 

Let the temperatures be measured along the horizontal base line, let 
the straight line a be the line of thermo-electric power for a metal a, and 
the line b, partly straight and partly curved, be that for a metal b, both 
referred to a ATE in which o=0. Pair a and the standard, and 
let the junctions be at temperatures ¢, and /,. The verticals 4t, and 
A,t, present the power of a at those temperatures. Therefore the rect- 
angles A a,0t, and 4a 0t, represent the Peltier junction forces. Their 
difference 1s the excess of the area 4,¢,f,4, over the area 4,4,a,A,. 
But the mean value of the power of a multiplied by the difference of 
temperatures, which, by what was said before, is the total E.M.F., is 
represented by the area 4,¢,/,4,. Hence, since there is no Thomson 
E.M.F. in the standard metal, the area 4,a,2,4, represents the Thomson 
E.M.F. in the metal a. Similarly, by pairing b and the standard, the 
areas B,b, Ot, and B,b,Of, represent the Peltier forces at the same tem- 
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peratures ¢, and ¢,, and the area B,b,b,B, the Thomson integral force in 
the metal b. 

Finally pairing a and b, the areas 4,a,),B, and A,a,b,B, show the 
Peltier forces, and of course the Thomson integral E.M.F.’s are as before. 
The complete E.M.F. in the circuit is the area 4,4,B,B,. As regards 
the directions these four forces act in the circuit, it is only necessary to 
remember that they all act from places of higher to places of lower 
power, therefore from 4, to B,, and from 4, to B, at the junctions, and 
from 4, to A, and from B, to B, in the metals a and b respectively. 

In the case illustrated, the Thomson forces predominate, and the 
current circulates in the direction 4,B,B,A,A,. When the higher 
temperature is raised to /,, the lines cross, the metals are neutral to one 
another, the Peltier E.M.F. vanishes, and the current is a maximum. 
Further increase of temperature of the hot junction (keeping t, constant) 
reduces the current, because the Peltier force at the hot junction acts 
now from b toa. When the temperature of the hot junction reaches 
t, the current vanishes. Above ¢, it comes on again in the reverse 
direction, and gets stronger and stronger until ¢, is reached, where there 
is a second crossing of lines of power and maximum current (negative). 
From ¿, to t the current gets weaker, and at t reaches a minimum and 
begins to increase again. As the lines extend no further, we cannot 
say what will happen with further rise of temperature. 


SECTION X. THE THERMO-ELECTRIC DIAGRAM AND ITS THEORY. 


The thermo-electric diagram is a most valuable aid to an intelligent 
comprehension of the subject, and gives one rapidly a general view of 
the relative magnitudes and the directions of the E.M.F.’s in different 
parts of a linear circuit, whether of two or more metals, and especially 
so when the neutral temperature of two metals is within the range of 
temperature concerned. 

Referring to the same diagram, in which the thermo-electric powers 
of two metals a and b are represented by the lines 24,4, and bB,B,, 
of which the former is straight, and the latter, for the sake of generality, 
is supposed to be curved in part of its course, and also to change curva- 
ture so as to cross the line of a once in its straight portion and twice 
later at the higher temperatures t, and 4, we have, when the two 
metals are paired to form a circuit, and their junctions kept at 
temperatures ¢, and ¢,, the Peltier junction forces represented in 
magnitude by the rectangular areas 4,B,b,a, and 4,B,6,a,, their 
directions in the circuit being respectively from 4, to B, at the hot, 
and from 4, to B, at the cold junction, i.e., both downwards in the 
figure from the metal of higher to that of lower power. And, in 
addition, we have the Thomson E.M.F.’3s in the separate conductors, 
owing to their ends being at different temperatures, whose integral 
amounts are represented by the areas 4,4,a,a, and B,B,b,b,, and whose 
directions are, as before for the Peltier forces, downwards in the 
figure, viz., from 4, to A, in a (cold to hot), and from B, to B, in b 

H.E.P.—VOL, I. x 
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(hot to cold). And their resultant is the complete E.M.F. in the circuit, 
represented by the area 4,B,B,A,, acting so that the current is from «4 


to b at the hot junction, and its direction round the circuit therefore 
similar to that of the motion of the hands of a watch. 

These areas, by means of the relation, energy = E.M.F. x quantity (a 
relation whose meaning cannot be too carefully studied by those who 
think electricity is energy, and by those who conclude that E.M.F. is a 
form of energy, both of which views have their exponents), may also 
indicate the amounts of heat absorbed or generated in the circuit during 
the passage of the unit quantity of electricity, as the unit current for 
one second, or 1/n of the unit current for n seconds. At the hot 
junction, the current and the Peltier force there situated are similarly 
directed, and the area 4 Bba, shows the amount of heat absorbed 
there (difference of power of a and b multiplied by the temperature), 
i.e., disappearing as heat and passing into the form of current energy, 
which latter is not to be confounded with the heat ‘‘frictionally” 
developed, which is energy dissipated. At the cold junction the 
current is against the Peltier E.M.F. there; hence the area 4,B,6,a, 
shows the amount of heat generated there passing from current energy 
into heat--not, however, in the frictional manner, irreversibly, but so 
that the generation becomes an absorption when the current is reversed. 
And in the substance of both conductors the current goes with the 
E.M.F., and hence the corresponding areas both represent heat absorbed. 

But as regards these last E.M.F.’s, the diagram does not in any 
way indicate their distribution in the wires, but only their integral 
amounts, reckoned from end to end of the wires, depending on the 
terminal temperatures. Hence, the Thomson reversible heat effect, in 
a for example, may be very different in its distribution, according to 
the manner in which the temperature varies along the wire. If, for 
instance, the whole wire a and the whole wire b, except their portions 
close to the hot junction, be kept at or near the temperature of the 
cold junction, it 1s evident that the Thomson forces must be pretty 
nearly all collected near the hot junction, where the temperature of the 
wires falls rapidly. Or, if we greatly raised the temperature of the 
middle part only of one of the wires, we should introduce two opposed 
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E.M.F.’s of equal amounts, one each side of the place of maximum 
temperature, of greatest intensity where the temperature varied most 
rapidly. But, provided the terminal temperatures are the same, the 
integral E.M.F. and integral reversible heat effect in the wire are un- 
affected, and it is these alone of which the thermo-electric diagram 
takes cognisance, irrespective of the actual manner of variation of 
temperature between the given extremes. 

The net result is that there is an absorption of heat per unit of 
electricity passing, whose amount is represented by the area 4,B,B,A, 
enclosed by the lines of the two metals, and by the vertical lines 
corresponding to their junction temperatures. It is the excess of the 
heat absorbed over that generated reversibly, and is accounted for by 
Joule’s law as frictional heat in the whole circuit, distributed in propor- 
tion to the resistance of the different portions. And, of course, 
considering the areas to represent the E.M.F.’s, this area 4,B,B,A, 
is the complete thermo-electric force in the circuit, which, along with 
the resistance, determines the strength of current, provided there are 
no other E.M.F.’s acting. 

So far as the four component E.M.F.’s are concerned, the above 
statements regarding reversible heats per unit of electricity do not 
require any alteration when the current passing is not that due to the 
thermo-electric forces alone, but also to some other intrinsic E.M.F., as 
of a galvanic cell in the circuit; with this reservation, that if the cell 
should reverse the current, the former absorptions of heat now become 
generations, and the former generations become absorptions, whilst the 
frictional heat per unit of electricity passing is now numerically equal 
to the excess of the cell’s E.M.F. over that of the thermo-electric pair. 

Dismissing now the borrowed galvanic cell, and considering thermo- 
electric forces alone, we may observe the effect produced by the powers 
of two metals becoming equal at a certain temperature. In the 
previous, both the junction temperatures were below #,, the first neutral 
temperature. But, keeping the cold junction at the same temperature 
t,» if we raise the temperature of the other above £ the Peltier force 
at the latter vanishes and reappears reversed, acting now from b to a. 
The complete E.M.F. reached its maximum at ż¿ and is consequently 
thereafter reduced, and this will go on until the areas to right and left 
of the neutral point are equal, when the higher temperature is ¢,. But 
we may accelerate this by warming the cold junction, and have zero 
current for any number of pairs of temperatures between t, and ¢,, one 
below żł and the other above. Starting with both. junctions at the 
neutral temperature itself, the effect of either heating or cooling one of 
them is to produce a current in the same direction. With both 
junctions above ¢, (or, more strictly, between ¢, and ¢,, so as not to 
include a fresh crossing point), we again have only a single area to deal 
with, as when both were below ¢,, though now the direction of current 
is reversed, from the line of the metal b being above instead of below 
that of a. 

That one of the lines of power becomes curved (and it would be the 
same if both were curved) does not alter the method of reckoning the 
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complete E.M.F. by the area enclosed between the lines of power and 
the verticals at the terminal temperatures. And obviously the Peltier 
forces, being always represented by rectangles, require no modification 
of treatment. But it is somewhat different with the Thomson force in 
b, the metal with curved line of power. For, draw a horizontal straight 
line from any point of the b line to the vertical through O, such as 
B,b,, and let its end B, travel along the b line, keeping always parallel 
to itself. The area it sweeps out between any two temperatures (as 
B,B,b,b, between temperatures t, and #,) measures the Thomson E.M.F. 
within that range in the metal b, so long as the horizontal line moves 
continuously either upward or downward ; the E.M.F. being from hot to 
cold when it moves up, and from cold to hot when down. But when 
the line of power is curved, it may move up in one part of its course, 
and down in the rest; thus, if the junction temperatures are ¢, and t, 
it will move up to ¢,, and thereafter down. In this case we must take 
the excess of the area swept out in the second part of the motion over 
that in the first to represent the Thomson k.M.F., which is from cold to 
hot. On the other hand, the Thomson E.M.F. in a between the same 
temperatures, also from cold to hot, requires no special treatment. As 
there are no Peltier forces, the complete E.M.F. equals the difference of 
the two Thomson E.M.F.’s, and this is simply the area bounded by the 
straight a line and the curved b line, the terminal verticals being non- 
existent. This example is curious from the complete absence of the 
junction forces and reversible heat effects there, such being confined to 
the interior of the metals. But a much more curious case was pointed 
out by Professor Tait, which may be readily understood from the 
diagram, viz., that in which a thermo-electric current is kept up in a 
circuit of two metals solely by the Thomson E.M.F. in one of them, there 
being thus absorption of heat in some parts with generation in other 
parts of the one, but no reversible effect at either junction or in the 
other conductor. Thus, pair the metal b and the standard metal whose 
line of power is the base line Of,, and keep their junctions at the 
temperatures at which the line b crosses the base line, the two neutral 
points of b with respect to the standard. Then we have no junction 
forces, and no force in the standard metal, but a large Thomson E.M.F. 
in the metal b. 

When there are more than two metals in a thermo-electric circuit, 
the diagram naturally becomes more complex. The terminal tempera- 
tures of any wire being given, that portion of its line of power between 
these limits must be selected, and the same done for all the other wires. 
These detached lines must now have their ends joined by verticals in 
the proper order, thus making a closed circuit. The temperature and 
thermo-electric power are cyclic in the real electric circuit—z.e., starting 
from any point, and going once round the circuit, they come back to 
their old values. Similarly in our closed diagram the power is cyclic, 
varying gradually with change of temperature in those portions made 
up of the lines of power of the different metals, and abruptly at the 
verticals, corresponding to the passage from one metal to another with- 
out change of temperature. Should there be no crossing of lines, the 
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area bounded by our closed “curve” (in the general sense) gives us at 
once the complete E.M.F. If there are crossings, some areas will have 
to be reckoned negatively, and very curious complications may occur, 
as may be seen by inspection of a complete thermo-electric diagram for 
all the metals, with a considerable number of neutral temperatures of 
pairs of metals within a given range of temperature. 

- The method of reckoning the magnitude of the Thomson E.M.F. in a 
metal by the area swept out by a horizontal line, as above described, 
one end of which moves along the line of power, would be no longer 
correct if our horizontal base line were taken to represent the line of 
power of a metal in which the “specific heat of electricity ” is not nil. 
Therefore, if no metal could be found in which there was no reversible 
heat effect, it would be highly convenient to imagine there to be one, 
and this imaginary standard metal would do quite as well as a real one. 
It is, however, satisfactory to know that there is a metal that fulfils 
the condition, or nearly so, viz., lead, in which the specific heat of 
electricity is nil, or very small, as found by Le Roux. Lead is there- 
fore the appropriate standard metal whose line of power is the base 
line Ote- 

No other metal has been found having this property, but some of 
Professor Tait’s alloys of platinum and iridium answer the description. 
Their lines of power are therefore parallel to the base lead line, and 
the complete E.M.F. in a circuit formed of two of them, or of one of 
them and lead, is represented by a rectangle, being simply proportional 
to the difference of junction temperatures, current thus varying as 
difference of temperature. Such arrangements are most appropriate 
for measuring temperatures. 

The lines of most of the metals are straight within wide ranges of 
temperature. This, which is remarkably convenient for the numerical 
calculation of thermo-electric forces, proves that the specific heat of 
electricity varies in general as the absolute temperature. For, the 
equation of a straight line being linear, let 


p=rt+st 


express the power of any metal referred to lead in terms of the 
temperature t£, where r and s are two constants. Then ø, the specific 
heat of electricity for that metal, being the E.M.F. from cold to hot per 
unit rise of temperature, must equal -— st, or vary as the temperature. 
The constant s, depending on the nature of the metal only, that is, 
having no relation to what other metal it may be joined with to obtain 
a thermo-electric current, is positive for those metals whose specific 
heats of electricity are negative, and conversely. In fact s=tangent of 
angle between the line of the metal referred to and the lead line, 
positive when it slopes up from left to right, whereas the Thomson 
force under the same circumstances is directed downwards. As for the 
constant 7, it represents what the power referred to lead would be at 
the zero of absolute temperature, — 273° C., if the lines of lead and the 
metal concerned continued straight all the way to that limit. But 
when the line of a metal is curved, s is, of course, no longer independ- 
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ent of the temperature. Thus, in the figure, the value of s for the 
metal 6 changes from positive to negative at temperature é, and 
becomes positive again later. It is not likely that s keeps quite 
constant for any metal if sufficiently heated so as to appreciably 
change its structure (as by softening it), and it certainly varies greatly 
in iron and nickel, as regards the former of which Professor Tait found 
that its line of power became sinuous at high temperatures. But iron 
is anomalous in its behaviour in various other respects, as are the 
other magnetic metals, so we may expect anomalous thermo-electric 
behaviour. 

The following are the formule for the component E.M.F.’s and their 
resultant in a circuit of two metals a and b. Let p, and p, be their 
powers with respect to lead at temperature ¿+ Then 


Pa™= at Sol, Pa= Ts +S, 
where ¢ is the absolute temperature, and r and s are constants. Put a 


in contact with lead, the junction E.M.F. is p,t, the power multiplied 
by the ies ciao ; thus 


= UT + Sat), = Ur, + St), 
P, and P, being a contact forces with a Put a and b in contact ; 
their relative power is P, > P, = Pas SAY, OF 
Pas = (Ta — 15) + (Sa — So)t = (Tas + Sart), 
and therefore the contact Ea from a to b at temperature ¢ is 
Plt gt T I E E E T (1) 
In the circuit formed of a and b with junctions at temperatures ¢, and t 
(t being the higher) there are two contact forces whose values are Paine 
by giving ¢ successively the values ¢, and ¢, in the last formula. Both 
being from a to b their difference constitutes the acting E.M.F. arising 
from contact force. This is, 
aed Py Pre | ea) Re er (2) 
Next let T, and T, be the Thomson forces in a and b. Then since 


=| oadt from cold to hot, and o,= - s,t, 
therefore 

l= | 's„tdt = 4s (t? — #2), 
and similarly T, = 48,(t7 — t2). 


Adding together the two Peltier forces and the two Thomson forces, 
and attending to the signs so that when the sum is positive the current 
is from a to b at the hot junction, we find the complete E.M.F. to be 


| both from hot to cold. .......(3) 


Eran = (by — be) Aa E A E E (4) 
which can, of course, be obtained aren from the formula 
Ew Pa sia iehad tenia A T, (5) 


which is Sir W. Thomson’s general ‘ovules (before obtained), applicable 
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whether the lines of power are straight or curved. Equation (4) may 


be written 

Egy = — Salh — ty)(tas — to) 
where ¢, is the mean temperature of the junctions, and ¢,, the neutral 
temperature. But for numerical calculation of the E.M.F. of a thermo- 
electric pair (4) is most convenient. J.e., multiply the difference of 
powers referred to lead at the mean temperature by the difference of 
temperature. A table of the values of the constants here called r and s 
is given in Everett’s Units and Physical Constants. 


SECTION XI. THE THERMO-ELECTRIC THEORY OF CLAUSIUS, AND 
OBJECTIONS THERETO. 


Sir W. Thomson’s thermo-electric theory was published in 1851, and, 
so far as linear conductors are concerned, in a complete form. His later 
papers (1854-6) contain a re-statement of the same in a somewhat 
simpler form, practical experimental results, and an extension of the 
theory to crystallised media, under which term are of course included 
isotropic conductors in a state of strain. In the meantime, under date 
1853, the eminent German scientist, Professor Clausius, had also con- 
tributed to the theory. Apart from certain speculations as to the origin 
of the E.M.F.’s, Clausius’s theory amounted to this. At the places of 
contact of different metals there are E.M.F.’s of thermal origin, which 
vary in strength with the temperature, and in such a manner as to be 
subject to the second law of Thermodynamics, 7.¢., as regards the rever- 
sible heat-effects. Calling P the force from a to b, P is a function of 
the temperature. Hence there is no current set up ina circuit of a and 
b, if the junctions are equally hot, from the balancing of the E.M.F.’s, 
which can only produce a static effect. Destroy the equality of junction 
temperature, and a current is set up due to the difference between the 
two contact forces ; and since the second law requires that the contact 
force shall vary directly as the temperature, the complete K.M.F. in the 


circuit is 
E=p(t, — ty), 


where ż¿ and ¢,.are the junction temperatures, and p is a constant for 
the two metals. 

This state of things Clausius regarded as representing the regular 
phenomena, the normal behaviour of a thermo-electric circuit, and he 
considered the departures therefrom, especially when high temperatures 
occur, as due to changes of molecular condition or of structure produced 
by alteration of temperature, in support thereof instancing the differ- 
ences between hard and soft steel depending on greater or less velocity 
of cooling, they behaving as different metals both mechanically and 
thermo-electrically. He also quotes an experiment of Seebeck, who 
found a ring of antimony to behave as if of two different materials, and 
which on rupture was found to be structurally different in different 
parts. Also Magnus’s result that currents in circuits of one metal had 
their origin in want of homogeneity. (To which we may add that a 
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strained wire is thermo-electrically different to the same wire unstrained. 
But it does not appear that a merely qualitative specification of a strain, 
e.g., that a portion of a circuit of one metal is stretched, is sufficient ; 
for the current may go one way across the hot junction of stretched and 
unstretched parts under small tension, and the other way with greater 
tension. Here, however, it may be mentioned that in the first case the 
strain is elastic, and in the second that there is a permanent elongation 
of the wires as well.) 


Clausius thought that differences of structure might occur in a homo- | 


geneous metal (homogeneous when at one temperature throughout) 
when unequally heated, and, without developing this idea, proposed to 
explain the departures from the regular phenomenon by means of the 
new E.M.F.’s diffused through the unequally heated and therefore struc- 
turally different parts of the separate metals, acting together with the 
ordinary Peltier forces at the junctions. 

Superficially regarded, this would seem to be simply the theory of 
the Thomson effect in a rudimentary form. But there are in reality 
two distinct ideas involved. The first is that the thermo-electric power 
of a metal (that is, p or P/t) may not be always constant, as in the 
supposed regular or normal phenomenon of Clausius, but may some- 
times vary with the temperature, thus introducing abnormal reversible 
thermal effects in the interior of single metals. The second is a hypoth- 
esis as to the cause of the abnormal variation of p, viz., that it proceeds 
from change of structure. Some reasons against this are given below. 
In the meantime we may remark that in a circuit of copper and lead, 
for instance, the hypothesis that the copper, along which the tempera- 
ture varies, may be considered as being made up of an immense number 
of pieces of different metals, though only differing very little from one 
piece to the next, at whose junctions there are small forces of the same 
nature as the large terminal forces at the junctions with the lead, and 
that all the reversible heat effects thereby resulting are subject to the 
thermodynamic laws, does lead to correct expressions for the Thomson 
E.M.F. and the total E.M.F. in the circuit, when we proceed to the limit, 
and hence make the number of divisions infinite, and the changes of 
material infinitely small. 

As we remarked before, Clausius did not develop his idea, but (Mech. 
Wirmetheorie, Vol. II. Absch. VII.) he gives the development made by 
Budde in 1874. The supposed changes of structure are limited to be of 
a reversible character, so that heating a portion of a wire, and then 
cooling it back to its original temperature, is always accompanied by a 
restoration of the original structure ; that is, the structure must depend 
upon the temperature only, and thus be the same in all parts of a wire 
which have the same temperature, and not be permanently altered by 
heating. This excludes the irreversible changes of structure sometimes 
produced, as when the sudden cooling of steel does not restore the struc- 
ture it possessed before heating, but results in something notably different. 

Now, instead of p(t, — t) being the sum of the terminal Peltier forces, 
as in the regular phenomenon, we shall have p,t, — Pt» where p, and p, 
are the now unequal values of p at the junction temperatures ¢, and ¢,. 


— -v a x 
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And in the copper we shall have small forces, owing to the gradual 
change of p, the E.M.F. between two consecutive pieces whose junction 
temperature is ¢, and whose values of p differ by the amount dp, being 
tdp, so that Ztdp expresses the total Thomson E.M.F. Adding the 
terminal forces, attending to directions, their sum reduces to 2 pdt, 
where dé is the small difference of temperature between two consecu- 
tive pieces. Clausius’s and Budde’s theory leading precisely to the 
previously given results [Section IXb., p. 318], nothing more need be 
said of it, save as regards the hypothesis made that the variation of the 
thermo-electric power of a metal with the temperature results from a 
change of structure. 

To examine this, perhaps the simplest way will be to interpret 
Clausius’s views with the help of the thermo-electric diagram. Con- 
sider that when the so-called regular or normal phenomena are present 
the lines of power of all the metals are parallel straight lines, which, if 
we take the line of the standard metal horizontal, will be also horizon- 
tal, at different heights above or below the standard line. The E.M.F. 
in a circuit of two metals will be represented always by a rectangle, 
viz., the area enclosed by the two horizontal lines of the metals con- 
sidered, and by the vertical lines corresponding to the junction 
temperatures. The rectangle will increase in area at a uniform rate as 
the difference of temperature increases, and if we keep the cold junction 
at a constant temperature and heat the other, if the current in the 
circuit be represented by a line, such line will be straight. 

Clausius’s hypothesis, then, would imply that if the lines of two 
metals should at some temperature lose their parallelism, and either 
diverge or converge, we should have evidence of change of structure. 
The mere existence of slope in the lines of power would therefore imply 
change of structure, and departure from the regular behaviour. But 
this is very different from the experimentally found state of things. 
No two metals have their lines parallel. The lines of power have all 
degrees of slope—some up, some down. The regular behaviour is 
conspicuous by its absence ; departures from it are the rule, and so far 
from these departures only coming into play with wide differences of 
temperature, the constancy of the slopes, i.e., the straightness of the 
lines, shows that the supposed departures are in force at all tempera- 
tures, and within the smallest range of temperature. And the lines of 
current, instead of being straight, are parabolas. (See equation (4), p. 
326). Let ¢, be constant ¢,, variable, Æ the ordinate, and ¢, the abscissa 
of the curve required.) 

It would appear, then, that to regard the changes of thermo-electric 
power with the temperature, which are universal and not exceptional, 
as evidence of change of structure, is not justifiable. Weshould rather 
conclude that constancy (not absence) of slope implies constancy of 
structure ; that if within a given range of temperature the line of a 
certain metal continues appreciably straight, whatever its slope may be, 
there is no appreciable change of structure, but that should it become 
curved, which is an exceptional phenomenon, we have real change of 
structure. This (curvature) we might anticipate to be the case at 
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sufficiently high temperatures with the lines of all the metals, as it is 
well known that marked changes of physical state, as from solid to 
liquid, are not perfectly sudden. But this is quite a different thing 
from the change of structure going on at a uniform rate through 
hundreds of degrees that we shall have if we adopt Clausius’s hypothe- 
sis, which, by the way, is wholly unnecessary for the mathematical 
development of the subject. 

The peculiar manner in which the expression for the integral E.M.F. 
in a wire, say copper, viz, È tdp, when added to the terminal junction 
forces with lead (taking lead for the metal paired with copper, in order 
not to have any E.M.F. except in the copper and at the junctions) 
becomes converted into È pdt, which represents the total E.M.F., is worth 
illustrating explicitly. We may remark, in the first place, that we can- 
not get any resultant E.M.F. in our circuit by supposing that the diffused 
force in the copper wire is due merely to the variation of the contact 
force with respect to lead at different parts, although such might be 
suggested by considering that if a piece of lead were brought succes- 
sively into contact with different parts of the copper wire, if insulated 
from one another, it would in each case take a definite potential with 
respect to the copper, the difference of potential being equal to P, the 
Peltier force, whose amount varies as the temperature of the copper 
varies. Let the copper wire be divided into four pieces, for instance 
(the process is the same for any numbor), and let the values of P for 
them be P,, Pa P} P, The terminal forces when the copper is in 
circuit with lead will be — P] and + P, and the intermediate forces at 
the three junctions of copper with copper would, on our supposition, be 
P,-P,, Pa- P} and P,—P,. But their sum is + P, — P, which exactly 
cancels the junction forces with the lead, and leaves us no resultant 
E.M.F. In fact, we have a case of force derived from a potential 
function, of which a characteristic property is that the integral force 
round a circuit is zero. 

Nor do we, for the same reason, get any assistance by putting pt for 
P in the above. But if, in the complete variation of pi, viz., 

d(pt) oi tdp + pdt, 
we neglect the latter part, and sum up the former, È idp, we get the 
integral force in the copper. And, neglecting the former part, and 
summing up the latter, we obtain È pdt, which is the resultant E.M.F. 
Dividing the copper into four parts as before, let the temperatures of 
the five junctions be t, ¢,, f» t, t; and the values of p be f 
in the four pieces. Then the sum of all the forces is AE R 
— top, + (Pı — Pa)ty + (Pe — Pala + (Pa — Pats + Paty, 

where the first and last terms are the forces at the junctions with the 
lead, and the three intermediate represent 2 tdp, the integral force in 
the copper. Now re-arrange the terms, pairing the first with the first 
part of the second, the second part of the second with the first part of 
the third, and so on, and we get 


Dy (ty — to) + Palta — t) + Palts — to) + palta — to), 
i.e., 2 pdt, the expression for the complete E.M.F. in the circuit. 
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Reckoned per unit of length, the force in the copper is ¢(dp/dx) in the 
direction of decrease of p. When we arrive at the junction with lead, 
we have an abrupt instead of a gradual change of p, so of course we 
cannot reckon the force per unit of length, but must take it in the lump, 
viz., ty or P, the Peltier contact force, the only proved contact force 
between metals which do not act chemically on one another. 


SECTION XII. ON SPECULATION AND EXPLANATION IN PHYSICAL 
QUESTIONS. 


Professor R. Clausius remarks (Mech. Warmetheorie, Vol. II. 
Absch. XI., p. 337) concerning Sir W. Thomson’s papers on thermo- 
electricity, after falling foul of the “specific heat of electricity,” that 
the latter has not, so far as he is aware, given any explanation of the 
cause of thermo-electric currents. Now this is a very important remark, 
showing characteristics on both sides. There is a striking difference in 
the methods pursued by the two scientists in starting the subject, in 
laying the foundation for the mathematical development. It is true 
that Sir W. Thomson abstained from vain speculation and went straight 
to the point at once. There are reversible heat effects at the junctions 
of different metals when currents pass across them. There may be 
(although then unknown) similar effects in the metals themselves. 
There is no resultant E.M.F. in a circuit of one homogeneous metal, 
however it may be heated, and however its section may vary. The 
effects must be subject to the law of conservation of energy, that is, the 
First Law of Thermodynamics. They are very probably subject to the 
Second Law as well. Now, with these data, develop the laws governin 
the E.M.F.’s, without unnecessary hypotheses. Such is the eed 
followed in Sir W. Thomson’s papers (whatever may have been his 
private speculations), the truly scientific method in the strictest sense 
of the word, bearing in mind its derivation, and what science ought to 
mean—viz., knowledge, and discarding the vague extended meaning it 
has gradually acquired in the mouths of the unscientific. 

On the other hand, Professor Clausius preludes his investigation, 
which, it may be remarked, has the same object and result, though 
applied only to the Peltier effect at junctions of different metals, by 
speculations on the causes of contact force in general, and of the 
thermo-electric force in particular, using hypotheses which appear 
based entirely on the materiality of electricity supposed to act directly 
at a distance on other electricity, and to be attracted differently by 
different kinds of matter. It is not easy to express these hypotheses in 
terms of less gross ideas of electricity without at the same time making 
them become mere ghosts, of no tangibility and of little utility. Such 
speculations should, in my opinion, be kept entirely apart from, and in 
particular should not precede, and so apparently form the groundwork 
of, a mere development of laws not in any way dependent on the hypoth- 
eses; so long as the object of inquiry is the laws, not the causes 
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thereof. We shall endeavour, a little later, to put these speculations 
regarding contact force in a more modern form, by examining how far 
they are justified by facts, and dismissing the unessential parts. In 
the meantime, a few remarks on the general nature of explanations, 
and on the distinctions between the methods followed by the scientific 
and by the unscientific speculator, whose name is Legion (though 
usually spelt in other ways) may be useful to many who feel impelled, 
by natural instincts, to try and explain something. 

It is human nature to speculate, and there will be always plenty of 
scope for speculation until everything is found out, which will not be 
for some few million years. We want to know the causes of things, 
why such and such things happen. Well, the first preliminary should 
be to find the laws of the phenomena. That is work for the scientific 
man, and usually difficult work, requiring scientific training and reason- 
ing. When laws are established—which implies a very considerable 
knowledge of the facts, for otherwise the laws may not become evident 
—we may speculate on their causes. Or, since it would often be very 
tedious to wait until sufficient facts are known, we may speculate on 
the causes of phenomena without knowing anything about the laws 
governing them. Now this may be done by any one. Not that any 
one can find out a probable explanation of something strange, but any 
one can speculate. The more imaginative a man is the better for his 
speculative powers. Also, if he be unscientific, it is not desirable for 
him to know too much of the facts of the case, because facts are very 
unaccommodating, and form a great drawback to the free exercise of 
the speculative faculties. 

The proper method for the unscientific speculator is to seize hold of 
one or two facts, let the imagination run riot, and develop their conse- 
quences without any regard to the quantitative relations which may be 
necessarily involved, and with complete ignoration of the thousands of 
other facts which might not fit into the hypothesis conveniently. For 
it is so easy to leave them out. Thus, there have been remarkable 
exhibitions of the afterglow in various parts of the world lately, and it 
is natural to speculate on the cause of such unusual occurrences. The 
influence of suspended particles in scattering and in absorbing light is 
well recognised, and it is very possible that suspended matter has 
something to do with it. Also, there was a great volcanic eruption 
in Java lately, which sent up an immense quantity of dust and smoke, 
which must take a long time to settle down again. Now let us specu- 
late. It is known, by observations with the unprejudiced electrometer, 
that the earth is negatively electrified, and, being very large, must there- 
fore contain an immense store of negative electricity. This is known to 
be self-repulsive, and since the law of force is that of the inverse square, 
when the particles of electricity are very close together, the repulsion is 
enormous. No wonder, then, that the thin crust of the earth is some- 
times unable to withstand the pressure, but breaks down, when, of 
course, we have earthquakes and volcanic eruptions. In the latter 
case an immense quantity of the negative electricity is carried up with 
the dust and smoke, and is repelled to a great height; until, in fact, 
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the force of gravitation on the matter which carries it balances the 
repulsion of the negative electricity left behind in or on the earth. 
Then, of course, the self-repulsive action of the electricity causes the 
smoke to diffuse itself all round the globe, if there be enough of it, 
and spread out in a great canopy. Evidently the smoke that rises 
from chimneys must also be negatively electrified, which explains the 
fact often observed of smoke rising up nearly vertically, and then 
spreading out horizontally. And many other curious phenomena may 
be readily explained by the same natural repulsion of the negative 
electricity. 

But in the hands of the philosopher (not meaning metaphysicians 
who appropriate the title), with a proper attention to facts arranged 
in correct perspective, and in especial with a due attention to geometri- 
cal and quantitative relations in regard to space, time, motion, energy, 
etc., speculation becomes a very different thing from the above, and 
may be most usefully employed in forming hypotheses, which, though 
they may be themselves very improbable, may be provisionally of great 
utility, not merely to hang the facts together, but, on account of the 
inquiries they suggest, to serve as stepping-stones to a truer theory. 
Imagination is required no less than before, but it must be guided by 
strong sense and understanding. 

Examples of useful scientific speculation are innumerable. They are 
usually gifted with importance by being termed theories, thus leading 
the uninitiated to take them for more than they are worth. Hypoth- 
esis would be a better name than theory, because its sound and 
associations suggest something supposititious and to be received with 
caution ; whilst theory, on the other hand, has also the much more 
important meaning exemplified in Fourier’s “Theory of Heat,” 
Maxwell’s “Theory of Electricity ” (not the vortex hypothesis to be 
mentioned), or Rayleigh’s “ Theory of Sound,” which have very little 
to do with speculations, but are mainly rigid developments of estab- 
lished laws. But it would certainly lead to a considerable loss of 
dignity were an investigator to speak of “my hypothesis” or “my 
speculations ” on, for instance, the cause of magnetism, instead of the 
usual “my theory.” For it is very well recognised that dignity, or the 
appearance thereof, has a very imposing effect on all, save those who 
take the trouble to look below the surface. Which is why lord mayors 
are dressed up in robes and chains, and the judges wear horsehair 
wigs. 

As an example of the highest kind of scientific speculation we may 
mention a “theory ” not very generally known, viz., Maxwell’s hypoth- 
esis of molecular vortices to explain electricity and magnetism. 
That remarkable genius happily combined in his robust intellect great 
mathematical gifts, with immense powers of perception and mental 
realisation of consequences as a whole as well as in detail. Who buta 
man of the most vivid imagination could, as he did, frame a hypothesis 
to explain, by pure mechanism (not clockwork) obeying the dynamical 
laws, Electrostatics, and Electrokinetics, and Electromagnetism, all 
in one consistent scheme? Certainly imagination alone could not do 
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it; a preliminary profound study of the facts and of the already formed 
theories and hypotheses was required, with the exceptional faculty of 
being able to digest all that learning, to assimilate the essential and 
reject the unnecessary parts; besides—it being pre-eminently a mathe- 
matical subject—the power of applying his mathematical knowledge. 
Mathematicians are as plentiful as mushrooms, but few have the appli- 
cative power. In fact, given the latter, a little mathematics will go a 
long way, and a knowledge extending no further than simple equations, 
if well applied, can be of immense utility to the practical electrician. 

Regarding this hypothesis of molecular vortices, Maxwell was so 
modest as not even to give an account of the same in his great work on 
Electricity and Magnetism, merely referring to some of its results. 
This is, perhaps, greatly to be regretted. For it would be very useful 
in its suggestiveness to future electrical students ; and, taken merely as 
a speculation, it appears to me to be of a far more useful kind than the 
speculations of the great German electricians who go out from the 
already three-parts extinct idea of the direct action of free electricity 
on itself at a distance, and develop their hypotheses in electrodynamics 
to suit, having to adopt strange devices in order to get rid of the 
electrostatic force as soon as ever the electricity is set moving. For 
physical theories, nothing can be more inharmonious with the modern 
spirit of physical science. 

Maxwell’s hypothesis is exceedingly unlikely to correctly represent 
the reality; the details are sufficient to show many improbabilities ; 
but it proved that a dynamical explanation of electricity is possible, 
and that no actions at a distance are required. The final theory of 
electricity will most probably be strictly in terms of matter and motion, 
with, however, an intermediate medium of some kind, which cannot be 
done without. This will, perhaps, be very disagreeable to the imagina- 
tive unscientific, to whom dynamics is so odious that they must try and 
alter the fundamental notions, making, for example, force the square 
root of energy. As if, by any human possibility, the laws of motion 
could be capable of adjustment to suit individual eccentricities. They 
must be taken as they are. Other laws may prevail in other worlds, 
where spirits have their habitat; but in this special world of ours we 
must abide by whatsoever laws of motion we find working therein, or 
else receive a fearful punishment. 

We are set down in space, to march with time, and have matter in 
motion everywhere around us. What space and time may be, the 
metaphysicians may decide, if they can; and, if they cannot, they 
might as well leave them alone to take care of themselves. It is 
enough for the scientist that they are—no matter what, and that 
Nature is not capricious, but orderly. In all speculations established 
elementary laws should be attended to, theories must be made to fit 
them, not the reverse, and the object should be to make a science as 
exact as possible, and bring everything under numerical relations. It 
may be objected that some branches of knowledge are so heterogeneous 
in their nature, and cover such an extent of ground, that they can 
never be brought under the rule of quantitative measurement. Yes, and 
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for that very reason they must always remain speculative, and their 
theories consist mainly of imperfect generalisations, to be repeatedly 
altered, affording never-ending material for discussion and argument. 
Political Economy can never be a science in the same sense as Electri- 
city, even if what takes place in electrical phenomena remain for ever 
unknown. But just in proportion as a branch of knowledge rises from 
being a heterogeneous collection of facts and imperfect laws to being a 
system, consistent in all its parts, so does it become scientific, and 
under the rule of exact relations. So long as there is uncertainty as to 
exactly how much a certain effect amounts to under given circum- 
stances, it cannot be a finished science. Even Chemistry, that vast 
subject with so little coherence, is being made exact, now that chemical 
affinities are being measured, and the amounts of energy corresponding 
to the union of definite quantities of matter determined. Under the 
rule of numbers must all sciences come, to be worthy of the name. A 
few men may confound mathematics with metaphysics (strange delu- 
sion !), and vent their scorn upon the former—sour grapes to them. 
But it will not do. For them to ignore already established mathemati- 
cal relations in their speculations is fatal to their accuracy. The 
mathematicians are very greatly to be thanked. Consider the present 
science of Electricity, with its various units, measuring instruments, 
and methods. Who have made this possible? The mathematicians. 
It would be very little use accumulating piles of facts without having 
the mathematicians to sift them, discover the numerical relations, test 
various theories with the mathematical touchstone, and gradually turn 
chaos into system, as they have done in Electricity. 

Now, with regard to explanations, which it is the object of specula- 
tions to furnish. Some are more mysterious than the mystery to be 
explained, in this respect resembling the explanation of some of the 
Ancients as to how the world was supported, viz., on the back of an 
elephant, which in its turn stood on a tortoise’s back, and goodness 
knows what the tortoise had to stand on. Such explanations find 
favour with the unscientific who cannot bear to have no explanation, 
who would rather worship a false god than none at all. Then there 
are poetical explanations of natural phenomena. As might be expected, 
these are very bad. The illustrious Goethe’s explanation of colour 
should be a caution to poets to the end of time to keep to their poetry. 
He borrowed a prism, stuck it to his eye, and looked through it. He 
did not see Newton’s spectrum, but something quite different, and 
hastily concluded that Newton’s theory was all wrong, and set to work 
to write a book in which the whole thing was properly explained, and 
Newton’s theory demolished. He, in his complete confidence in his 
theory, astonishing ignorance of the subject, contempt for Newton's 
theory, and hatred of the methods of the French mathematicians who 
had developed the laws of polarisation mathematically, displayed many 
of the characteristics of the unscientific explainer, whilst the complete 
ignoration of the great poet’s theory by the scientists was no less 
characteristic of them. 

That explanation was purely unscientific. But an explanation may 
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be scientific without being real—the invention of fluids to explain 
electric and magnetic phenomena, for instance. These conceptions 
were, and are still, useful enough in their way, but we should avoid 
attaching any more reality to them than they deserve. Let them be 
servants, not masters. Again, light is popularly explained by the 
vibrations of a medium called the ether, and I understand Professor 
Tyndall to go so far as to believe it certain that the particles of ether 
really vibrate transversely to the direction of propagation. But here 
we should remember that what is known is that light propagated 
through space is a transverse periodic phenomenon of some kind, not 
that it consists of vibrations of the kind supposed, for many other 
transverse periodic arrangements may be imagined. A problem, the 
data of which are very imperfectly known, may have many solutions, 
instead of but one, and that a certain hypothesis seems to explain is no 
proof that it furnishes the correct explanation. 

Also, it is common to attribute to explanations more virtue than 
they are entitled to. If we explain the electrification of two conductors 
by saying that the medium between them is polarised, which it may 
be, and very likely is, what we do is to electrify all the intermediate 
particles between the conductors, thus shifting the mystery without in 
any way explaining in what the polarisation consists. Or if, after 
Weber, we say that the molecules of iron are themselves magnets, with 
polarity and orientation, and that they may be rotated by external 
magnetic influence, so that by the consequent preponderance of mole- 
cules pointing their magnetic axes in certain directions rather than in 
others the iron may be made to show its magnetisation externally, 
although a very important step is made as regards the probable actual 
facts of magnetisation, do we thereby explain in any way, or even hint 
at an explanation of the Cause of Magnetism? Not in the least. The 
nature of the magnetism of a molecule is just as great a mystery as that 
of a collection of molecules forming a connected mass. 

What, then, is a real explanation? Obviously nothing can be wholly 
explained, for that would require infinite discernment. But complexity 
may be resolved into simplicity, for one thing. This process of 
disentanglement, whereby by pure reasoning, without hypothesis, or 
with mere working hypotheses that may be thrown off, we may put a 
complex set of phenomena in order, as it were, and exhibit their 
mutual relations, may be all the explanation we can get, i.e., the 
explanation of complex cases in terms of simpler ones of the same 
type. But, for another thing, some phenomena are so familiar to us 
and so universal that, although equally mysterious in themselves, they 
seem to less need explaining; so, taking them for granted, we seem to 
obtain a real explanation if we can resolve obscure facts into the 
familiar ones. This may be much more than the mere disentanglement 
above mentioned, being a change of type as well. 

That remarkable triumph of hard-headed men, the kinetic theory of 
gases, is a case in point. The properties of gases are explained, and 
very completely up to a certain point, dynamically, with approximate 
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hypothesis that a gas consists of an immense number of small particles 
in motion, left entirely to themselves and the operation of the ordinary 
laws of motion and of collision of elastic spheres. This is something 
deserving the name of explanation, and is a real gain of knowledge. 
To matter and motion must electricity come before it can be said to be 
explained, though certainly it will be not quite so simple an affair as 
the above, the question being complicated with the ether as well. 

After that, there is the nature of molecules, and of matter in general. 
And even if we resolve all matter into one kind, that one kind will 
need explaining. And so on, for ever and ever deeper down into the 
pit at whose bottom truth lies, without ever reaching it. For the 
pit is bottomless. 


SECTION XIII. CHEMICAL CONTACT FORCE. 


We now approach one of the most interesting subjects in the whole 
of electrical science, on which there has perhaps been more debate 
than on any other of its branches. He is a learned man who is 
fully acquainted with all the details in the history of the matter. But 
he may not be thereby made wise; on the contrary, he may easily 
become utterly confused in the- attempt to reconcile the multitude of- 
facts and hypotheses, especially as the observations are mostly only 
qualitative. He may wish to obliterate all that has been done, and 
start afresh in the unbiassed state of mind accompanying perfect 
ignorance. 

Put any two metals in contact with one another, but otherwise 
insulated ; they are said to acquire different potentials. That they 
are apparently at different potentials is made certain by the modern 
electrometric measurements, using no finger contacts or multiplying 
machines. Thus, zinc and copper in contact apparently differ in their 
potentials by about °75 volt. Professors Ayrton and Perry found this 
to be so constant that they used it as a standard of comparison in their 
observations on the apparent differences of potential of other metals in 
contact. It is proved that when zinc and copper are put in contact, 
the zinc becomes positively, the copper negatively electrified, and that 
they act inductively on other conductors just as any two conductors 
similarly charged would. | 

If we join the zinc and copper by a wire of some other metal, say 
iron, instead of making immediate contact, just the same thing happens; 
the difference of potential is ‘75 volt as before. This applies to all 
pairs of metals, whence follows the “summation law.” If metals 4 
and B in contact apparently differ in their potentials by æ volts, and 4 
and C by y volts, then B and C will differ by xz- y volts. 

However, it is merely inferential that zinc and copper in contact 
really differ by ‘75 volt. But assuming provisionally that such is the 
case, it follows that since in a state of electrical equilibrium the whole 
of the zinc is at one potential, and the whole of the copper also, there 
is an E.M.F. of ‘75 volt acting at their junction from copper to zinc ; 
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this being required to balance the supposed difference of potential. If 
so, if we pass an electric current from any source across the junction, 
there will be, by elementary principles, a continuous absorption: of 
energy, when the current goes from copper to zinc, and evolution in 
the converse case, amounting per second to ‘75 x strength of current. 
Or, make a closed circuit of any number of metals and a battery ; there 
will be similar absorptions and evolutions of energy at all the junctions, 
meaning by absorption that energy is taken in by the current from 
some source which—electrically speaking—may be called external, and 
by evolution that energy is given out by the current, or through its 
mediation. 

But there is no evidence of any such relatively enormous conversions 
of energy going on at metallic junctions. The known thermo-electric 
forces are of such inferior strength as to be almost of a different order 
of magnitude. The source of energy is heat, i.e., the energy of molecular 
agitations. There may be other small conversions of energy, but 
certainly none able to account for an E.M.F. of ‘75 volt between copper 
and zinc, or ‘6 volt between zinc and iron. 

The thermo-electric forces being, then, so very small compared with 
the apparent contact forces now considered, we may neglect them 
altogether, in order to save continual reference to them and small 
corrections. Copper and zinc, then, when placed in contact, are 

necessarily at One potential. 

It follows that if they were uncharged before being put in contact, 
and not in a field of electric force, they must have been at Different 
potentials. For, on contact, electricity passed from copper to zinc, 
reducing them to the same potential. -But having been, as stated, 
uncharged in the first place, and not in a field of force (or, say simply, 
neither showing any signs of electrification), the air being then all at 
one potential, and the potentials of the copper and zinc differing from 
one another, must be different from that of the air, as thus defined :— 
Taking the air potential as zero, and that of the copper separately 
insulated as ( — x) volt, that of the zinc is — (æ +:75) volt. So far we 
do not know whether æ is positive or negative, but we take it as 
positive here for convenience of statement. Thus a piece of uncharged 
zinc insulated in air has its potential (x+ 75) volt below that of the 
air, and a piece of uncharged copper insulated in air is also at a lower 
potential, but by a smaller amount, namely x volts. This requires that 
there shall be, over the whole zinc surface, an E.M.F. of strength (z + °75) 
volt acting from zinc to air; and similarly over the whole copper 
surface an E.M.F. of strength x volt from copper to air. 

Electricity, in conductors, is subject to the same law of continuity as 
an incompressible liquid. There cannot be current entering a certain 
space without there being at the same time an equal current flowing 
out of that space. At the surface of conductors electricity was once 
supposed to accumulate. Maxwell extended the law of continuity to 
the surrounding dielectric. There is great advantage in this view in 
facilitating conceptions. We may imagine an incompressible liquid 
filling all space, perfectly free to move by the slightest force in certain 
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regions answering to pure conductors, with no tendency to return when 
displaced, but always meeting with resistance proportional to the 
velocity. Also perfectly free to move in the rest of space answering to 
a pure dielectric, and without frictional resistance, but now only 
elastically displaced, so that there is a force of reaction called into play 
proportional to the displacement, which will make the displacement 
subside when the force that produced it is removed. 

Replace the material liquid by an imaginary something called elec- 
tricity, filling all space (not the electricity of the mathematical definition, 
but capable of becoming it by displacement), let it be free to move in 
conductors when acted upon by electromotive force (answering to real 
force when the subject is a real fluid), but only capable of elastic dis- 
placement in the dielectric, and we may transfer results from one case 
to the other. We may remark, in passing, that the quasi-fluid cannot 
be really matter, because that would require electromotive force to be 
ordinary mechanical force. 

If to the surface enclosing a portion of the material liquid in which 
there is no reactive force, but outside which there is, we apply uniform 
normal pressure or tension, the liquid is not moved, because the forces 
balance, but the pressure within is increased or decreased by an amount 
equal to the applied surface pressure or tension. | 

In the electric case, the uniform EMF. (x+°‘75), acting normally 
outward from a piece of zinc insulated in air, lowers its electric potential 
below that of the surrounding air by the amount (x+ °75), but cannot 
displace electricity. Similarly the E.M.F. x, acting normally outward 
from the copper surface, lowers its potential below that of the air by 
the amount z. But the moment the copper and zinc are touched, we 
substitute at the place of contact metal for air; the force (x+ °75) is 
removed from a portion of the zinc, and the force z from a portion of 
the copper surface ; the differential force -75 volt acts ; there is a current 
from copper to zinc, from zinc to air, and from air to copper, which is 
stopped by the force of reaction of the electric displacement in the 
dielectric. The zinc and copper are reduced to the same potential ; let 
this be y. Then, in the new state of equilibrium, the potential rises 
from y to (y+2+ 75) in passing from the zinc to the air, then falls 
continuously along the lines of electric displacement in the air till the 
air outside the copper surface is reached, where it equals (y +x), and 
then falls by the amount æ in passing into the copper, where it is y, 
the common copper and zinc potential. 

This may seem unnecessarily diffuse, but the importance of the 
subject, and the difference of the above from views in general accept- 
ance demand a somewhat amplified statement. 

The reason of the summation law readily follows. For let the zinc 
and copper, previously insulated, be joined by an iron wire. This, if 
insulated and free from charge, will have its potential lower than that . 
of the air surrounding it by (7+ °60) volt; or, (v+ 60) is the E.M.F. 
from iron to air. In contact with the copper only, when their potentials 
equalised, the field of force in the air would show a difference of 
potential along any line of force of ‘60 volt, and in contact with the 


340 ELECTRICAL PAPERS. 


zinc only, of '15 volt, the iron being positively electrified in the first 
case, and negatively in the second. But when the iron wire is inter- 
mediate between the zinc and copper, the force (x + °60) from iron to air, 
since it can now draw electricity both ways, from the copper and from 
the zinc, can have no influence in altering the difference of potential 
between the air just outside the zinc and just outside the copper, 
although altering the actual potentials relative to the original potential 
of the air. If z is the final potential of the three metals, those just 
outside the copper, the iron and the zinc are (z+ x), (¢+2%+°60), and 
(2+a”+°75), with a fall of ‘75 as before through the air from the zinc 
to the copper surfaces. 

It may be remarked that the field of force is perfectly determinate 
with any number of metals in contact, between each of which and the 
air there is a given EMF. The bounding surface of the dielectric has 
then everywhere a given potential (+a constant), and by Green’s 
theorem this is sufficient to fully determine the distribution of force. 
Of course mathematical difficulties prevent the practical solution in 

eneral. 

i In the above we have, for simplicity, supposed the metals to be pure 
and homogeneous, and to have clean surfaces. Some little difference is 
made when there are surface impurities. The nature of the effect may 
be readily seen. Start, for example, with a piece of absolutely pure 
zinc, and put a small particle of iron on its surface. The iron and zinc 
are at once reduced to the same potential, with positive electrification 
of the zinc and negative of the iron, and a fall of potential of :15 volt 
through the air. Yet there will be no apparent electrification what- 
ever, for the field of force can be only sensible quite close to the particle 
of iron, so that we cannot get at it. The air all round the zinc mass 
will be practically at one potential. If we enlarge the iron particle the 
field of force extends and becomes sensible at sensible distances, and so 
with further enlargement we can get sufficient separation of the parts of 
air at the extreme difference of potential to affect the electrometer 
inductively. 

Similarly, when there are, as in commercial zinc, innumerable foreign 
particles exposed to the air, side by side with the zinc and in contact 
with it, there are innumerable local fields of force quite close to the 
surface set up by the unequal E.M.F.’s. But at a sensible distance from 
the surface there can be no appreciable force, the air potential will be 
there unaffected, and the zinc will appear uncharged. 

Put this mass of impure zinc in contact with a mass of copper—it 
may be also impure—then, besides the complex local fields close to the 
surface there is the extended one which can influence the electrometer. 
The difference of potential cannot be so great as with perfectly pure 
zinc and copper, the impurities acting to reduce it. 

Now change the medium. Let zinc and copper be in contact not in 
air, but in water, with a little acid to facilitate electrolysis ; from being 
in a medium in which only elastic displacement can happen, let the zinc 
and copper be wholly immersed in an electrolyte. The surface E.M.F.’s 
are now probably not the same—it is very unlikely that they should be 
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—but there they are. Instead of their producing a mere momentary 
current, we now have a continuous current from zinc to liquid, liquid tu 
copper, copper to zinc. The two metals are not now exactly at one 
potential, owing to the current, but practically all the fall of potential 
is in the liquid. The lines of force, which are of course also the lines of 
flow of current, are, when the sides of the vessel containing the liquid 
are sufficiently remote, distributed in the same manner as the lines of 
force in the corresponding case with air as the medium, though of course 
they become considerably altered if the vessel is small, the current being 
forced to be tangential at its sides. 

The local superficial fields of force have now great importance, for 
there are naturally local currents to correspond between the zinc and its 
impurities with consequent waste of energy ; waste in not being exter- 
nally available. This is the same when the zinc is alone in the liquid. 
The purer the zinc the more slowly is it burnt in acid. Absolutely pure 
untarnished zinc would last for ever, owing to the balance of forces, but 
the least impurity getting on the surface would start galvanic action. 

_If a copper wire joins the zinc and copper, all being still wholly im- 
mersed, circumstances are not materially altered ; the current goes from 
the zinc to the copper (say plates now), and also to the copper wire 
through the liquid and back through the wire ; the current in the wire, 
however, is not everywhere of the same strength. But lift the wire out 
of the liquid together with that portion of the zine plate to which it is 
attached, and the whole current (not counting the local currents) 
returns by the wire outside the vessel, and we have a full-blown 
galvanic cell. 

The new E.M.F. introduced by the new contacts, viz., between the zinc 
and air, and the copper and air, do not in any way alter the integral 
E.M.F. in the circuit, nor can any difference of potential between the 
liquid and the air. The metals in connection may be nearly at one 
potential, or may differ by nearly the full E.M.F. of the cell, according 
to the resistance of the external wire. There is a large rise at the zinc- 
liquid surface, and a fall of much smaller amount at the liquid-copper 
surface, the excess of the rise at the zinc over the fall at the copper 
being equal to the available E.M.F. of the cell. But in other galvanic 
arrangements, as when there are two fluids, the E.M.F.’s and changes of 
potential become more complex. 

The absorption of energy is at the zinc surface where the current goes 
with the E.M.F. there. The evolution is at the copper surface where the 
current goes against the E.M.F. there. The excess of the former over 
the latter becomes heat in the circuit. 

At the zinc surface we know there is oxidation of zinc, and the supply 
of energy is readily accounted for. The heat which would have been 
produced locally if the zinc were burnt in oxygen now turns up in all 
parts of the circuit, through the intervention of the unknown electric 
agency, and the artificial disposition of conductors and insulators we 
have made. 

The evolution of energy at the copper surface is more obscure. There 
is a local development of heat independent of the frictional heat in the 
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circuit. The heating of galvanic batteries has not been fully investi- 
gated. 

Regarding the cause of the E.M.F.’s, next to nothing is known. 
Separated zinc and oxygen have potential energy, they tend to unite, 
and in the act of union a store of energy is set free. At the same 
time there is E.M.F. from the zinc to the oxidising agent. But of the 
reason why zinc and oxygen should unite, or why E.M.F. should accom- 
pany the action, I have not come across any intelligible explanation. 
And I do not expect it. 

But the known transformation of energy taking place at the zinc 
surface in our galvanic cell, together with the similarity of electrical 
conditions, enables us to conclude with a tolerable amount of certainty 
that the source of the electrostatic energy which is set up when zinc 
and copper are put in contact in air is oxidation of the zinc. The 
amount of oxidation is, of course, very small—infinitely unrecognisable. 
This will be evident on remembering what a large quantity of elec- 
tricity must pass before any visible consumption of zinc takes place in 
the cell, or even before enough is consumed to be detectable by the most 
delicate chemical balance. In the air case the action is stopped in its 
very birth by the elastic reaction of the electric mechanism. The facts 
observed long ago by Sir W. Thomson confirm this conclusion regarding 
oxidation. The difference of potential is greatest when the zinc surface 
is clean—that is, in the best state for oxidation—and when the copper 
surface is already oxidised, and therefore in the worst state, amounting 
then to about 1:1 volt instead of only °75 volt. 


SECTION XIV. CONTACT FORCE AND HELMHOLTZ’S ELECTRIC 
LAYERS. 


An important hypothesis regarding Contact Force was advanced by 
Helmholtz in his classical essay on the Conservation of Energy, of 
which a preliminary idea may be gained from the following sentences :— 
“It is evident that all phenomena in conductors of the first class (i.¢., 
those in which conduction of electricity takes place without electro- 
lysis) follow from the assumption that different chemical elements have 
different attractions for the two electricities, which attractions act only 
through immeasurably small distances, whilst the electricities can act 
upon one another at greater distances also. The contact force will 
then consist in the difference of attraction which the particles of metal 
lying next the junction exert on the electricity at this place; and 
electrical equilibrium occurs when a particle of electricity which goes 
over from one to the other metal no longer either gains or loses kinetic 
energy.” 

This is part of Helmholtz’s explanation of the phenomena which 
occur when two metals are put in contact, that they become oppositely 
charged and apparently at different potentials. Toit we must add a brief 
statement of what is meant by the double electric layer. Assume that 
there is really an E.M.F. at the junction of two metals (we are not 
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specially considering thermo-electricity), some tendency to produce a 
current from one to the other, to be measured by the amount of energy 
taken in per unit of electricity, and which must produce a current 
unless otherwise balanced—the place where the energy is taken in 
being the seat of the E.M.F. We must not suppose the E.M.F. to be 
confined strictly to a mathematical surface, but to extend through a 
small thickness #, so that if V be the E.M.F. from A to B, the impressed 
force per unit of length is V/t. If the conductors ‘A and B are 
insulated there can be no continuous current, whether they are in 
contact at one or at any number of different places, provided in the 
latter case the junction E.M.F.’s are all equal, and all from 4 to B. 
Hence only one junction need be considered. Equilibrium of electricity 
requires that there shall be no electric force in any part of the conduc- 
tors, including the junction. Therefore the impressed electric force 
V/t from A to B must be balanced by an equal force V/¢ acting from 
B to A through the thickness ¢ at the junction, which will make the 
potential of 4 exceed that of B by the integral amount of this force, 
viz., V. Now, considering the force of reaction alone, we see that the 
field of force exactly resembles that between the plates of a charged 
condenser, for we have two opposed parallel surfaces with electric force 
acting normally to them through the intermediate space. The conclu- 
sion is that at the junction of 4 and B there is a double electric layer, 
a layer of positive electricity on the 4 side, and of negative on the B 
side, at the terminations of the lines of force, and that it is this double 
layer that is the cause of the electric equilibrium. 

ose going further it will be well to distinctly separate four 
things 

(a). There is first the hypothesis that the contact force resides at the 
metal junction. 

(b). Next, the hypothesis that it arises from different kinds of matter 
attracting electricity differently, though only at insensible distances. 

(c). The statement that this E.M.F. is balanced by an equal, but oppo- 
sitely directed force of reaction. 

(d). The hypothesis that this force of reaction proceeds from a double 
electric layer. 

Three hypotheses and one statement have to be considered, and we 
will take them in the order in which they are most easily disposed of. 
Commencing with the statement (c), there is very little to be said, 
because the statement is not open to any question. The most elemen- 
tary notions regarding the balance of forces render the electrical 
example self-evident. If there is no current at any particular part of a 
conductor, there is no resultant electric force there; hence if there be 
any impressed force it must be balanced by a reaction. 

(a). Now, regarding the first hypothesis, we have in Section XIII. 
given reasons against this view as respects the ordinarily observed 
differences of potential of metals in contact—the “contact force ” of -75 
volt between copper and zinc, for example—so its discussion here is 
rendered unnecessary. There is, however, a comparatively minute 
E.M.F of thermal origin undoubtedly existing at the contact place of 
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different metals, and probably the same occurs at the junction of any 
two materials. 

(b). The second hypothesis is, from its very material and speculative 
character, difficult either to grasp or to manipulate. It was intended 
to apply to the large differences of potential just now mentioned, and, 
speaking from memory of Helmholtz’s Faraday Lecture delivered a few 
years ago, that scientist still maintains it, as well as the hypothesis of 
electric layers, to be later discussed. We may, however, apply (b) to 
the thermo-electric force at a metallic junction, or to air contacts, or by 
generalisation to any contact force we may choose to imagine. If 
copper and zinc attract electricity differently, though only at insensible 
distances, the differential: force must certainly cause a momentary 
current across the junction when they are set in contact. And the 
same result would happen if the heat in the copper attracted electricity 
more than the heat in the zinc, or the same might be said of the ether, 
or if any other possible or impossible kind of differential attraction 
existed. Now, it is surely difficult enough to form a mental conception 
of what is happening when any kind of impressed E.M.F. is acting, with 
its corresponding transformation of energy, even when we know defin- 
itely that heat or chemical affinity is concerned. But contact force, 
with the supposititious attraction of matter for electricity, is rather 
harder to understand than without it. For the differential attraction 
being E.M.F., so are the separate attractions E.M.F.’s. Now, matter 
attracts matter, or, at any rate, things go on as if such were the case. 
But does matter attract electricity? Even on the material hypothesis 
of the direct action of electricity on electricity by attractive or repulsive 
forces, it is an enormous complication of the functions and properties of 
electricity to admit of attractive force between matter and electricity. 
The supposed attraction of matter for matter is one kind of force, 
consistent in itself; that of electricity for electricity another kind, also 
self-consistent. But innumerable difficulties arise as soon as we admit 
the kind of cross-action supposed. We need not go into details; they 
will readily suggest themselves to any one acquainted with the theory 
of the dimensions of physical magnitudes. Apart from this side of the 
question, difficulties crop up on all sides when we pass from mere 
momentary currents to continuous. currents, with continuous expendi- 
ture of energy in keeping them up, as in thermo-electric or voltaic 
circuits. 

The following special argument is used by Clausius. He observes 
that whether observed differences of potential occur only through the 
differences in the attraction of metals for electricity may be left an open 
question, but he denies that all phenomena may be thus explained, 
that the hypothesis is, in fact, inadequate to explain thermo-electric 
currents. Thus, if two metals, 4 and B, form a closed circuit, and B 
attracts electricity more than 4, B will take a positive and 4 a nega- 
tive charge of sufficient amount to balance the difference of attraction, 
and there will be an end of it. If we heat one of the junctions we can- 
not get a current unless the attraction of 4 or B for electricity varies 
with the temperature, which Clausius considers very improbable. 
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Even allowing that such is the case, the result must be that every part 
of each metal will receive just as much electricity as it attracts, and 
there will be a state of equilibrium set up again. Thus Helmholtz’s 
explanation is certainly incomplete. There is nothing to keep up the 
current. 

Now Clausius, in other respects, agrees with Helmholtz’s views, 
which, by the way, he observes are accepted by most other scientists 
(presumably continental, and as regards the contact layers mainly). 
But in order to bring them into harmony with the facts of thermo- 
electricity, he proposed the following addition :—“ Heat itself is active 
in the creation and maintenance of the difference of potential at the 
junctions ; for the molecular motion which we call heat tends to drive 
electricity from one to the other material, and this can only be stopped 
by the opposing force of the two electric layers thereby produced, when - 
they have reached a certain thickness.” 

Having observed that Clausius, in his “ Discussionen,” pointedly 
called attention to the absence of any explanation of the origin of 
thermo-electric currents in Sir W. Thomson’s papers on the subject, I 
was very curious to ascertain Clausius’s explanation of the same in his 
chapters on Thermo-electricity. It is contained in brief in the last 
quoted sentence. But since the electric layers are surely not specially 
concerned with the Peltier contact force, but, if existent at all, are 
equally valid for any similarly situated impressed E.M.F., we find 
Clausius’s explanation reduced to the statement regarding heat in the 
first part of the sentence, or any elaboration thereof not introducing 
any new hypothesis. This is rather disappointing. For what is con- 
tained therein beyond the recognition of the experimentally sufficiently 
obvious fact that heat is the source of the energy of the currents ? 
Now, the reversible absorptions and evolutions of heat actually form 
the basis of Sir W. Thomson’s theory, without explanation, of course. 
And also without any electric layers being brought into active 
co-operation. 

An explanation of thermo-electricity will have to include not only 
the solution of the electrical problem in general, what actions take 
place necessarily during the existence of a current in a conductor or a 
dielectric however set up, but also how matter in its incessant agita- 
tions acts upon the electric system, using this term to indicate, very 
vaguely, an omnipresent agency of some kind, which must work 
according to dynamical laws. That electric currents are due to differ- 
ential actions of matter on the system may be concluded from the 
various modes of electric excitement. It is, then, easily inferred that 
the action of matter on the system is always going on, that balanced 
states are of the kind exemplified in the theory of exchanges in the 
science of radiation, where bodies are continually emitting and receiving 
heat, and their molecules and the intermediate medium kept in a state 
of perpetual motion whilst every part remains in a stationary state on 
the average. All the various known actions of electricity will have to 
be included in one harmonious whole, consistent all round. It will 
have to be nothing short of a union of all the exact sciences with mole- 
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cular science. That is for the future. For the present it would bea 
great step forward to know what relations the mysterious thermo- 
electric power of substances bears to their other physical properties. 
Here is a large field for investigation. And yet it is nothing. For we 
may be sure of this, that what is known is infinitely little compared with 
what is behind, and that the scientific investigator will never have 
reason to cease work for lack of matter for investigation, even keeping 
to terrestrial phenomena, let alone the study of the solar dermatology 
and other far away phenomena. 

The remaining scientific hypothesis (d) is of a very different nature 
and of far greater importance, but it involves such extensive considera- 
tions of fundamental electrical laws that it must be separately dealt 
with 


SECTION XV. ELECTRIC LAYERS DO NOT IMPLY 
ELECTRIFICATION. 


(d). Now, with respect to the hypothesis (d) of electric layers, widely 
believed in as realities, we shall endeavour to show that they are myths 
—that they cannot exist without violating principles where truth is as 
far as possible removed from being doubtful as anything can be in elec- 
trical science. We have already briefly described their supposed distri- 
bution in the case of E.M.F. acting at a surface, or through a stratum of 
small thickness. On one side of the stratum, that to which the force 
acts, there is supposed to be an accumulation of free positive electricity, 
and on the other side an accumulation of negative, which produce an 
electric field resembling that of a charged air-condenser, whose force 
wholly cancels the contact-force when there is equilibrium, and partly 
cancels it when there is current. The surface-density of the accumula- 
tions must depend upon the thickness of the stratum, being great when 
it is small, and conversely. 

If ¿ be the thickness of the stratum, and V the difference of potential, 
the electric force per unit length = V/t; hence, by the definition of the 
unit of electricity, applied to a surface distribution, the surface-density 
is o = Vj4rt. 

These electric layers are brought into great prominence when the 
E.M.F. acts all over a closed surface, for example, when zinc is immersed 
in air. To make the force quite uniform we may imagine E.M.F. to be 
applied at those places where it is supported equal to that acting from 
the zinc to the air. The electric layers will now form a pair of closed 
surfaces, very close together, wholly surrounding the conductor, the 
positive layer outside, the negative within. This combination we may 
call a closed electric shell, from its obvious similarity to the closed mag- 
netic shell which appears in the theory of magnetism. The electric 
force of the shell is wholly self-contained, that is, it is situated between 
the two layers of electricity, directed straight across the stratum from 
one to the other, with no electric force either within the inner or out- 
side the outer layer. The potentials are uniform inside and outside the 
shell, but differ by the amount V, if V is the E.M.F. from the zinc to the 
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air. For if a unit charge of electricity be carried from inside the con- 
ductor to the external air, it will travel against the electric force of the 
accumulations, and work must be done on the charge to the amount 
force x distance, or V/txt=V, which is therefore the excess of the 
outer above the inner potential. In this we consider the electric force 
due to the layers alone, for the resultant force being nothing, no work 
would really have to be done. 

Comparing with a closed magnetic shell, if its positive side be the 
outer, the outer magnetic potential exceeds the inner by 4r x strength 
of the shell. This conforms to the above, remembering that the 
“strength ” of a simple magnetic shell is defined to be the magnetic 
moment of unit of area, and is therefore = surface-density of magnetism 
x thickness of shell. We might similarly define the strength of the 
hypothetical electric shell, but it is not worth while doing so, as the 
amount of the difference of potential sufficiently settles it. 

Now, these electric layers, if they existed, would be wholly independ- 
ent of any real charge that we might communicate to the conductor. 
Say, for instance, we charge it by contact with some other metal. This 
will not alter the electric layers in any way. If they were there before, 
they are there still, for there is still the same difference of potential at 
the surface. The real charge, being connected by lines of force through 
the air with other conductors, is of course recognisable, but no tests 
can be applied to the associated layers. Perhaps it would be most 
reasonable, as it is simplest, to put the real charge outside the outer 
layer, rather than within the inner, or between them, if we must have 
the electric layers. But, although this extraordinary complication of 
the surface conditions by the presence of the layers may be used as an 
argument against their existence, still, such argument would be no 
proof that they do not or that they cannot exist. To obtain this in a 
plain form, it will be advantageous to both generalise and simplify. 
As often happens we lose nothing, and gain much by generalising, 
obtaining a broader view of a question freed from accidentals. The 
simplification of conditions again is desirable in order to separate the 
layers from the real charge, and exhibit them apart. 

Let there be two wires of different metals and of the same gauge, 
whose ends are cut off straight across, and then their plane faces firmly 
pressed into one another to form a continuous wire. ‘There is the Pel- 
tier contact force at this junction, and the electric layers corresponding 
must be very close together. There are also charges on the air surfaces 
of the two wires, due to the Peltier E.M.F., quite irrespective of the air 
E.M.F. and its layers. Now the layers do not depend on the special 
origin of the E.M.F. or upon the fact that the EM.F. is at a junction of 
two metals. Let us therefore increase the thickness of the stratum in 
which the E.M.F. acts, stretching it out until from a stratum it becomes 
a cylinder or tube of E.M.F. of any length. Also do away with the other 
restriction, and let this tube of E.M.F. exist in any given length of a 
wire of one metal. If the force is uniformly distributed throughout the 
given space, then, just as in the case of the thin stratum, there will be 
the accumulations of free electricity at the plane ends of the lines of 


348 ELECTRICAL PAPERS. 


E.M.F., whose surface-density will be e/4m and —e/4m respectively, e 
being the impressed E.M.F. per unit length. Next let the furce be not 
uniformly distributed, but vary in intensity along the portion of wire 
considered, though still abruptly ceasing at the same places. We still 
have the terminal layers of course, but now in addition to them there 
must be a distribution of free electricity between them to correspond 
with the gradual] variation of the force. The volume-density of this 
latter distribution is to be found by the same principle as the terminal 
surface-densities, by reckoning the excess of the number of lines of force 
leaving over those entering a small space. In mathematical language, 
the volume-density of the free electricity equals the convergence of the 
impressed force divided by 47 ; this corresponds to the just given state- 
ment of the density of the terminal accumulations. 

Thus, in general, when any impressed E.M.F. acts in a wire, we have 
not merely current, if the wire forms a closed circuit and the sum of the 
impressed forces taken round the circuit be not zero, and the surface 
electrification depending on the distribution of potential, to be recog- 
nised by the electric force in the surrounding air, but also, according to 
Helmholtz’s hypothesis of electric layers, an internal distribution of free 
electricity depending on the manner of distribution of the impressed 
force. 

Now it may be objected that, although when a distribution of electric 
force is given in air we can always find the free electricity to correspond 
by the convergence of the force, yet to apply the same method to the 
interior of a conductor is not justifiable, a good conductor, as a metal, 
being so very different in its properties from air, in which electrostatic 
observations are made. Again, why not apply the method to the actual 
E.M.F. in the wire? the resultant of the impressed force and that arising 
from difference of potential. This application is quite correct in a 
dielectric. If there is no force, or if the force has no convergence within 
a given space in air, there is no free electricity there. Similarly in the 
conductor ; should there be equilibrium, there is no resultant force and 
no free electricity ; whilst, on the other hand, should there be current, 
the resultant force, which is proportional to the current, has, like the 
current, no convergence, so there is still no free electricity. 

But the matter is reduced to the simplest form by doing away with 
the surface charges altogether, by sufficiently enlarging the conductor. 
Theoretically we may consider an infinitely large conductor ; practically, 
one whose boundary is far removed from the seat of the impressed E.M.F. 
Let the conductivity of this large conductor be uniform, and let there 
be a certain portion of it (not insulated from the remainder) in the form 
of a thin rod along which impressed E.M.F. acts in the direction of its 
length. The positive “pole” being defined to be that end to which the 
impressed force acts, the current will flow along this tube of impressed 
force from the negative to the positive pole, and issuing there, will 
spread out in all directions, at first in straight lines radiating from the 
pole, but sooner or later bending round to enter the tube at the negative 
pole in a similar manner. 

Here the contact layers will be represented by an accumulation of 
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positive electricity at the positive pole, and of negative at the negative 
pole, where the current leaves and enters respectively ; and since the 
boundary of the conductor is indefinitely removed, we have no surface 
charges to complicate the question. The only accumulations, if there 
be any, are those at the ends of the tube of impressed force, and the 
question arises, How did they get there? In the first place, they were 
certainly not there before the impressed force began to act, so they 
must have been set up whilst the current was being established, which 
does not happen instantaneously. Now this establishment of the current 
is a very complex matter, but we do not need to enter upon it here at 
all, for this reason: It is admitted that currents in conductors always 
flow in closed circuits, that across any section of a tube of current (the 
whole system being divided into tubes) the same amount of current 
flows. It is clear, then, that no further accumulations than the hypo- 
thetical ones can take place after the current becomes steady. But not 
only that, whatever may have been the nature of the distribution of the 
induction currents before the steady state was reached, such currents 
must have formed closed tubes, and this excludes the possibility of any 
accumulations taking place at any time in the interior of the conductor. 

The accumulations depending on the convergence of the impressed 
force are thus wholly mythical; and since the electric layers in the case 
of contact force are a special case of the same, they, too, are mythical. 
At a metallic junction there is no double layer accompanying the Peltier 
force, and at an air or liquid surface there is no electric shell accompany- 
ing the E.M.F. from the metal to the air or the liquid, but only the 
charge to be determined by the distribution of electric force in the air 
surrounding the conductor. 


IMPRESSED E.M.F. AND POTENTIAL. 


In a galvanic circuit with steady current, the impressed force is con- 
fined to a certain part of the circuit, namely, portions of the battery, 
the force in the remainder of the circuit being derived from difference 
of potential. But in other cases we have distributed E.M.F.’s, as in 
thermo-electricity, depending on the variation of temperature along a 
conductor, or in current induction ; in both cases there is usually im- 
pressed force in every part of the circuit, as well as force derived from 
difference of potential, the actual force being their resultant. 

To exhibit their general relation in the simplest manner, start with 
an infinitely extended conductor of uniform conductivity, in which there 
is a given distribution of impressed force. The most general definition 
of impressed force is that depending on energy, as, in fact, all forces, 
simple or generalised, are expressed by energy variations. If e be the 
impressed force within a certain unit volume of the conductor, and there 
be a current of density C at that place, and in the same direction as e, 
then the amount of energy taken in per second within that unit volume 
by the current is represented by the product, eC = W, say. Should e 
and Ç be in opposite directions, though still parallel, there is corre- 
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sponding energy given out by the current. Should e and C be perpen- 
dicular, there is no energy either taken in or given out. When e and 
C are inclined to one another at any angle (which is almost sure to be 
the case in a large conductor, since C does not depend on e only at the 
spot, but upon the impressed force at other places as well), then to find 
the energy taken in by the current we must multiply the product of the 
sizes of e and C by the cosine of the angle between their directions, 
which result we may still represent by eC, using a notation which adapts 
itself conveniently to common algebra. 

The frictional generation of heat is directly excluded. It is always 
a conversion from electrical energy to heat, and never the other way. 
Its amount is pC? per unit volume, if p be the specrfic resistance. But 
the energy transformation concerned in impressed force-is reversible 
with the current. p 

Given, then, a distribution of impressed force, e, throughout the con- 
ductor, we know that the whole amount of energy taken in per second 
is 2 eC, summed up to include every place where e exists. We also 
know by Joule’s law that the total frictional heat = È pC%. By conser- 
vation of energy these two sums must be equal. This implies some 
special relation between e and ©. By Ohm’s law pC is the actual result- 
ant force corresponding to the current C ; let this = F +e, so that F is 
the force that must be added to the impressed force at any place to 
make up the actual force. Then 2eC= 2 pC?=2 pC.C, by putting 
F + e for pC, becomes 2eC=2XeC +X FC. Therefore È FC must vanish. 
Whatever be the impressed force, the supplementary force does no work 
upon the current on the whole. This characteristic will, with other 
considerations, serve to determine F. 

There are two extreme cases of impressed force that mark themselves 
out distinctly. First, let the impressed force e be confined to a portion 
of the conductor forming a closed ring, the direction of e being along 
the ring, and its strength such that there is the same amount of e acting 
across every section of the ring. This is a closed tube of force. The 
current distribution follows immediately. If be the specific conduc- 
tivity, the reciprocal of p, then = ke simply. For Ohm’s law is satisfied 
everywhere, and the continuity of the current is ensured by the con- 
tinuity of the impressed force. Thus the current is entirely confined 
to the closed tube of force, and has no tendency to spread around, 
although there is no insulation of the tube from the remainder of the 
conductor. Not only is 


ZeC=2 pC? or ke? 


on the whole, but the same is true for every part of the tube. The 
energy taken in anywhere is exactly equal to the frictional heat in the 
same space, so that there is apparently no transfer of energy. We have 
supplied just sufficient impressed force at each place to support the 
current, with no excess or lack. Examples occur in electromagnetic 
induction. The same applies to any number of closed tubes of im- 
pressed force, either wholly detached from one another or side by side in 
contact, and this includes the general case of any completely solenoidal 
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distribution of impressed force, with the simple solution C = ke, and no 
apparent transfer of energy. 

The other extreme case is any distribution of impressed force that 
can produce no current, although there is nowhere want of conductivity 
to prevent its doing so. For example, let the impressed force be dis- 
tributed like the force due to a charge at a point, or a charge uniformly 
distributed over the surface of a sphere, that is, straight lines of force 
radiating from a centre. There can be no current, because there is no 
provision for supplying electricity to the centre, to satisfy the continuity 
of the current. Any number of such centres of force may coexist, pro- 
ducing a complex field of impressed force which cannot set up any 
current. The characteristic of such a field is that the work that would 
be done by the force on a charge, if it were carried round any closed 
patn, would amount to nothing on completing a circuit; or, in other 
words, the work done from one point to another would be the same by 
any path ; which implies that the impressed force is the space variation 
of a single valued function of position, say P; ore=VP. But since 
there 1s no current there is no resultant force, hence the impressed force 
e or VP must be cancelled by an equally great, oppositely directed force 
of reaction, = — VP. This is the supplementary force F, and it is 
derived from a potential, which is of course the electric potential. In 
the case of the closed tubes of force above, with current to match, there 
was no potential, nor any need of one. In the present case we have a 
potential, but no current. 

The thermo-electric force arising from difference of temperature 
furnishes an example. In a single homogeneous conductor differences 
of temperature cannot keep up current. If p be this thermo-electric 
power, the force 

e= —iVp per unit of length, 


t being the absolute temperature. Here Vp is obviously derived from a 
‘‘ potential,” viz., p, but it is not that which makes its product into £ 
also be derived from a potential. The reason is that the thermo-electric 
power is a function of the temperature, and the direction in which the 
temperature falls fastest is also that in which the power varies fastest. 


We have e= —iVp. 
Let also "e= - VP, 
where P is another scalar, so that 
VP =tVp. 
Now curl VP=0, 
so also curl (tVp)=0. 
But curl Vp also =0, 
and there is only left the condition that 
Vt || Vp, 


or p is a function of t. 

Between these two extremes of no potential and no current lie all 
other possible varieties that may arise. By the properties of the space 
variation of vectors, any distribution of electric force may be considered 
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as partly belonging to one extreme class and partly to the other. The 
given arbitrary distribution e considered to extend over all the bound- 
less conductor (putting e=0 where there is no impressed force) may be 
divided into two distinct distributions, say e} and e,, of which the 
second is derived from a potential, say e,=V/, and which, not being 
able to produce current by itself, may be left out altogether, whilst the 
first distribution e, consists wholly of closed tubes of force, and is there- 
fore suitable for a current system. The current will be ke}, and e, will 
be made up of the impressed force e and of the supplementary force F, 
which is the same as @, reversed, or F= — VP. 

As regards the energy, we required to have 2FC=0. This is satis- 
fied identically because C is wholly circuital, and F is derived from 
a potential. The line-integral of F round any one of the tubes of C 
vanishes, consequently the whole sum vanishes. 

The following is from a slightly different point of view; though 
virtually equivalent, it may be thought less abstract. Start with a 
single tube of impressed force, with coincident current, and no poten- 
tial. Next, remove impressed force from a portion of the ring, leaving 
a discontinuity. The impressed force alone is now obviously insufficient 
to maintain any current. Supplement it by two fields, consisting of 
lines of force radiating equally in all directions from the ends of the 
tube, which fields by their co-existence form a single system of tubes 
starting from one end and ending at the other end of the tube of 
impressed force, and by union therewith completing the circuit. The 
system of force is now complete, and the potential and current are 
known. 

What we have to do in the general case is therefore this. Go over 
the field of impressed force. Wherever we find it continuous, as much 
force leaving as entering a small space, leave it alone. But if we come 
to a small space where more impressed force enters than leaves, or where 
there is convergence, supplement it by an equal amount of divergence, 
by letting the proper amount of force leave the space, and spread in all 
directions equally. Do this wherever the impressed force has conver- 
gence, and we make the system of force complete. 

The auxiliary field F is thus made up entirely of central forces, varying 
as the inverse square of the distance, and is derived from a potential, or 
F= -VP. The “matter,” self-repulsive, which, if it existed, would 
produce this force, would be distributed at the places of convergence of 
the impressed force ; its volume-density would be o, if o stands for the 
convergence of e/47. The potential is therefore P =È efr, as usual. 

We have endeavoured in the above to show the nature and necessity 
of an electric potential in the case of a conduction current, quite apart 
from any consideration of electrostatic potential, with which we have 
had nothing to do, having had no surface charges in question and no 
dielectric. Now, the potential function was originally invented to 
facilitate calculations relating to the attracting force of gravity, where 
real matter is concerned, situated at the centres of force, and its proper- 
ties being equally applicable to electric and magnetic forces naturally led 
to support the idea that they were also due to attracting and repelling 
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matter of some special kind situated at the centres of force. Now, we 
may idealise this entity, and let it be a mere symbol to represent the 
convergence of the force, which is almost what free electricity becomes 
in Maxwell’s dielectric theory. But we have no justification to regard 
the o above as representing free electricity according to old ideas, or even 
what free electricity becomes in Maxwell’s theory, because there really 
is no convergence of force. The divergence represented by ø, that is, 
the divergence of the polar force, is merely introduced to cancel the con- 
vergence of the impressed force, which it does, producing continuity. 


XXVITI.—THE INDUCTION OF CURRENTS IN CORES. 


[The Electrician, 1884; § 1 to 10, May 3, p. 583; § 11 to 13, May 10, p. 605; 
§ 14 to 16, May 31, p. 54; §17, June 14, p. 103; §§ 18, 19, June 21, p. 133; § 20, 
July 12, p. 199; § 21 to 23, Aug. 23, p. 338; § 24 to 26, Aug. 30, p. 362; § 27 to 
30, Sept. 6, p. 386; §§ 31, 32, Sept. 20, p. 430; § 33, Nov. 15, p. 7; § 34 to 36, 
Nov. 22, p. 28; §§ 37, 38, Nov. 29, p. 47; § 39, Dec. 20, 1884, p. 106; § 40, Jan. 3, 
1885, p. 148.] 


§ 1. The Ancients, who were no doubt sufficiently wise in their own 
generation, were wrong in concluding that the celestial bodies moved in 
circles because circular motion was perfect, without first ascertaining 
that they did move in circles; but this erroneous conclusion did not 
arise from any imperfection in the circle. For although the researches 
of the Moderns have established that a body, unacted upon by force, will 
move in a straight line, thus leading to the opinion that it is the straight 
line that is perfect, which again is corroborated by the decision of the 
powerful thinkers who have settled that simplicity is perfection, yet the 
ancient preference for the circle is defensible, since it is the simplest of 
all curved lines. Nothing can be rounder than a circle. And that there 
is a natural tendency for both the human body and understanding to 
move in circles is proved by the accounts of the doings of belated trav- 
ellers in the wilds, and by the contents of a great mass of books. But 
to enter upon this subject would lead us too far afield ; suffice it to say 
that in the following the circular motion of electricity, whether such be 
considered perfect or not, is involved from beginning to end, and that 
without it the mathematical difficulties to be surmounted would be far 

eater. 

Sr When a circular current changes its strength, the lines of induced 
electric force are also circles, in planes parallel to the first, and centred 
upon the same axis. The lines of electric force arising from variations 
in the strength of currents in any number of circular conductors in 
parallel planes, with a common axis, coincide in direction with the cir- 
cuits themselves. The circular conductors, so far considered to be of 
infinitesimal sections, need not be all insulated from one another ; so we 
see at once that the lines of flow of the currents induced in any con- 
ductor shaped as a solid of revolution whose axis is that of the inducing 
- H.B.P.—VOL. I. Z 
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currents are also similar circles, and therefore the lines of electric force 
arising from the variation of these induced currents form similar circles, 
so that the circular characteristic is not lost. A circular cylinder, or 
straight hollow tube, forms a special and simple example. A further 
and remarkable simplification occurs when the circular conductors are 
packed closely and regularly together to form themselves a long hollow 
tube, within which a solid or hollow core is placed, their axes coinciding. 
The magnetic force due to equal current per unit length of the solenoid 
is nearly uniform in intensity throughout the space within, and is 
parallel to the axis. If infinitely long the force would be quite uniform, 
and there would be no force outside the coil. Then the induced cur- 
rents in the core would be the same all along, and any thin slice cut out 
perpendicular to the axis would serve to illustrate the state of the whole 
core. With a practicable coil of finite length, the spreading out of the 
lines of force when nearing the ends of the coil naturally weaken the 
currents in the core there, but for obvious réasons we treat our coil and 
core in the following as forming a portion of an infinitely long similar 
coil and core, thus making the magnetic force due to the coil- and core- 
currents a function of the distance from the axis only, and not of 
distance along the axis also. 


§ 2. Geometrical and Electrical Data. 


Let } be the length of the coil, a its inner, and a+b its outer radius, 
and c the radius of the core, which may be equal to or less than a. Also 
let, in the first place, the core be solid. Divide the core into an indefin- 
itely great number of thin hollow tubes. Since, for reasons mentioned 
above, there is no motion of electricity from one tube to another, these 
tubes may be considered to be insulated from one another, so that the 
electrical system is reduced to an infinite number of known linear cir- 
cuits. We know the paths of the currents, we have to find their strengths, 
and that of the magnetic force and other quantities concerned. 

Let r be the radius of one of these tubes, A its small thickness, / its 
length, p its specific resistance, and R the resistance of the tube, i.e. to 
the flow of electricity round it in the manner considered. The value of 
R, is obviously 

Tis ORT pe EE A E A (1) 


Let the unit current flow round the tube, giving a current 1/l per 
unit length. The magnetic force it produces is of strength 47/1 within, 
parallel to the axis, and zero without. The section being wr?, the 
surface-integral of the magnetic force is therefore 4772/1, and of the 


magnetic induction p times as much, yw being the permeability of the 


matter within the tube. Hence the inductance* of the tube is 
| SS (207) e oa EN (2) 


* [Owing to the repeated occurrence of the old-fashioned circumlocutory phrase 
“ coefficient of self-induction” in this paper, I have altered it to the modern 
equivalent ‘‘ inductance.” Of course ‘“‘ mutual inductance” means “ coefficient of 
mutual inductance. ”] 
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The quotient of this by the resistance is the time-constant of the 
circuit, say a, where 
GDI I By: Ay sieeve EE TT (3) 


and is the time a current left in the tube without other E.M.F. than that 
arising from its own self-induction would take to fall in strength from 
eto l or 2:71: 1; the E.M.F. of induction round the tube being equal to 
the rate of decrease of the amount of induction through it, which gives 
at once, by Ohm’s law, if y be the current at any moment, 


-sy=R,y, or ytay=0, 
whose solution is y=Te-“a, 


if T is the current at starting, and ¢ the time. 

Thus the resistance of our tubes varies as the radius, their inductances 
as the square of the radius, and the time-constants as the radius. As 
regards their mutual inductances, the quantity s in equation (2) is 
plainly also the induction per unit current in the tube of radius r passing 
' through any external tube; thus (2) gives us all the inductances, self 
and mutual, of the tubes. And as regards the coil, if there are N turns 
of wire in it per unit length of the core, the induction represented by s 
in equation (2) goes NI times through the coil, whence 

(2rr) Np 
is the mutual inductance of the tube and the coil. 

The coil may also be treated as a system of concentric tubes, and its 
inductance found. If its depth b be very small compared with its radius 
a, the unit current in each wire of the coil, giving a current N per unit 
length, produces magnetic force of intensity 4rN within it, and induc- 
tion 47Nu, which goes N/ times through the coil over an area 7a’, 
making L,, the inductance of the coil, be 


Ly = (27Na), o..ccsccecscscesecsssseesseeee. (4) 


provided the permeability is the same throughout the coil-opening. 
Practically, u only differs from unity for iron; hence, if the core is of 
iron and does not fill the coil, (4) requires an obvious correction. To 
remember (4), observe that 27Na is the length of wire per unit length 
of core,—the concentration of the wire, so to speak,—thus making the 
square of the concentration equal to the inductance per unit length of 
coil when the inner space is non-magnetic. J, is what the inductance 
of the coil would be if every turn had the same radius a. 


§ 3. Inductance of Coil-Circuit. 


Let L be the inductance of the coil-circuit, 7.¢e., the amount of induc- 
tion through the circuit per unit current in it, when there are no other 
currents (as in the core, for example) to alter the magnetic force. This 
may be conveniently divided into four parts, say 


De Le Late Ligh Di py ntieccs teats E E wees (5) 
where Lis that part due to the induction in the core, L, to the induc- 
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tion in the space between the core and the coil, L, to the induction in 
the coil, and L, in the external circuit. JZ, is any arbitrary positive 
quantity. Let A be the magnetic force in the core due to unit current 
in the coil-circuit, that is, h 4nN. The induction due to this is ph, 
going MI times through the coil, over an area rc? (section of core), thus 


making 
L = ph.me?. Nl = (2r Ne)Ppl. ....c.ceccesccesceceees (6) 


Between the core and the coil the magnetic force is also h, the area is 
m(a? — c), and it goes N/ times through the coil as before, hence 


Ly = (ANY Yl ceeescceseessessescseceeees (7) 


In the thickness of the coil, / falls regularly from A to zero, because 
the current-density is constant ; hence, if h, is the magnetic force at 
distance r from the axis, h, is given by 


hy =h(a+b-1)/b. 


At the same time the number of turns outside the circle of radius 7 as it 
increases from a to a+b decreases regularly, and is therefore given by 


N,l= Nia +b -r)jb. 
Therefore we get 


a+b ol a+b 
[= j h,.2erdr. N,l=2(20N) a r(a +b- r)?dr, 


which, worked out, gives 
L=} (2r NPU(4a tb). oc ccs eee scececceesce scenes (8) 


We need not stop to put the three parts of Z for the coil together, as 
they will be more useful separately. We have supposed the wires to be 
of square section with insulating covering of no thickness. The correc- 
tion is in general very small. The corresponding corrections for the 
resistance are, however, made in equation (9). 


§ 4. Resistance of Coil. 


The resistance of the coil-circuit is of course indefinite, but an expres- 
sion for that of the coil alone will be useful, so we give it here, to get 
rid of preliminary matter at once. The volume occupied by the coil 
being 

L{ x(a +b)? — ra?} = rbl(2a +b), 
if there are m wires per unit length and depth, so that the former 
N=m?’b, the whole length of the wire will be m? x above expression for 
volume, because in a unit of volume there are m? wires, each of length 
unity. And to get the resistance of the coil we must further multiply 
by the resistance of unit length of wire, which last equals its specific 
resistance divided by its section. The section = 1/(m?c,?4/), where 
is the ratio of the radius of the covered to that of the bare wire; so i 
pı = specific resistance of the wire, and F the resistance of the coil, 


R= rbl(2a + bjm. p,.mc,?4/a = (2Ne,)*p, (2a + b)/d. ....,......(9) 
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§ 5. Magnetic Force and Current in Core. 


Let H be the intensity of magnetic force at distance r from the axis. 
It is a function of r only. Let y be the current-density at the same 
place, also a function of r. H is parallel to the axis, and y is perpen- 
dicular to H and tor. Consider a tube of thickness dr, carrying therefore 
a current ydr per unit length of tube, producing magnetic force 4ry dr 
within and none outside. 4mrydr is therefore the amount by which H 
decreases in passing from r to r+dr, hence 

1 @H_ ly, 

4n dr a 
is the general relation between the magnetic force and the current in 
the core at any place, being a special case of 


4ry = curl H, 


which applies universally. 


§ 6. Electric Force and Current in Core. 


Let e be the electric force in the core at distance r from the axis. By 
Ohm’s law, and by equation (10), we have 


e=py= -£ H. SEE E EATEN (11) 


This electric force is derived entirely from magnetic induction, there 
being, from symmetry, no difference of potential in the core. (Should 
the core be placed excentrically in the coil, there would be a potential 
function to be taken into account by reason of the electric force of induc- 
tion having a normal component producing displacement outwards.) 


§ 7. Electric Force and Magnetic Force in Core. 


The total induction passing through the tube of radius r being ex- 
pressed by l 


„| H 27r. dr, 
0 


and the E.M.F. round the tube being, by the law of induction, the time- 
rate of decrease of this quantity, and also being 27re, we have 


drre = -a| HQ dr. asserere (12) 
0 


for any value of r. We employ, according to a common practice, much 
shortening expressions, a dot over a symbol to denote time-differentia- 
tion, and an accent as in (10) and (11) to denote differentiation with 
respect to the geometrical variable. Putting in (12) the value of e from 
(11), we have | 


rH! = = TPO AEEA E (13) 


one form of the differential equation of the magnetic force. Differentiate 
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(13) with respect to r, and we obtain 
1 d i _ 4p = 14 
: (rH \= Se (14) 


the partial differential equation, which is a special case of the general 


equation 
V'H = (477p/p)H, 
holding universally in pure conductors. 


§ 8. Coil-Current and Core Magnetic Force. 


Whether the core fills the coil or not, the value of H at the boundary 
of the core fully settles the value of the coil-current, for the magnetic 
force in the intermediate space will be of the same strength from r=c 
to r=a. Hence, if T is the current in the coil-circuit, and therefore in 
every wire of the coil, and H, is the value of H at the boundary of the 
core, we have 


§9. EMF. in the Coil-Circuit. 


If R is the resistance of the coil-circuit complete, the total E.M.F. in it 
is, by Ohm’s law, RT. Let E be the impressed force in the circuit, then 
RT - E is the value of the E.M.F. arising from magnetic induction. Let 
this last be Æ}. Then, by the induction law, E, =rate of decrease of 
induction through the whole circuit. Now, the induction through the 
circuit when there are no core-currents is simply LIT, where L is the 
quantity in equation (5), whose parts are later efined. In addition to 
this, there is the induction through the coil due to the core-currents. 
Since when there are no core-currents the magnetic force in the core 
has the same value throughout, or H= H, the induction through the 
coil due to the core-currents only arises from the excess of the real mag- 
netic force in the core over its boundary value, and is therefore given by 


NI JE- Har dr= 2r NIp{ Er E A V (16) 


where L, is given in equation (6). The whole induction, say p, through 
the coil-cireuit is therefore 


p=(L-L)0'+ an Ny Hr EEEE (17) 
and we have E-p=RT, 
or E= RT 4 (L - L)È + 2r Nip| rdr, cece (18) 

0 


where it is desirable to get rid of the integration. Put H in terms of 
H’ by (14), then | 

Ür dr= LÈ 4 (rH dr = oe 

) Hr dh | al qt )dr Tp’ 


ee a o- B  ee n 
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by integration, which brings equation (18) to the form 
E=RT +(L- L)É +4NlpcH!, 
or E=R0+(L-L,)0+ er | 


2r 


where in the last T is to be put in terms of H, by (15). 

Should the core fill the coil, we shall have L, = Lp and if, further, 
the coil be of small depth compared with its radius, and there be no 
appreciable induction in the external circuit, then L= L, and the second 
` term in (19) goes out altogether, leaving 
E= RT 4 BP Dn (20) 

rcp 


T 


as the equation of the E.M.F. in the coil. Its interpretation is easy. 
For now, with the limitations imposed, the E.M.F. per unit length of 
wire in the coil is the same throughout, and is the same as the value of 
e at the boundary of the core and coil, e being given by equation (11); 
consequently the whole E.M.F. in the coil arising from induction is 
2rc.e. NI, which, by equations (11) and (15), is the same as the second 
term on the right-hand side of equation (20) with its sign changed. 
We may also note that the coefficient of ZI’ in equation (20) is, by 
eae (3), the time-constant of a tube of unit depth with the mean 
radius c. | | 


§ 10. Oscillatory Currents. 


Let there be an oscillatory current in the coil-circuit, kept up by an 
impressed force ŒE sin nt, where £ is constant, and n is proportional to 
the frequency, being = 27v, if v= number of complete waves per second. 
At starting, the current will not be simple-harmonic, but in a very short 
time, usually a small fraction of a second, the whole system of magnetic 
force and current will settle down to vary with the time according to 
the simple-harmonic law, though the coil-current will not be in coinci- 
dent phase with the impressed force, nor with the core-currents. But 
the magnetic force H is a function of r, therefore put 


H= H sin nt + H,c08 ni, .......ceccec esc encene ees (21) 


where H, and H, are functions of r only. To find their form, insert the 
right side of equation (21) in equation (14), which H must satisfy. 
We get 


ldan ld nmn 
5 Grn = aH, : a(t Hz) a ET (22) 
where x = 4runjp ; from which we find that both H, and H, are subject to 
| ld,al do _ 2H. EA (23) 


rdr drrdr dr ' 
To obtain a suitable series, put 
H =A t Ayr tA. 
insert the series in (23), perform the differentiations, and equate the 
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coefficients of the different powers of r to 0 separately. We find that 
all the odd 4’s are zero, and that 


H,=4,M+A,N, 
where M and N are functions of r given by 


gri ars gêr! 
M=\- opt ape et 
Eee a 
22 224262 -2?,,.. 10? 
H, is of course the same in form as H, say with constants B, and B,. 
But the equations (22) have to be separately satisfied. This requires 
that 4,= - B, and 4,= — B, which makes (21) take the form 


H=(4M + BN) sin nt +(AN — BM) cos nt, ....00.000. (25) 


where M and N are given in (24), and 4 and B are two arbitrary 
constants (the former 4, and 4,). We should note that M and N are 
subject to 


ld wmn 
= Gre )= -2N 


which relations are very useful in transformations. 

The functions M and N are of the oscillatory character. Oscillatory 
functions are always turning up in mathematical physics, even in ques- 
tions having nothing to do with vibrations. M and N are related to 
Fourier’s function for the cylinder, or Bessel’s J,(z) function, where 


AE 
J(z2)= 1 ~ 93 t4 e.e) 
by the following equations :— 


Teva) =M-N >} eee (27) 
J(r/—ai)=M+ Mi, 

where i stands for y — 1, from which we have 

M?+N? =J (r vihr — xi), 

M’? + N” = J}(r Jxi)Ji(r J — zì), 
etc., and many other relations connected with energy properties. But 
it is easier to work with M and N than with the corresponding im- 
aginary Bessel’s functions. 

In equation (25), where H is a known function of r and ż, we have 
the solution for the magnetic force in the core, except as to two constants 
which fix the amplitude and the phase. By (15) the coil-current is 
known in terms of the core-boundary value of H, and by (10) the core- 


current is known. 
The amplitude of H is the square root of the sum of the squares of 
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the coefficients of the sine and cosine in equation (25). Denoting the 
amplitude by (H), we have therefore 


° (HY = (A? + B*)(MA+ N2) 5 eenen, (28) 
and if (T) be the amplitude of the coil-current, 
(ry = 4°+ Bye, 2, oaaae 11.1(29) 
(Ny? E E Navan T 


where the boundary values of M and N must be used. 


$11. Waves of Magnetic Force. 


From equations (25) and (24) we see that the magnetic induction 
due to the oscillatory coil-current travels into the core from its boundary 
in waves, decreasing rapidly in amplitude as they progress. It is not, 
however, a case of real [elastic] wave propagation, but of diffusion. To 
get an idea of the lengths of waves at given frequencies, let in (25) the 
constant B=0, and 4 =1, making 

H=M sinnt+N cos ni. 

At the moment ¢=0, or at any succeeding moment making sin ni = 0, 
we have H=N, where N is given in (24). N is zero at the axis, 
positive up to a certain distance, then negative, and so on until the 
boundary is reached, after which there are no more reversals of sign. 
The range of N on each side of zero increases fast with r. By inspec- 
tion, the function N vanishes for the first time when its second term, 
disregarding its sign, is a little greater than the first, or 27? a little 
greater than 24, say 25. Now here z= 4zpmn/p, so 

4rpnr? = 25p 
makes N vanish. Let the core be of copper, for which p=1700 (i.¢., 
1:7 microhm per c.c.) and #=1. Also put n= 2rv, v being the number 
of waves per second. Then we have 


4a. 2mv.r? = 25.1700, or vr?=530, 


Thus, if there are 530 waves per second, NV vanishes at a distance of 
1 cm. from the axis, and as it also vanishes at the axis, the length of 
the first semi-wave of magnetic force in the core is 1 cm. As it varies 
in general inversely as the square root of the frequency, we may get as 
many waves as we like into a core by increasing its diameter and the 
frequency. But we cannot get shorter waves at the same frequency 
than in copper in any other material except iron, and perhaps other 
magnetic metals, on account of p being least for copper. 

But let the core be of iron. Its specific resistance is about 10,000, 
thus considerably reducing x, as compared with copper. On the other 
hand p is usually a large number. Its value is so eminently variable that 
it is difficult to know what value to take. But ~=100 in good soft iron 
is probably not very far over or under a fair average. This makes 

_ 82?.100.0_ 8v 
10000 10 


sO vr? = a = 3] 
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makes M=0 for the first time, and thus a frequency of only 31 waves 
per second will make the length of the first semi-wave of magnetic force 
=1 cm. The speed v=530 mentioned in the case of a cepper core 
above will reduce it to } cm. 

At the times making cos nt=0, we have H=M; H is then unity at 
the axis, and 0 for the first time at such a distance as makes zr? a little 
over 8. This will give only half a semi-wave. : 


§ 12. Amplitude of Magnetic Force. 


The maximum value of H at any point in the core varies as 
(M?+ N?}. By squaring the two expressions in (24) and adding the 
results we find the following series for M? + N? :— 


2 3 34 3 33 

2 2 oy 9Y By hy By 
M?+N?=1+ apl + mae + oral! + re? + BAT +- (30) 
where we employ the brackets to show readily the degree of convergency 
of the series for a given value of y, which stands for x74, the quantity 
whose powers appear in the expressions for M and N. Every term 
being positive, it is verified that the amplitude increases continuously 
from the centre outward. 

Compare the amplitudes of the magnetic force oscillations at the 
centre, at 4 cm., and at 1 cm. First in a copper core, for which, as 
above, y=25?2 about for 1 cm. and 252/42 for 4 cm. With y= 24? 
we find j 

3 2 
2 2 = — = aa = : = 7 2. 
M?+N 1 +18(1 +30 + +l +... = 34:37 = (5'8) 
And with y = 24?/£? we get 
18 3 2 
2 2- i = PATES = 2 =(1° 2, 
M?+N ES CETA CER CESR 2-18 = (147) 

Thus, we find the amplitudes at the centre, at 7 = $ cm., and r=1 cm., 

to stand in the ratios 
1 : 1:47 : 5:86, 


being almost exactly four times as great at the double distance. (We 
took 24? instead of 25? to simplify the fractions, thus making the 
distances a trifle smaller.) 

In the iron core we shall of course have exactly the same proportions 
with the same values of y, but on account of the largeness of u, whose 
square appears in y, the distances will be much less, or they may be the 
same with a lower frequency to suit. We see from the great rapidity 
of increase of the amplitude that in a large core, especially if it be of 
iron, the magnetic induction reaches the centre in comparatively small 
strength, quite insignificant in fact if the frequency be such as to cause 
there to be several waves in the core at once. The small inner magnetic 
force on the action-at-a-distance hypothesis is of course due to the 
magnetic force due to the coil-current being nearly cancelled by that 
due to the exterior core-currents. In the Maxwellian view of the 
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matter the magnetic induction is a flux ; it, or the molecular disturbance 
corresponding to it, travels in a conductor, diffusing itself according to 
the same laws as heat, with this remarkable difference, that the better 
the conductor the slower the diffusion. In the present case, the 
magnetic induction in the core being everywhere directed parallel to its 
axis, the diffusion takes place radially from the coil to the axis s of the 
core and back. 


§ 13. Heat in Core and in Coil. 


Let W and w be the heats per second in the coil-circuit and in the 
core, when the oscillatory current passes in the coil. By Joule’s law 
the rate of generation of heat in the coil-circuit is RT?, but since T is a 
simple harmonic function of the time, this amounts to only 


W=tR(T)? per second,.............cccsceecee (31) 
where (I) is the amplitude of T. Hence by equation (29), 
$R yoy BNM} N? 
E SA PEM FN Jye erenn (32) 


where the boundary values of M and N are to be used. 

In the core we have, similarly, py? =rate of generation of heat per 
unit volume, or 4p(y)? per second, (y) being the amplitude of y; and 
summing this up throughout the core, we get 


w=}4pl Í (y}?2rr dr = mpl | (y)%r dr. 
Here, by equations B and (25), = have 


(P= qin HP = gpl + BM +N) 
Hence w= gel + B?) | (M24. NY) dr. aaoo (33) 


_ The integration is easily performed. Integrate one of the M”s and 
one of the N”s; thus, 


| (M'.rM' + N'.rN’įdr= MrM' + NrN? - j {M5 (rit + NSN) dr. 


Here the quantity under the integral sign on the right vanishes, as 
may be seen by equations (26); so taking limits r=0 and r=c we 
bring (33) to 


= TPU (424 B2(MM! + NN’) 


(rY 
AES aidiseetnuucey (34) 
= pl 
M? +N? 


In the last expression for the core-heat per second in terms of the 
coil-current, with 4 and B removed, we have a fraction to consider. 
The numerator is one half of the differential coefficient of the denomi- 
nator, the expression for which is given in equation (30). Hence we 


ea by differentiating (30) with respect to r, the value of the numerator 
to be 


364 ELECTRICAL PAPERS. 


678? 0712? 14216? 182202 


where y stands for 2774. 
Now, when y is not too large, we may take only the first terms in 
this series, and in that for M? + N?, i.e., take 


M?+N?=1, and MM'+ NN’ =7 = 


MM + NN’ = (1+ oh ( 14+ ate 5y (Le (1+ Ady (1 + .-.1(35) 


16’ 
putting r=c. Further, put for æ its full expression 8r?vu/p, and (34) 
becomes 


w= atep NATY. N, (36) 


From this we see that the core-heat, with the same coil-current per 
unit length of core (i.e, NT), varies directly as the conductivity of the 
core, as its length of course, as the square of its section, as the square 
of its permeability, and as the square of the frequency. That it should 
vary as the square of the permeability will be understood on remember- 
ing that the inductive E.M.F. in the core, and therefore the current, 
varies as the time-rate of decrease of the induction, which is » times the 
magnetic force, which makes the square of the current, and therefore 
the heating, vary as u?. Also we see at once how immensely greater 
the heating must be in iron than in copper, the high conductivity of 
the latter being little set off against the large value of u?. These con- 
clusions require y to be small enough to make the second term in the 
expansion for M? +N? small compared with unity. The full expression 
for the core-heat is got by multiplying the expression in (36) by Y, 
where 


628? 62...122 


2 6y? 

1+ sito gt 
by (35) and (30). Since the denominator increases faster than the 
numerator, the heat becomes less than is represented in equation (36), 
and, in fact, a small fraction thereof when y is made large. 

We may easily make the core-heat as great as the coil-heat, even if 
the core is very small and non-magnetic, and no great frequency is 
required either, whilst with iron cores it may be hundreds of times as 
much. The heats in the core and in the coil being associated, it will be 
desirable to compare the core-heat, not with the heat in the whole coil- 
circuit, but in the coil only. Using, then, the equation (9) for the 
coil-resistance, viz. :— 


R= (Na Pta 4), cseceeees ee (9) bis. 


2 
14 OY p Oy gs. 
Y= 


we find, by (36), 
w _ Iwb(n*c?pv)* 


7 sap Dae by ene (37) 
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§ 14. Examples, and Remarks on Variable Permeability. 


Example 1.— Now let the coil-wire and the core be of copper, 
p=p,=1700, and w=1, and take c,=1, which is near enough. Also 
let the core fill the coil-opening, making a=c, and let this be 1 cm., 
and the depth b=2 cm. Then 

l w| W = xr. 100 v?/1700? = 12/9000 say. 

Thus, by the approximate formula it would require a frequency of 
95 waves per second to make the core- and coil-heats equal. This 
value of the frequency, however, with the other data, makes y too 
large for Y to be altogether left out, and the core-heat is really about 
2 of the coil-heat. 

Example 2.—With the same dimensions, let the core be of iron, with 
p=100 and p=10,000, Here x=8v/10 and y=6427/100. We find, 
by (37), w/W=7v?/17. Therefore to get equal heats the approximate 
formula makes v as low as (17/7)? = 2:32 waves per second. 

Example 3.—The same iron core, but with v=100 per second. Here 
the approximate formula makes w/W=1848. But now y is so large 
that Y must be considered. Its value works out Y=about ,. Con- 
sequently w/W= 1848/70 = 26-4, i.e., 26:4 times as much heat in the 
core as in the coil. Increasing the size of the core also increases the 
ratio, with a corresponding increase in the size of the coil. In this 
last example put »=1, i.e., core non-magnetic, but with the same 
conductivity, then w/W=7/17 only. 

Some remarks * need be made concerning the heating of iron cores. 
In the first place, although the induction may be 100 or more times 
the magnetic force when the latter is weak, yet the ratio will get 
smaller and smaller as the force increases. Hence, as in the above 


* [These remarks are not altogether wide of the mark. It was well known to 
me at the time, as a matter of common-place fact in the behaviour of iron in 
induction balances, that the magnetisation of iron exposed to weak magnetising 
forces, or rather to rapid variations thereof, was of the perfectly elastic type. 
That is, the permeability is a constant, usually a big number, as 100 or 200. 
Also that iron already strongly independently magnetised behaved similarly, that 
is, with elastic changes of induction under the influence of small variations in the 
magnetising force. Professor Hughes too, in his lecture ‘‘On the Cause of 
Evident Magnetism,” asserted the perfectly elastic character of magnetisation 
within a limited range. On the other hand, Professor Ewing, of later hysteresial 
fame, not long after came to the singular conclusion that the initial permeability 
of iron was, or seemed to be, not big, but evanescent. Lord Rayleigh, however, 
disproved this in 1886 or 1887 by actual measurements with steady forces. There 
was no sign of u vanishing, and the old view was completely confirmed. 

The » considered by magneticians of late years throughout very wide ranges of 
magnetising force is not elastic permeability at all, but is a cumulative matter, 
involving induced and intrinsic magnetisation simultaneously, and hysteresis. In 
spite of the recent remarkable extension of knowledge there is still much to be 
done. I do not know if observations have been made on the value of the elastic u 
throughout the whole attainable range of the induction. Undoubtedly it becomes 
small when the induction is big, but whether it tends to unity, or can be lower, is 
unsettled.’ The possibility of u being less than unity in vacuum, mentioned in the 
text, is entirely speculative, although we have no right to assert that the ether 
ane its properties unchanged when supporting extraordinarily great magnetic 
stress. 
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calculations » is treated as a constant, the results are only strictly 
applicable when the range of the oscillatory current is not so great as, 
by the magnetisation set up, to alter u much. Should u be much 
altered the strength of the induced current, and the consequent heating, 
will be correspondingly lowered. 

Again, suppose that the oscillatory current in the coil-circuit is not 
the only current there, but consists of variations in the strength of a 
current of continuous sign.. Here evidently the permanent current, by 
the permanent magnetisation it produces, lowers the value of p, and 
the proper value as thus lowered must be taken in the above formule. 
In the extreme, when the permanent current is so strong as to practi- 
cally saturate the iron, or produce nearly the greatest magnetisation it 
can legitimately receive under the circumstances, i.e., without mechanical 
shocks to make the molecules settle into a state indicating a much 
greater magnetisation under the influence of the magnetising current 
than it would take unaided, then, unless the oscillatory current is so 
strong as to undo the work of the permanent current, the changes in 
the induction will be comparatively small. Let the oscillatory current 
be a small fraction of the permanent, then » must be little greater than 
unity, so far as the variable magnetic force is concerned, and the 
induced currents and the heating little more than they would be in 
a non-magnetic core of the same conductivity, i.e., considerably weaker 
than in a similar copper core. 

Professor. Hughes says he has discovered that air has a maximum 
capacity for magnetisation, and that it is equal to that of the purest 
soft iron. Here evidently, since for u to be 100 or 50, or whatever it 
may be, is absurd, the undefined term capacity is used, so far as it 
is applied to air, to indicate something very different from p, the 
magnetic permeability. Nor can it be «x, the ratio of the magnetisation 
to the magnetising force. As the question is one of considerable 
importance it is to be hoped that Professor Hughes’s researches will 
cast much light upon this and many other little-understood parts of 
magnetic science. In the meantime we may here briefly point out one 
or two things in connection with saturation and conclusions from the 
mathematical theory. Let there be a coil, or long slender solenoid for 
simplicity, containing an iron core, and let a steady current be passing 
through the wire. The iron becoming magnetised, the action on a 
magnetic needle outside is increased above what it would be if the core 
were absent. Increase the current sufficiently, and the iron is said to 
become saturated, no further increase of magnetisation taking place. 
This is represented in the theory by supposing the value of u to fall to 
unity. If this is practically reached, the core will then, so far as 
further increase of current goes, behave as if it were replaced by air. 
The action upon a needle at a distance should still go on increasing, 
and in proportion to the increase of current above the saturating value. 
But should the action on the needle stop increasing, or show signs of 
tending to a limit, not increasing as the current, the conclusion that 
the magnetisation of the core remains constant is erroneous. It must 
be decreasing. For our supposed observation shows that the magnetic 
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induction tends to a limit, or at any rate does not increase as it should 
with »=1. Every tube of induction goes through the core (with a 
correction for the space occupied by the coil), and in the core the 
induction is the resultant of the magnetic force and of 4r times the 
intensity of magnetisation, whilst the magnetic force is that due to the 
current in the coil by the ordinary formula plus the polar force of 
the magnetisation, which latter may be practically confined to the ends 
by lengthening the coil. The magnetic force then increasing in the 
same ratio as the current, and the induction in the air outside by our 
supposition not showing corresponding increase, the magnetisation of 
the core must be decreasing, or » must have fallen below unity in the 
iron. 

It is also obviously suggested that, the iron being removed, the 
mechanical force on a magnet outside, say on a needle at a sufficient 
distance to keep its magnetisation constant, may not continue to be 
proportional to the strength of current when the current is very strong. 
In this case, keeping to the relation 4ry = curl H between the current 
and the magnetic force, » also becomes less than unity in the places of 
strongest force. And as we conclude from the behaviour of, say, 
copper in a strong field of force that the permeability of the copper 
is less by a trifle than that of the air enveloping it, if we have p Jess 
than unity in the air it must be still more less than unity in the 
copper, and probably less than unity in vacuum also with a sufficiently 
strong current. 7 

The published dynamo-formule giving relations between the current- 
strength and the E.M.F. are very much alike in this, that if you take 
away the iron they break down immediately. It is the fact of the 
magnetisation of iron not being proportional to the strength of current 
that is made use of to put a stop to the increase of the current when 
the speed is kept constant. But if u falls in value in air or vacuum 
also, it will make the same or similar formule applicable to dynamos 
without any iron, in which present theory indicate indefinite increase 
of current when the speed is the least above a certain critical value, 
and the speed is kept constant, with therefore an indefinite supply of 
power. But we must return to the main subject from these paren- 
thetical speculations. 


$ 15. Coil-Current in Terms of E.M.F. 


We require to know to what extent the current in the coil is altered 
by the presence of the conducting core, t.e., given the impressed force 
E sin nt, required T' in terms of E. We have the equation of E.M.F. 
in the coil 


Pi = Î Lp / . 
B= Rk+(L ey eae? Mead Aaa (19) bis 


where, by (15), 4aNI'=H,, the boundary value of H, and, by equa- 
tion (25), 
H=(AM+ BN) sinni+(4AN - BM) cos nt. .........(25) bis 
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Putting T in terms of H in equation (19) we get the two equations 
4nNE=AP+BQ, O=AQ-—BP, oeenn, (38) 
in which the new quantities P and Q are given by 


= RM -(L- ply yy 
P= RM -(L- LN +f M', 


tA ee (39) 
Q=RN +(L-L,)nM + PAN". 
Zar pec 
From (38) we obtain 
(4rNE)? = (A? + B?)(P2 + Æ), 
E EP 7 EQ | O (40) 
A= in No Ge B= ‘Nor, OF 


A and B being thus known, the current and the magnetic force in 
the core and the coil-current become known at every moment. In 
equation (29), put for 42+ B? its value given by the first of equations 
(40), and we get 


(r= 


giving the amplitude of the coil-current in terms of E and known 
functions, in which r is to be put =c. ` 
The current at the time ¢ is 


I’ = (I). sin(nt - 6), 
where tan @= TPH je = c). ETE (42) 


The angle 0 determines the difference of phase between the current 
and the E.M.F. 
The full expression for P? + Q is, by (38), 


= 2n? 2 2 PLi \? apr 12 
P24 @= {R+ (L-L,)'n?}(M +N) + (£2) (M’? +N?) 


+ Pel MM’ + NN’) + PLL - L,yn(MN’ - NM), (43) 
TCH TCH 


where, besides (M? + N?) and (MM’ +NN’), for which the expansions 
have been given, equations (30) and (35), there are two other functions. 
If many terms are required we may derive the expansions of M” +N” 
and MN’ - NM’ from M? + N? by differentiations. For we have 
ld d 
24. N22 rime 2 
2(M2 + N”?) : gg + N?), 


as may be proved by equations (26). And 
; l d 
| je | R 2 /2 72 
MN’- NM Goad (M” +N”), 


as may also be proved by equation (26). We thus find 
n n-a By ,_ 10y? 35y? 126y4 
M?+N”= TAL + pete ete Ite Tet n} (48) 
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1 yn | 6y 3042 140,8 6304 
PENE (peti. E ET E Ce rat) Sa 
It may, however, according to circumstances, be easier to calculate 
the values of P and Q separately from equations (39). Of course 
we must then find the values of M, N, M’, and N” separately, the first 
two by equations (24) and the last two from the expressions obtained 
by differentiating them. 


$16. First Approximation to Effect of Core-Currents in Altering 
Amplitude and Phase of Coil-Current. 


This we obtain by taking only the first terms of the different series, 
that is, we consider only the first power of 1/p. How far this will 
approximate to the truth will depend on the size of y, as illustrated in 
previous examples. In equations (39) take 


xr? ne? 4x73 mpnc\? 1 
i 22 p’ ot 2242 p je 
2er Qrpne . 
N’ = pA = p 5) 
they then become 
22 2 
P=R-(L- p a Q=In+ EEZ, T (46) 
so that the solution (42) reduces to 
E : 
llnr eee ae A eerie Seale 47 
(E + Len? + RL, rpn?c?/p)s me et) 
Ln 
d OS a (4 
or i R+4$L,rpn7c?/p (48) 


This solution, (47) and (48), shows that when induction of currents 
is permitted the retardation of phase is reduced, whilst the amplitude 
is also reduced. Put p=o and we have the solution for the case where ` 
there is the same core inside the coil, but, by proper division, the cur- 
rents cannot flow. The reduction in the strength of the coil-current from 
E/R to E/(h? + L?n?)t is then due to the self-induction, including that 
due to the magnetisation, and the retardation of phase is 0 = tan-1Lm/R. 
Now (47) and (48) show that, when the induced currents in the core 
are allowed to flow, and the speed is not so high, or the dimensions 
so great as to make it imperative to use more terms of the series, the 
effect on the amplitude and phase of the coil-current is the same as. 
if the resistance of the coil-circuit were increased from R to 


{+ RL wpn'c?/p}t= R+ dL, rpn7c?/p 
approximately, thus reducing the time-constant, the strength of current, 
and the retardation of phase. Many phenomena which may be experi- 
mentally observed when rods are inserted in coils may be usefully 


explained in this manner. 
H.E.P.—VOL. I. 2A 
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§ 17. Fuller Examination of Reaction of Core on the Coil. 


The core-currents may be allowed to flow or not, by, in the latter 
case, a suitable division of the core into insulated parts. We then have 
merely the insignificant currents which the dielectric will permit. We 
make no count of the heating from this cause, which will be considered 
later. Also, the alternate magnetisations and demagnetisations occurring 
in the core are supposed to be of the conservative character, involving 
no dissipation of energy at all when the currents are not allowed to flow. 
I do not know whether it has been definitely established that there is a 
dissipation of energy going on in iron cores apart from the heating as 
per Joule’s law, although I conclude from indirect experiment that if 
there be any it is not great with moderate magnetising forces. On the 
above suppositions we may let the currents flow in the core, or stop them 
completely, as we please, without removing the core. If it be of a non- 
magnetic metal, with » practically equal to unity, the effect on the coil- 
current of insulating the core is the same as removing it altogether. 
But if it be of iron its insulation and removal are of course not equiva- 
lent. Put p=oo to show insulation. Put u= 1 as well to show removal, 
which will greatly alter the value of L, the inductance, when the core is 
of iron, but not at all if of copper. 

Let L= L, i.e., let the depth of coil be small compared with its radius, 
let the core fill the coil-opening, and let the external self-induction of 
the circuit be negligible. Allowing the core-currents to flow always 
diminishes the lag of the coil-current behind the impressed force, but the 
amplitude of the coil-current may be either reduced or increased, accord- 
ing to the frequency and other circumstances, especially the resistance 
of the coil-circuit. First, as regards the lag, that 0 is always reduced 
may be thus seen. Put in equations (42) the values of P and Q given 


by equations (39) ; then 
S(MN’ — NM’) 


= 8 Seo 

tan O= ROE + N2) ASM + NNA 
where S stands for L,p/2arpe=2L,n/xc. Now use in this the expressions 
lately given for the M and N functions in the brackets, and we shall 
find , 

Ln/R LL. 
t 6 = PESEE A A (EEE eeeeevrersrereeseseegece 

aa ı + (Lin/E)(er?/8) Y; (48a) 


where F, and Y, are two functions whose values are unity when y=1, 
and whose full expressions are 


tah + a(l + 34y (1+ 34y (1+ 3y 


_ RAA 6 102122\  142162\ 182202 
1 «by 5y 42y 4} 
14-2 (14+27 (14 84 (14 2270 
+ pl + enol fa Tree o ă buas (49) 
6y 5y 42y 4ty 
Ta fie, 1443Y (14 429 
za +a Fion trall + ree 
= 


Same denominator | 
the denominator in Y, being the same as in Y,. Now it can be easily 
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seen that F, is greater than unity; this fact, since F, is also positive, 
makes the denominator in (48) always greater than unity; and there- 
fore tan 6 less than L,n/R, which is its greatest value, occurring when 
the core-currents are stopped. 

But as regards the amplitude of the coil-current, if we call the imped- 
ance * of the circuit K, i.e., what the resistance should be with the. 
same impressed force to give the actual current-strength if there were 
no inductive E.M.F., then, by equation (41), 


a P+ _ p, gM? +N”? opg MM’ +NN’ 
A= gp y E tS mayne + SaN 
which, by the given expressions for the M, N functions, may be written 


(2) =e (3°) ¥, + Te MEET TE (50) 


k R R)4 
in which F, and Y, are given by 


3y 34y ( 34y 32y 
1+2 (14 S39 (1432 (14359 
Fa +3710 tpl te 


By, By 7. BEY 3hy 33y 
j zp r g ü oi! + PAG trgo |. (51) 


6y 5y 43y Aly 

1 l+— {1 37_(] 2 

+ aol +o + age + 32902 
Same denominator 


the denominator in both cases being the same. Now here Y, and Y, 
are less than unity, which is their value when y=0, and this permits 
k? to be either greater or less than hk? + L?n?, the value when the core- 
currents are stopped. In order that =, should be increased or decreased 
by permitting the core-currents to flow, we must have, by equation (50), 


Dyn\? (8) ar? Gur 
1+ (=) Y,+ P > or <1+ R 


R 
which is the same as 


L, tm? Y, 
p | or > To AA a aa (52) 
Here L,/F is the time-constant of the coil-circuit. Its greatest value is 
when the coil is short-circuited, so we cannot increase it as we like; but 
by inserting resistance we may diminish it indefinitely. Thus L,/R 
may be always made less than the quantity on the right side, and should 
it be greater when the coil is short-circuited, we may, according to the 
resistance we insert, cause the coil-current to be either increased or 
diminished by the reaction of the core-currents when the latter are per- 
mitted. Noting that FY, and F, are fractions which decrease from unity 
as y increases, that is, as the frequency of the oscillations, and other 


* (‘‘ Impedance” is here, and later, substituted for “apparent resistance.” It 
is the ratio of the amplitude of the impressed force to that of the current when 
their variations are simple-barmonic.] 
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circumstances before mentioned, making Y,/(1—Y;) large when y is 
small, and small when y is large, we see that in general at low frequencies 
the coil-current is likely to be weakened, and at high frequencies 
strengthened by the core-currents. The latter effect may be very 
considerable. 


Example 1. y small.—Let y=1, or (8r?pn?)?=p?. If the core is of 
copper, p=1,700, p=1. Let c=r=1 cm., then 8v=170 gives the 
frequency required. We find by equations (51), 

Y, = "975, Y,=°972, 
so that the impedance R, by equation (52), is increased by allowing 
the core-currents to flow, if 
L/F < (m/1,700) + (972/25) or 1/15 sec. nearly. 

Now, under the circumstances, the time-constant must be less than 
this value. For, by equations (6) and (9), its greatest value, viz., when 
coil is short-circuited, is given by 

L/R = 7? pbe?/c,2p,(2¢ + b), 

in which we must for the present purpose put »=1. Also 7?=10, and 
c p, we may take = 2,000, making 

L/R = be/400 = 6/400, 
remembering that b must be small compared with c, and that c=1. 
Thus the amplitude of the coil-current is in this case reduced by the 
core-currents, whatever the resistance in circuit may be. With the 
time-constant = 1/4000 we find the squares of the impedances as com- 
pared with the square of the real resistance to stand in the ratios 

l1 : 1:0011 : 1:0093, 
the unity being with no core, the second number with self-induction 
only, the third with core-currents also, showing the effect of the latter 
cause in reducing the coil-current to be greater than that of the self- 
induction alone. 

As regards the alteration in the amount of retardation, we find 


tan 0 = L n/ R = 133:5/4000 = :03337, 
with self-induction only ; and, by equation (48), 


tan 0 = -03337/(1-0206 + 03337 x -9922/8) 
= ‘03337/1-0247 = 03256, 


when the core-currents are permitted to flow. This difference may seem 
very insignificant, but when two coils are balanced against one another 
far smaller changes are experimentally observable. However, the ex- 
ample is not a favourable one for showing a large difference. If in this 
example we substitute an iron core, keeping other things the same, with 
the same value of y = 1, with a lowered frequency to suit the altered per- 
meability and conductivity, we simply multiply the former time-constant 
by the new value of u, and we shall find, unless p is exorbitantly large, 
that the small value y=1 still does not permit the coil-current to be 
increased by the core-currents. To get this result we must raise the 


e T y G D a A 


pa R 
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now lowered frequency, give a larger value to y, and we shall find the 
coil-current much increased. 


Example 2. y=402 Iron core.—Let p= 100, p=10,000, c=1, and 
v=50. Then z= 40, and y= 402. 

Here we find M2+ N 2 198-25, showing that the amplitude of the 
magnetic force at the core’s boundary i is 14 times that at the axis. We 
also find 

Y =4:454, Y,=:176, Y,=:089, Y,=:039; 


and these values inserted in equations (48a) and (50) give us 


By Se 089 (2) +396(4"), secede: (53) 


In/R 
esd Eke ee IR Eee CTE Tore 5 
4:454 + 881 InjE (O 
where Ln/R may be varied considerably. 

By equation (52) the impedance of the coil-circuit is narda or 
reduced by permitting the core-currents to flow, according as 


‘396 
Im/R < or Pag “42, 


By our initial supposition, we have n = 2rv = 100r = 314:'16, therefore 
L/R = :42/314:16 = 0013 second 


is the critical value of the time-constant of the coil-circuit. Now, if the 
coil be short-circuited, the value of the time-constant can be far greater 
than this. For instance, by the formula for L/R given in the last ex- 
ample, L/R would be 3, sec. if the depth of the coil were 52, of its 
radius. It would then require a considerable resistance to be inserted 
in circuit with the coil to reduce the time-constant to ‘0013 sec. If 
still more resistance be inserted, the core-currents will weaken the coil- 
current ; if less, they will strengthen it. The amount of this strength- 
ening when the coil has little external resistance in connection with it, 
we may see from equation (53) by taking therein L/R ='025 and 
n=314:16. We get 


) = 1 +5524 + 3-108 = 9-632 = (3°10)? 


and tan 6 = 


the coil-current being therefore a little less than one-third of the 
strength it would have were there neither core-currents nor self- 
induction. Now stop the core-currents ; we have 


2 

(F) = 1 + (7-854)? = (7-86)? say, 

which makes the coil-current a little over one-eighth of what it would 
be were there no self-induction as well. Thus, permitting the core- 
currents increases the strength of the current in the coil about 24 times. 
(The magnetisation of the core, on the other hand, is much weakened, 
except near its boundary. At the boundary it is made 24 times as 
strong, but as above mentioned it has only 1/14 part of the boundary- 
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value at the centre; whereas, when the core-currents are stopped, the 
value is sensibly the same throughout the core at any moment.) 

The retardation 0 of the coil-currents behind the impressed force, 
which is given by 

tan 0 = Ln/R=7°854, or @=82° 40 
when the core-currents are stopped, is, by equation (54), brought down 
to tan 6 = 7:854/11°376, or 6@=35°, - 
by letting the core-currents flow. 

We started with y= 40, and the values of Y,, etc., corresponding. 
That is, 4runr?/p = 40. Consequently we may dig out from the same 
values of Y,, etc., the results in a variety of other cases, varying the 
frequency and the permeability, resistance and radius of the core in any 
manner consistent with y= 402. 


$18. Induction in a Divided Core. 


To ascertain under what circumstances the heating, according to 
Joule’s law, of a properly divided core might become sensible—general 
considerations telling us that it must be very small—let us, to bring 
the matter under mathematical treatment, specify a particular manner 
of division. This will be most shortly described by referring to a plane 
section of the core perpendicular to its axis. Divide the circular section 
by radii into sectors, and let the sectors be of two sets, one set having 
all an opening of say 1°, and the other set of say 9°. These are to 
alternate. The small sectors to be filled up with dielectric material, 
the large with metal. We thus stop the free flow of the circular induced 
currents in the core by the insulating barriers placed perpendicular to 
the lines of electric force. There are 36 condensers (the number is 
immaterial), joined up in sequence, which become charged and dis- 
charged during the passage of an oscillatory current in the coil-circuit, 
and according to old notions electricity accumulates on the bounding 
surfaces of the condensers. According to Maxwell’s views, however, 
the currents flow in the same closed circuits as if the core were solid 
metal, but in the dielectric portions the electric elasticity brings a 
counter E.M.F. into play, thus preventing the passage of a continuous 
current, and weakening the strength of oscillatory currents. 

Let p, and c, be the resistance and the electrostatic capacity per unit 
volume of the compound core, later more particularly defined. Let e, 
as before, be the impressed force per unit length arising from electro- 
magnetic induction, y the current-density, and now, in addition, D the 
electric displacement per unit area perpendicular to the lines of flow. 
Then, instead of the former equation, e= py, we shall have 


C= PyY AD] Oy, cresecrereserceeererereeevares (55) 

with the additional relation ISD a EEE (56) 
Differentiating equation (55) to ¢, and getting rid of D, by (56), we 
obtain Ce Spey EE .(57) 


which we must substitute for the old e= py. 


ee Oe ER Sree ee I 


ae 
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Equation (10) holds as before, connecting the current and the mag- 
netic force. So does equation (12), giving the E.M.F. of induction, if we 
give to u therein a new value, to be given presently, on account of the 
core not being homogeneous. Eliminating e between equations (57) 
and (12) we obtain 

ld d 

ge 

rdr dr 

instead of equation (14), for the characteristic equation of magnetic 

force in the compound core. Its solution, suitable for oscillatory cur- 
rents, requires the use of two functions of r, say H, and H,, satisfying 


° 4 doe 
(H+ Hac) = a EEEN ETEN (14a) 
1 


ld d 
=y qa + HJ) = -Hy 
EEE (22a) 
ld d 
a ap dp 2 + H,/p,¢,) = +h, 


instead of equations (22). Here a, stands for 47p/p,. And H, and H, 
may be found in series of ascending powers of r by 


Idd, iy. 
G re 2) E ne AEE (23a) 
which takes the place of (23). 

Now as regards p,, Cp and p. If the ratio of the angles of the 
wedges occupied by conducting and insulating material be n,/n,, and 
N, + n= l, we shall have, if p be the specific resistance of the conductor, 


Pı =P, 
the specific resistance of the compound core becoming somewhat reduced. 
And, if p, and p, be the magnetic permeabilities of the conducting and 
dielectric parts of the core, we have 


f= My Py nypa 
giving the value of p to be used in equation (12) and in (14a) just given. 
Thus the permeability of the compound core, if the conducting part be 
of iron, is somewhat reduced. 
Lastly, if c be the electrostatic capacity per unit volume of the 
dielectric only, that of the compound core is 
C = Cfg 
The time-constant p,c, which appears in the characteristic equation 
(14a) is thus given by 
| P161 = Pey fgs 
where p and c belong to the metal and dielectric separately, p, and c to 
the compound. The value of this time-constant is the same whether 
there are 20 or 20,000 wedges, alternately metal and dielectric, provided 
the ratio n,/n, of the spaces they occupy, which appears in the last 
equation, is kept the same. 
But this time-interval must in general be extremely small. For e, 
the, electrostatic capacity of unit volume of the dielectric, is K/4r in 
electrostatic measure, K being the dielectric constant, and, in the 
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electromagnetic measure here required, we must further divide by V’’, 
where V is the velocity of light, =3 x 101°. Thus we have 
PC, = pKn,/4rV 2n, ; 

and K being a small number, and also p=10,000 for iron, whilst V? is 
very large, p,c, must be very small, unless we make n/n, extravagantly 
large—i.e, reduce the thickness of the dielectric wedges greatly, com- 
pared with that of the conducting wedges, which of course has the effect 
of increasing the capacity of the condensers. If this impracticable 
thinness of dielectric could be carried out with proper insulation, we 
should, with an oscillatory current in the coil, make the induced cur- 
rents in the core less by as little as we pleased from what they would be 
in a solid conducting core, and the heating of the compound core simi- 
larly approach that of the solid one. 

The influence of increased speed may also be noticed. Consider a single 
closed circuit of conductors and condensers in series, such as we obtain 
by confining ourselves to the portion of core contained between the 
cylinders of radii r and r+1. If we further take only the unit length 
parallel to the axis, the section of the circuit has the unit area. KR being 
the resistance of the circuit, viz., the sum of the resistances of the con- 
ducting portions ; and C its capacity, viz., the reciprocal of the sum of 
the reciprocals of the capacities of the single condensers, we have 


E=hy+ Q/C, 
similarly to (55), E being the total impressed force in the circuit, y the 


current, and Q the common charge of each condenser. Also y= Q, 
whence 


CE = RC} +y. 


Now let the E.M.F. be of the simple-harmonic type E sin nt, where E 
is constant ; the solution of the current is then 


aa nCE EEN 
y TF aR) 1 cos(nt tan-!nCh), 
and the heat developed per second in the conducting part of the circuit is 
gR(nCEY _ E? -2} -1 
L @one T ERU t OOM 
Here 4E?/R is what the heating would be if the condensers were 
short-circuited ; so, from the value of nCR we can easily see how much 
it is reduced by the insertion of the condensers. The value of RC is 
the same as that of p,c, before given; also n= 2rv, v being the wave- 
frequency. By sufficiently increasing the frequency we may make the 
heating approach as nearly as we like to 34£7/h without necessarily 
making the dielectric portions of the circuit excessively thin ; but it 
may be readily seen that for the heating in the closed circuit of con- 
densers to be comparable with what it would be were they short-circuited, 
or the dielectric removed and conducting matter substituted, the fre- 
quency v must, on account of the presence of V? in the expression for 
RC, be itself comparable with the frequency of light vibrations. If, 
then, a properly divided iron core with oscillatory currents, or with such 


a 
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superimposed on a steady current passing in a coil surrounding it, 
should become sensibly heated, such heating cannot have arisen from 
the Joule effect of the induced currents. 


§ 19. Transmission of Energy into a Conducting Core. 


The magnetic energy per unit volume being »H?/87, where H is the 
magnetic force as before, if we suppose the magnetisation to be wholly 


induced, the magnetic energy per unit length of core of radius r is given 
by 


E| 2er dr. He = B| Hr dr besesrerereneerererees (58) 


Also the rate of dissipation of energy in the same portion, being py? per 
unit volume, is given by 


amply dr = flu OT EE E A (59) 


since y= — H’/4r. Now, energy can only enter the portion of core 
considered across its boundary, and, after having entered, is either 
stored up temporarily as magnetic energy, or is dissipated as heat 
through induced currents. Hence the rate of passage of energy into 
the space from outside equals the sum of the rate of increase of magnetic 
energy and of the rate of dissipation within the space. Thus, if by W 
we denote the amount of energy entering the core per second per unit 
area of its bounding surface, we obtain, by (58) and (59), 


drr W = Brin dr +P AKEL 


Here, by equation (14), . 
d 


/ 
pres dr rH’). 


Making the substitution and integrating, we get 


where T= pH?/8r, the magnetic energy per unit volume. From this 
we see that the transmission of energy takes place from places of greater 
to places of less force irrespéctive of sign, and that the rate of transfer- 
ence per second is proportional to the rate of decrease of the density of 
the magnetic energy in the direction of transference. 

This remarkably simple property, which applies to every part of the 
core at every moment, according to which the transmission of magnetic 
energy whilst induced currents are lasting is determined solely by the 
space-variation of its density, is not a general property of induction in 
conductors. If we inquire what the corresponding property is in general, 
by examining the rate at which energy is entering any given portion of 
a conductor through the imagined surface separating it from the rest, ` 
such being equal to the sum of the rate of increase of the magnetic 
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energy and of the rate of dissipation as heat by induced currents within 
the portion considered, using the general relations 


curl H=4ry, and V’H= 4rpH/p, 


we find that W,, the rate of passage of energy per unit area at any 
point across the surface whose normal has any direction 8, or, briefly, 
the rate of transference in the direction of 8, equals p/4m times the 
component along 8 of the vector-product of the current-density and the 
magnetic force at the point. Or 
W = (/47)V yH, 

in the brief vectorial form. The direction of maximum transference is 
therefore perpendicular to the plane containing the directions of the 
magnetic force and the current, and its amount per second proportional 
to the product of their strengths and to the sine of the angle between 
their directions. 

Eliminating the current, and expressing the relation in terms of 
magnetic force only, we find 


i ede a a 
where T is as before, the density of the magnetic energy, H, the com- 
ponent of H in the direction of 8, and A is measured along the direction 
of H itself. | 
Now, if we confine H to a constant direction, so that it cannot vary 
in strength in that direction, its component in any other direction 8 also 
does not vary with A. Then (61) reduces to 
__p aT 
; 4a ds’ 
of which (60) is a special case. 


§ 20. Comparison of Induction in a Core with a Case of Fluid Motion. 


In order to obtain a full mental representation of the state of things 
in a physical problem of one kind, it may often be of some assistance if 
we can find one of another kind in which the quantities concerned are 
similarly connected. Thus, in the theory of the torsion of a solid 
elastic prism, to get a general idea of the warping that takes place 
when the section of the prism is not circular, and of the amount of its 
effect on the torsional rigidity, we may be assisted by the comparison 
with a hydrokinetic problem, in which the rotation about its axis of a 
box of the same shape as the prism, filled with incompressible perfect 
liquid, sets the liquid itself in motion when the section is not circular 
(Thomson and Tait, II., Art. 706). Suppose now the problem is one in 
which certain quantities subjected to given laws go through a series of 
complex changes in passing from one state to another. If we find 
another physical problem in which other quantities go through the 
same changes we have an interesting analogy, to say the least, even if 
the substituted problem be not more easily conceivable than the original. 


ne ee eee a a o Č. 
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But further, if in the substituted question the quantities concerned are | 
everyday realities, so that their connections are readily grasped, we 
have not merely an interesting but a useful and valuable comparison. 
Again, though this is quite a separate matter and may or may not apply, 
we may possibly get some assistance in forming a physical theory of the 
unknown phenomena for which has been found a dynamical analogue. 

Start the current in a circuit containing a coil with a conducting core 
by closing connection with a battery. In the transition from the initial 
state of no current or magnetic force to the final state of steady current 
in the coil-circuit alone and uniform magnetic force in the core, a series 
of complex changes, generally referred to as current-induction, is gone 
through by the magnetic force and the current, and something more 
than a superficial examination is needed to obtain a good grasp of the 
phenomena as a whole. We require, then, an analogous case in which 
we can readily see the course of events. There are various comparisons 
which may be made, but the substitutions are not usually sufficiently 
simple for the purpose. The only one I can find that is so, is the 
comparison of the magnetic force in the core with the motion of water 
in a pipe of the same shape. This requires some explanation before the 
correctness of the comparison can be appreciated. 

Magnetic induction is mathematically subject to the law of continuity 
of an incompressible perfect liquid. This alone is of valuable assistance 
when we are regarding the nature of distribution of lines of force in 
a magnetic field. Further, if we ask what it is in the liquid motion 
‘that corresponds to the electric currents that accompany the magnetic 
force, the answer is that a current-line is represented by a vortex-line, a 
current-tube of infinitesimal section by a vortex-tube of infinitesimal 
section, the fluid within which is, at the moment, rotating with an 
angular velocity proportional to the strength of current in the current- 
tube, the axis of rotation being that of the tube. As current-tubes are 
closed upon themselves, so are vortex-tubes in a moving liquid. Any 
possible state of magnetic force with its corresponding electric current 
has its analogue in a similar state of liquid motion, lines of magnetic 
force being translated into lines of liquid velocity, and lines of electric 
current to vortex-lines. 

The Newtonian equation of motion of a fluid particle, meaning thereby 
an extremely small portion of the fluid, expressing symbolically the 
definition of a force as the acceleration of momentum it would produce 
if it lasted for the unit of time, is 


Dv 


ar 

where o is the density, F the force acting upon a, or the force per unit 
volume, since o is the mass per unit volume; ov the momentum, and 
Dv/dt the acceleration of o’s velocity. It is to be remembered that the 
force produces its full effect in the direction of its action, irrespective of 
what the actual velocity of the mass acted upon may be. F and v are 
vectors, and so is Dv/di, which is a vector parallel to F. 

The force F is partly due to the stress on the particle arising from 
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the matter around it, and partly to other causes, which we sum up 
under the name of external force, acting bodily on the fluid, by 
unknown agency. The force of gravity, for instance, which appears to 
act upon matter independently of the matter around it, is treated as an 
external force. 

In any fluid at rest, the internal stress is a simple pressure, equal in 
amount in all directions about a point, but in general varying in amount 
from one point to another. In the ideal perfect fluid this is also the 
state of stress when the fluid is changing its shape. The variation of 
pressure constitutes a force tending to alter the motion of a particle. 
Calling the pressure p, and disregarding external force, we have 


F= — Vp, the vector decrease of pressure, and 
Dv 
— Vn =o 
Peer” 


is the equation of motion of a fluid particle. 

This insignificant-looking equation contains volumes of meaning, even 
without abstruse mathematical investigations to open them out. In 
fact, there is involved by it, and immediately visible when one looks at 
it through the proper glasses, a most remarkable property, that of the 
constancy of the circulation, with astonishing consequences. 

The pressure p is a scalar—that is, it has a definite value at every 
point of the fluid, and requires no directional specification. Its varia- 
tion — Vp is, of course, a vector, having direction as well as magnitude, 
being in fact the force acting upon o. Bearing this in mind, consider: 
the state of the fluid at a fixed moment, and the alteration of velocity 
made by the force just after. Select a closed chain of particles, and 
travel once round it. However the pressure may vary along the circuit 
it comes back to its original value at the end. In mathematical language 
the line-integral of the force — Vp round the closed chain is zero. By 
the above equation the same property must be true of the quantity on 
the right side of the equation, that is, of the acceleration of momentum. 
Let o be constant. Then the line-integral of Dv/dt is zero. Now, 
defining the “ circulation ” in a closed circuit to be the line-integral of 


the velocity, z.e., | vds, where ds is a vector element of the circuit, its 


variation with the time is due, first, to the variation in the velocity, 
and, next, to the variation of form of the moving circuit ; that is 


D _ (Dv Dds 
ns = Í ge + Pr . 
We have already seen that the first integral on the right side vanishes. 
Dds 
dt 
difference in the velocity at its ends, or ids * making the quantity to 


In the second, 


is the rate at which the vector ds is changing, or the 


be integrated vO (ds), or © (40%)(ds) ; which, being the variation along 


* [Here (ds) is the length of the vector element ds. ] 
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the circuit of a scalar, necessarily vanishes when summed up. Thus the 
circulation in the circuit does not change at all. The circulation along 
that circuit of particles, which may be any circuit in the fluid, whatever 
value it may have at one moment, will always have that value, and, 
what is more, always had it. Thus, vortex-lines move with the fluid, 
and vortex-tubes keep their strengths unaltered, however they may 
change their shapes. This results from the constancy of the circulation 
along a closed line of particles embracing a vortex-tube. The same 
reasoning applies when the density is not constant, but is a function of 
the pressure. Then Vp/c has the same property as that above mentioned 
for Vp. Also, if the external force per unit mass be, like gravity, 
reducible to central forces, the same applies to it. From the constancy 
of the circulation in a perfect fluid we have the indestructibility and 
uncreatability of vortex motion, possible permanent differentiation of 
portions of the fluid from the rest, and Sir William Thomson’s vortex 
atoms. F 

Although the equations of motion of a perfect fluid were formulated 
by Euler in 1755-9, and dozens of eminent men had been working at 
hydrokinetics later, a whole century elapsed before the property of the 
constancy of the circulation was discovered. No one had put on the 
right glasses, or had managed to focus them correctly, until Helmholtz 
in 1858 discovered the properties of vortex-motion in a perfect liquid, 
followed a few years later by Sir W. Thomson’s extension of the same 
to compressible perfect fluids, by his theorem of constant circulation, 
from which, in fact, they follow by elementary reasoning. 

Now, since every state of incompressible perfect liquid motion 
represents a system of magnetic force, as the liquid moves and carries 
its vortices along with it, its motion remains the representative of the 
magnetic field of a definite system of closed electric currents similarly 
moved. But obviously this system of currents does not correspond to 
what would happen in a conducting mass if we started with a given 
arrangement of magnetic force and then left it to itself. For the 
magnetic system subsides through the frictional generation of heat by 
the electric currents which accompany it, whilst the constancy of the 
circulation precludes the motion of the perfect liquid ceasing. We 
must introduce viscosity, or internal friction ; in other words, give the 
liquid that property which all known fluids possess. That real fluids 
are viscous is known to the commonest observation. When at rest, 
equilibrium requires that there should be no tangential stress; when 
the parts of a fluid are changing shape there must be, because we can 
set fluids in motion by, purely tangential stress. The typical illustra- 
tion is that of the circular bowl containing water set rotating about its 
vertical axis. If there were no tangential stress the water would 
remain at rest. In reality the tangential stress at its moving solid 
boundary pulls the outside layer of water round after the bowl, the 
outside layer pulls the next inner one, and so on up to the axis, where 
the water is the longest in getting up its motion. The final state is 
that the vessel and water rotate as one solid body. On stopping 
the bowl it drags back or retards the outer layer, then the next 
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inside, and so on to the centre, where the liquid keeps up its motion 
the longest. l 

These tangential stresses are defined in amount by the coefficient of 
viscosity or of sliding friction. Let liquid be moving in horizontal 
layers in a definite direction, and let the velocity in any layer be pro- 
portional to its distance from the lowest layer, so that if x is the height 
of a layer, v=az is its velocity, a being constant. Let the motion be 
from left to right. Any layer is moving faster than the one below it, 
and slower than the one above it, and there is mutual stress of the 
frictional character between contiguous layers thus sliding, of amount 
ma per unit of area in contact, where a is the constant just mentioned 
—viz., the upward rate of increase of velocity—and m is the coefficient 
of viscosity. 

Now in the equation of motion of a particle we have to take into 
account, in the expression for F, of any force on o arising from the 
sliding friction set up by the distortion it experiences in general as 
it moves. The result, by the analysis of stresses and strains, is, in the 
case of an incompressible liquid, to introduce a new force acting on the 
particle besides that arising from variation of pressure. Not to go into 
details which are not wanted here, this force is represented by mVv, 
which makes the equation of motion 

F - Vp +mV?v aon, 
where F is restricted to be the external force only. The constancy of 
the circulation is gone, fluid motion may be started by tangential stress 
alone, and, should there be no forces to keep it up, will cease by surface 
and internal friction, the energy of the motion producing heat. The 
rate of dissipation for the whole liquid by internal friction is * 


4mz (ang. vel.)? per second. 


But the special case to which our electrical problem corresponds is 
easily worked out. Let there be a long straight pipe of circular section, 
containing water or other practically incompressible viscous liquid, and 
let the motion be parallel to the length of the pipe, say from left to 
right, and be in cylindrical layers, 7.e., only varying in velocity from one 
layer to another. The cylindrical layers may slide over one another, 
but liquid must not move nearer to or further away from the axis of the 
pipe. Consider a layer of radius 7 and thickness dr moving with velocity 
vatr. The outward rate of increase of velocity being dv/dr, (the a 
above), the whole tangential force on the inner boundary of the layer 
per unit of length of pipe is 


mine from right to left, 


* [This does not correctly distribute the dissipation, but gives the whole 
amount, when the fluid extends to infinity, or is at rest at its boundary. It is the 
practical formula to use, avoiding the lengthy calculations which arise when the 
correct distribution of waste is integrated. Take, for example, the case of Stoke’s 
theory of a particle falling slowly through air, as given in Lamb’s ‘“‘ Motion of 
Fluids.”’] 


= 
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Le a y E o T 


THE INDUCTION OF CURRENTS IN CORES. 383 


and on the outer boundary, 


the same, + g (2nrm ar, from left to right. 


The resultant moving force is therefore 


d dv ; 
9 Mader nodal Ty 
mm I PA from left to right, 


which must equal the acceleration of momentum 


dv 
Irrdia—> 


dt 

if there be no other forces. Equating the last two expressions we find 
1d dv_o ds 

aa a oR ace shearers: 


for the equation of motion of the layer of radius 7 Comparing this 
with equation (14), for the magnetic force in the circular core inside a 
solenoidal coil, we see that they are of the same form. Magnetic force 
parallel to the axis is replaced by liquid velocity parallel to the axis, 
specific resistance by coefficient of viscosity, and magnetic permeability 
by liquid density. (Of course there is also the silly 47 in the electrical 
case, arising from the faulty definition of the strength of a pole.) 

There may besides be, in the liquid, force arising from variation of 
pressure ; but we do not require it. Let the ends of the long pipe be 
joined together, or immersed in the ocean, and let the liquid be set in 
motion by uniform tangential force applied to its boundary, acting 
parallel to the length of the pipe, of strength X per unit of surface. 
The surface-equation of the liquid is of the same form as the boundary- 
equation of magnetic force in the core, i.e., the equation of E.M.F. in the 
coil surrounding it. For, if m, be the coefficient of sliding friction 
between the liquid and the solid pipe, the frictional retarding force on 
the outer layer of liquid is m,v per unit area, making X — mv the actual 
force from left to right on the outer side of the boundary-layer per unit 
area. On the other side of the layer, of infinitesimal thickness dr, there 
is the frictional stress acting in the opposite direction, of amount m dv/dr 
per unit area, so the equation of motion of the layer is 


dv dv 
(X —m,v) - a= odr TP 
the right-hand member of which vanishes with dr, thus giving 
X= mom Adi cione Aah E T COB) 


for the boundary-equation. Comparing this with equation (20), which 
we may write, using (6) and (15), 
E pIu 
L 7 4r Nh 4r dr’ 
where } is the whole length of wire in the coil, we see that the boundary- 
equations are of the same form when the depth of the coil is small 
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compared with its radius, and the core fills the interior space. (A 
modification can be made in the liquid problem to make the boundary- 
equations agree when the coil is not of small depth.) 
_ Having thus a perfect correspondence of mathematical conditions, we 
may, in considering the nature of induction in the core, dismiss alto- 
gether the complicated and cumbrous imagery of a set of currents acting 
and reacting upon one another at a distance, which it is only possible to 
manage in simple cases, and substitute the following method :—Let an 
E.M.F. act in the coil-circuit, variable in any arbitrary manner. The 
magnetic force set up in the core will, at any moment and at every 
place, correspond in direction and intensity with the fluid velocity set 
up in a pipe similar to the core, filled with incompressible viscous liquid, 
if it be acted upon by superficially applied tangential force, uniform in 
amount per unit area, acting parallel to the axis, such force to vary in 
intensity in the same manner as the applied E.M.F. in the former case. 
Of course the viscosity, surface-friction and density of the liquid must 
be properly chosen to suit the electrical data, as we may see on compar- 
ing (62) with (14), and (63) with (20a). 

The wave-like propagation of magnetic force into the core from its 
boundary when an oscillatory E.M.F. acts in the coil-circuit, and the 
rapid decrease of amplitude in going inward, and the insignificance of the 
magnetic force except near the boundary when the oscillations.are rapid, 
are made perfectly easy to follow by the fluid analogue, wherein, with a 
similar to-and-fro tangential force on the liquid boundary, the motion is 
propagated inward by means of sliding friction. | 

In the core the current-density is — (4r)`1(dH/dr), and the current- 
lines are circles in planes perpendicular to the axis. In the pipe the 
angular velocity of instantaneous rotation is — 4(dv/dr), and the vortex- 
lines are similar circles. That the fluid moving in straight lines can be 
rotating will be seen by considering that if we impress upon every part 
of a small mass of the fluid in which the velocity varies a velocity equal 
to that of its central portion, but in the reverse direction—that is, do 
away with its bodily translational velocity—there is left only the rela- 
tive motion of its parts, and that consists of a shear combined with an 
equal similar rotation. There is current in the core at any point only 
when the magnetic force varies in the neighbourhood, and in the liquid 
there is differential rotation only when there is sliding of layers. The 
heat of the induced currents corresponds to the frictional heat developed 
by the sliding, and the coil-heat to the heat of friction against the pipe. 
The case of steady K.M.F. in the coil will be next considered, and 
graphically illustrated. 


§ 21. Normal or Harmonic Distributions of Magnetic Force. 


The problem of determining the manner in which the magnetic 
force and induced current in a core inserted within a long solenoidal 
coil vary, when the coil-circuit containing a battery or other source 
of steady E.M.F. is suddenly closed, is somewhat more simply managed 
by reversing it, and finding the manner in which the magnetic force 
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subsides when the E.M.F., after having set up the permanent state, is 
suddenly ‘removed, without interrupting the circuit or altering its 
resistance. And this is a special case of the more general, but theoreti- 
cally quite as easily managed, problem of starting at a given moment 
with any distribution of magnetic force in the core, subject only to the 
condition of being directed parallel to the axis, and only varying in 
intensity with distance from the axis, and, leaving the system to itself, 
determining the subsequent state of things, the coil-circuit being open 
or closed, but without other E.M.F. than that arising from the sub- 
sidence oł the core’s induction. The initial intensity of magnetic force 
may vary from layer to layer in a perfectly arbitrary manner, either 
continuously or abruptly. 

As regards the arbitrariness, we may obviously, by means of a 
previously acting arbitrarily variable E.M.F. in the coil-circuit, set up 
an infinite number of different states of magnetic force. But they 
will not be arbitrary, because the magnetic force will, in all such cases, 
vary continuously in intensity from layer to layer. That abrupt’ 
changes of intensity are admissible in the initial state may be thus 
shown. Considering the core as made up of a great though finite 
number of thin concentric tubular shells, we have a set of linear 
electric circuits. From their coefficients of self and mutual induction, 
and their resistances, we have all the data required for determining 
what will happen when we start with given currents in these circuits, 
and leave the system to itself. The circuits being independent, the 
initial strengths of current in them may have any values we please ; 
and since there is no breach of continuity in passing from a finite 
number of circuits to an infinite number, making up a solid core, it 
follows that in the mathematical treatment of the subject the initial 
current, and therefore also the magnetic force, may vary abruptly 
in passing from the axis outward, although of course special means 
would be required to set up the discontinuities. 

We may also, from the theory of linear circuits, see at once what the 
form of our solutions must be in the case of a continuous core. For, if 
there are n circuits, there are n distinct rates of subsidence, and the 
currents at time ¢ after the moment of leaving the system to itself are 
given by n equations of n terms each, of the form, 


7, = 4,6 + Age + Age +..., 
Yo = Bie + Boe?* + Boe +..., 
yg = Che?’ + Coe? + Ce?’ +..., 


Yı Yp + being the currents at the time ¢ in the first, second, etc., 
circuits. Here there are n constants D}, D» ..., which are the same for 
every current, and n? constants 4, B, C, ..., but the ratios of the con- 
stants in any column are fixed by the electrical data (as are also D,, Da 
etc.), leaving only one constant in each column arbitrary, making n 
altogether, whose values may be found from the given initial strengths 


of the n currents, thus completing the solution. 


Now, these circuits being concentric shells to start with, in passing 
H.E.P.—VOL. I. QB 


386. ELECTRICAL PAPERS. 


to the case of a continuous core, making the number of shells infinite, 
we see first that the form of the solution must remain unaltered. Next, 
that the number of constants D,, D, etc., becomes infinite, whilst 
they are the same for all parts of the core. Thirdly, that, supposing 
Yo Ye --. are the currents in consecutive shells passing from the axis 
outward, the coefficients 4, B, C, ... in any one column of (64) become 
the successive values of a continuous function of r, whose magnitude 
alone is left arbitrary, so that we may write (66) in the form of a 
single equation 

y = Aue?’ + AUP + AUPE + oy cererceeeceeees (65) 
y signifying the current at distance r from the axis, u}, U» -.. being 
functions of r determined solely by the electrical data, and 4,, 4,, ... 
constants to settle the absolute magnitude of each term. 

And lastly, we see that, since at the time ¢=0, we have 

Yo = Ay, + Agta + Agllg +... 
and since the initial current y, is arbitrary, it must be possible to 
expand any function of r in a series of ws, by properly determining 
the magnitude of the .4’s. 

Special proofs of the possibility of the expansion of any function 
in series of a definite kind are usually of a singularly obscure and 
unsatisfactory nature, quite apart from their speciality or want of 
applicability to other forms of series. But if, as in the above, we pass 
from the solution of a set of linear differential equations with one 
variable, the time, to that of a partial differential equation, we see 
the absolute necessity of the possibility of the expansion. It would be 
a miracle were the expansion impossible. Have we got the right form 
of function in the first place, and next, have we got all of them, to 
satisfy the conditions of a physical problem? If so, the possibility 
of the expansion requires no proof. 

By (65), and the relation 4ry= —dH/dr between the current and 


magnetic force, the general solution for the magnetic force is of the 


same form, viz. : 
= A tye? + Age? + neg ceccccecececescceees (66) 


where w,, us etc., are functions of r to be found by putting the ele- 
mentary solution we” for H in the characteristic equation of H, viz.:— 


l d dH 4rpdH 


; Tar ri SEE (14) bis 


Since d ™ = De”, we obtain 


di 
l d du 4p 
= de ap oars sed ET E (67) 


whose solution gives the function u. Being of the second order, it has 
two distinct solutions, say v and w, so that 
a Aa 1 E EE E T E E (68) 


is the complete solution. One of v and w may be found at once by 
aa U=Ayta,7+ ar? +... , 
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inserting in (67), and making it true for every power of r. This gives 
pai 4 SED, (Hew! De, (Bee OOF e 


92 9242 p / 274262 
Put 47pD/p= —n?, for subsequent convenience, and we have 
n?r? nirt nêr? 
v=l1- “oa taga agaga + ++ = Tolar) EEE S (70) 


for one solution of ( A This function is usually denoted by J (nr), and 
was first employed by Fourier. Whether he invented it or discovered 
it is a doubtful point; the question is raised whether mathematical 
truths lie within the human mind alone, or whether the infinite body of 
known and unknown mathematics could exist in a dead universe. But 
this is metaphysics, which is all vanity and vexation of spirit. 

The other solution may be shown to be 


v= raaa r - (l+ Daat +A +A epe (00) 


For proof it is sufficient to test that it satisfies (67), and is not the 
same as (70). 

The general form of the ws in (66) is thus completely known. But 
we do not want the second solution, w, at all at present in dealing with a 
core solid to its centre, because w becomes infinite when r = 0, on account 
of the logarithm. Its coefficients, therefore, require to be zero to make 
the magnetic force finite at the axis of core, i.e., w does not come in at 
all. It will occur later. At present we have 

| = Ayaye™ + Ate ™ + oc cccccsccceescsoncens (72) 
in which the v's only differ from one another in having a different value 
of n or D. 

The nature of the function v is shown in Fig. 1. Distance from the 

axis of the core is measured along the base line to the right, and the 


Fia. 1. 


value of v upward. The curve v crosses the base line an infinite number 
of times, After a few fluctuations it becomes very nearly a sinusoidal 
curve, but with diminishing amplitude, varying inversely as the square 
root of the distance from the axis. 

The magnetic interpretation is, if the intensity of magnetic force in a 
core at different distances from its axis be represented by the curve v, 
the magnetic force will subside everywhere at the same rate. When it 
has fallen to 1/m of its initial intensity at any point, it has fallen to 1/m 
of its intensity at every other point, so that the curve representing the 
force at any moment remains similar to itself. 

The other curve in Fig. 1, marked J,, shows in a similar manner the 
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strength of the current accompanying the magnetic force; its equation is 


J (nr)= - Tay reece eee (73) 
ee _nr nr? ntrt 
, by (70), J (nr) = 3 -ir th =) EEE (74) 


The curve v may be drawn to any vertical scale, since this amounts 
merely to fixing the absolute intensity of magnetic force. But as to the 
horizontal scale, this depends upon what the boundary conditions are. 
By means of a suitable boundary condition we may arrange to have the 
boundary at-any distance along the base in Fig. 1, where of course the 
curve must stop. 


§ 22. Example I.—Coil-Circwit Interrupted. 


If the coil be absent, or its circuit broken, the boundary-value of the 
magnetic force is compelled to be zero. Now in Fig. 1, v=0 at B,, By 
etc., and at any of these places we may imagine the core to terminate 
and the curve stop. This gives a definite series of values to n, of which 
the first four and their squares are given by 

am, =2°405, an= 5:520, an= 8'654, an= 11:791; 
an? = 5:783, anè =30:471, anè =74:888, a’n?=139-037. 

Now, in Fig. 2, the base line, OP, represents a, the radius of the core, 
and the four curves, the first four normal distributions of magnetic force, 
being the curve v in Fig. 1, drawn upon four different horizontal scales, 
so as to reach the boundary, P, at the first, second, third, and fourth 
roots of v=0. There are an infinite number of other normal systems, 
corresponding to the higher roots. The normal system v„ divides the 
core into a solid central cylinder, surrounded by m — 1 concentric tubes, 
at whose boundaries the magnetic force vanishes, being oppositely 
directed in consecutive tubes. The corresponding current vanishes at 
the places of maximum magnetic force, and the magnetic force vanishes 
at about the middle of each current-segment. 


(75) 


Fic. 2. 


The time-constant measuring the slowness of subsidence of a normal 
system 1s ~1/D = 4rp/pn?, 


en ie. ae eee 


-n 


ee, de ae” e eee ee ee | 
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thus being proportional to the magnetic permeability, to the conduc- 
tivity, to the sectional area of the core, and inversely to the square of 
na. Of all metals except iron, copper is the one in which any normal 
system subsides most slowly ; on the other hand, the great permeability 
of soft iron overbalances its comparatively low conductivity and makes 
it the metal of slowest subsidence. 

Copper.—p = 1,700, »=1. These make 4zp/p=-0074, and the time- 
constants of the first four normal systems to be, by (75), 

0013a2, -00024a?, -000099a?, 000054a?, seconds, © 


where d is the radius of the core in centimetres. 

Iron.—p = 10,000, »=100 say. These make 4rp/p=-1256, and the 
time-constants 

0217a7,  :0041a*, -0017a?, -0009a?, 

which are 17 times as large as for a copper core of the same radius. In 
an iron core of 10 cm. radius (5 in. diameter), the time taken by the first 
and most important normal system of magnetic force, inducing a current 
only in the core itself, to fall in strength from 2:718 to 1 would be 2°17 
seconds. If of 1 m. radius it would take 217 seconds. 


§ 23. Note on Earth-Currents. 


The remarkable slowness of subsidence of currents in large masses of 
metal, or, equivalently, in proportionately larger masses of badly- 
conducting material, is vaguely suggestive in regard to earth-currents. 
Without intending any strict comparison, it may be remarked, first, 
that although the “earth” may be poorly conducting, yet there is a 
good deal of it. And next, that the ‘“‘earth-currents” observed on long 
lines of telegraph during magnetic storms are, neglecting the minor 
fluctuations, remarkably alike in their behaviour in some respects. 
Although a big “wave” may set in one way, and continue of great 
strength, for some considerable time, even minutes, to be followed by 
another wave reversing the current, yet the transition from one to the 
other never takes place suddenly ; even the most rapid reversal of a big 
wave takes several seconds to accomplish. A similar sluggishness may 
be observed in all large changes of current-strength ; and it is suggested, 
without any hypothesis as to the cause of these earth-currents, what 
keeps up such powerful currents for a long time in one direction at one 
place in at least the superficial portion of the earth (of course in closed 
circuits) of which portions find their way into telegraph lines, that the 
characteristic sluggishness is due to the magnetic retardation as the 
currents in the earth change their strength and distribution. 


§ 24. Determination of Constants—Conjugate Property. 


Referring to Fig. 2, by superimposing any number of normal systems, 
of which the first four only are shown, taken of any absolute magnitudes, 
we may produce an immense variety of distributions of magnetic force. 
They will all, by the manner of their construction, be decomposable into 
the normal systems from which they arose. Now, by the reasoning 
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previously stated, when the whole series of normal systems is taken, 
we may, by properly choosing the values of the 4’s in the series 
A,v,+ 4w +... , make it represent any chosen function of r; of course 
single-valued. The decomposition of the given function into normal 
systems is most easily effected by making use of the conjugate property 


vvar dr = 0, possessed by every pair of different normal functions, the 


imits of integration being 0 and a, the axis and the boundary of the core. 
The proof is easy. For u, and ua by (67), satisfy 
< —7r—1+n7v,=0, and l d dy +nzy, =Q. 
rdr dr 


Multiply the first of these by vr, the second by v,7, subtract the second 
result from the first, and then integrate with respect to r from r=0 to 
r=a. We find immediately, 


(ny - nifon dr = [ro — UV )| > T (76) 


the accents denoting differentiation to r. The right-hand member 
vanishes at both limits, because v, and v, vanish at r=a, vi and 1% being 
then finite, whilst both factors of rv and ru vanish with 7, v, and % 
being then finite. Hence, if n, and n, are different, we have 


[one QE SO: estes ee ee (77) 
the conjugate property to suit the present case. Now, given H, as a 
function of r, the initial distribution, to expand it in vs, thus 


multiply both sides by 7v,dr and integrate between limits 0 and a. 
We get 


|z ord, dr= A fe dr ; 


since, by (77), all the rest vanishes. This gives the value of 4,, and 
similarly for the other coefficients, any one being given by 


A = |z or arf G ON}: oee E (78) 


using the particular u concerned. The denominator may be evaluated 
by (76). For, if in (76) we make n, =n, making y=% and v =v, 


it assumes the form 0 x |r dr=0-—0, and the integral, being the sum 


of squares, and therefore not vanishing, is to be found by the ordinary 
process. Differentiate (76) with respect to n, and then make n? =n? =n’; 


this gives j 
(dv d NTE > 
[e dr = [ (T - A generally, ............ (79) 


and = av (dv/dn?), (r=a), in present case. 
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dv_ 1 dv dv_ dv. 
Now Tå” In dn’ and, by (70), T=? therefore 
2. 7n @ (dv 2_ a ACT 
f r dr = sil aa) z (a(na)} 5 AAEN (80) 


dvjda being the value of dv/dr at r=a. Hence, by (78) and (80), 
On? [om dr 4 [zr dr 
EA = oe {J (na) }" (EEEE E 
da 
Thus, when H, is given, the expansion is effected, and the magnetic 
force is known at any subsequent time. 


saene (81) 


§ 25. Special Case. H, = constant. 


Put a battery in the coil-circuit. It sets up ultimately H, = constant 
in the core. Break the circuit, or make its resistance very high, remov- 
ing the E.M.F. Never mind the slight loss of energy in sparking, as, 
the core being free for induced currents, nearly all the energy will be 
dissipated therein. We can now evaluate the numerator in (81). 

a dv a 
| Hore dr= mfr dr= -4 H= +2F,(na) Hy 
by (70) first, integrating, and then comparing with (74). This makes 
(81) become 
A =2H,/naJ,(na), 


and the complete solution is therefore 
Jo(nr) e 


=2H,2, es Giatchueetenceahe 2 
H=2H,2, ay aa ...(82) 
the summations to include all values of n. 
The current density is got from this by differentiation ; thus 
= -Lp = pD hr) 
y 7,2 + 5p ay a ETER (Od) 


In establishing the solution (82) of the most simple case that presents 
itself (curve to be given in Fig. 3), we have entered more into detail 
than at first intended ; as a refresher to the memory of readers who are 
acquainted with the methods employed, for the education of readers 
who may be only learning them, and because in the more complex cases 
to follow much of the reasoning will be exactly similar, so that the 
investigations may be given more briefly without loss of intelligibility. 
At the same time there are numerous details and side matters of interest 
that must be omitted. Otherwise, we should “go on for ever,” like the 
brook in the poem. 


§ 26. Magnetic Energy and Dissipation. 


The magnetic energy per unit volume being »H?/87, the amount T 
in unit length of core, by (82) and the conjugate property (77) making 
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products vanish, is 


T= E| ber dr D D. €” Pp, = ORIEN (84) 
0 


by integrating and using (80). (In these series it is of course only 
necessary to operate on one term, since all terms are alike in their 
properties. ) 

This, of course, vanishes ultimately, the D’s being negative. At 
btarting, ¢=0, we know, from H, being constant, that T = ma?pHe/ 8r 
= pa*H?/8 ; hence we must have, by (84), 

pe Hi =H 0; or, $=E (nay 
the values of na being those in (75), and their companions. ‘This is true, 
for, examining the form of the expansion (70) of J,(nr), the sum of the 
squares of the reciprocals of the roots of J (nr) =0 = coefficient of the 
second term with the sign changed, t.e., 4. 

To test that the formule make all the energy be dissipated in the 
core according to Joule’s law; the heat per second per unit volume 
being py’, the total per unit length of core, from the beginning to the 
end of the discharge, by (83), is 
pH; * pd. i(nr) 2Dt . 
al ail" dr TEDAN, essences (85) 
where again we omit products, on account of the conjugate property of 
the normal systems of current, thus proved :— 

l 1 fdv, dv. ro nv — nv 
J (nr yr dr = — (22 tar dr =, a hts 
[on \Ji(nr)r dr =| T i di a e (86) 
by integrating and using (79). This vanishes when the limits are 0 and a. 
Evaluating by differentiation for the case n, =n, =n, we get 


K i(nryýr dr = A O E E E (87) 
en 


and using this in (85), we obtain, after integrating to ¢ as well, 


Dap © a eae E = 


as before found. 


§ 27. This equivalence of total heat to initial magnetic energy can of 
course be predicted beforehand, as a certain consequence of the ele- 
mentary laws underlying the structure of our solutions for the magnetic 
force and the current, and therefore its verification merely serves to 
show that we have not got upon a wrong track in the pursuit of a 
mathematical wild goose, which may happen unless proper tests are 
occasionally applied. 


§ 28. Remarks on Normal Systems. 


In (82) the magnetic force (and in (83) the current) is expressed as 
the sum of a number of terms each of which is the product of a function 
of r, the distance from the axis, into a-function of ż, the latter being 
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such as to show a decrease in the magnitude of the term with the time 
in the same manner as the charge of a condenser decreases when dis- 
charged through a conductor of insensible self-induction; or as the 
current decreases in a linear circuit of insensible electrostatic capacity 
and subject only to its own self-induction ; or as the momentum of a 
body decreases when resisted by a force proportional at any moment to 
its momentum. 

Now, as may be seen from the values of the first four 4’s given below, 
the series is very slowly convergent at the start (¢=0), and a large num- 
ber of terms would then have to be taken to make the sum come to H, 
within, say, a millionth part. But, owing to the different rates of 
subsidence of the normal systems, the series soon becomes rapidly con- 
vergent. The higher ones subside so rapidly that in a short time, 
before the first has sensibly altered, only it and a few of the following 
are of any importance, and as time progresses those left drop out of 
practical existence one by one till at length, before the magnetic force 
has fallen to half strength at the centre of the core, the first normal 
system is left alone. The distribution of magnetic force in the core 
from the axis outward is then represented simply by the curve v; in 
Fig. 2, which continues to be the distribution during the remainder of 
the discharge, only falling in strength according to the exponential law. 
Thus, by considering the first normal system only, calculating the values 
of 4 and of D belonging to it, we obtain important information, for we 
know thereby the solution except for small values of the time. But 
the neglected terms completely alter the character of the subsidence at 
the commencement of the discharge, as we may see from the value of 
AÁ, viz., 1°667 H,, which is, at the axis, 3 greater that H, the real 
initial strength, and of 4,, which (negatively) is also greater than H,. 
This, however, will be made fully evident from the curves of the mag-* 
netic force and current at the axis and boundary. The values of the 
first four A’s are 


A, =1667 Hy, 4,=-1065 H, 4,='856 Hə A,= -1737H 


The above remarks concerning the great relative importance of the first 
normal system of slowest subsidence may, to a certain extent, be general- 
ised. Given any arbitrary distribution to start with, the system of slowest 
subsidence will soon be left decaying alone, all its companions having faded 
and gone, unless it should happen that one or more of them be of such 
great initial strength that their influence continues sensible, masking 
that of the first system. Or, the initial distribution may not contain 
the one of slowest subsidence at all, or any number of systems may be 
absent. But in the various practical cases that arise of initial distribu- 
tions set up by a battery, the system of slowest subsidence has the 
greatest amplitude, and the amplitude of the others decreases with their 
rapidity of subsidence. It is easy, however, by suitably-arranged 
boundary conditions, though they may not always be practicable, to 
introduce various anomalous peculiarities, quite altering the character 
of the subsidence, or reversing it, making the force increase. 

. In the above case the roots na are all real, giving real D’s. This is, 
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however, not necessary. The n’s may be, some or all, imaginary, when, 
of course, the corresponding normal systems and their rates of sub- 
sidence are imaginary. By pairing two connected imaginary terms, the 
unreal parts mutually cancel, leaving a real dual system which subsides 
with oscillations instead of in the former manner. In all cases the find- 
ing of the proper normal systems is of primary importance, and in all 
cases their amplitudes, to make up a given distribution, may be found 
by the magical process of selection of coefficients by the conjugate pro- 
perty of the normal systems, either as above exemplified, or in a similar, 
though more general manner. 


§ 29. Example 2. Coil-Circwit Closed. Coil of Negligible Depth. 


Let the core be charged as before in the first place, and then be dis- 
charged by removing the E.M.F. from the coil-circuit, but leaving it 
closed. There will be a current in the coil (the extra-current) in the 
same direction as the original current, and as the induced current in the 
core. Its effect, we see at once, is to retard the rapidity of discharge, 
and to keep up the core’s magnetisation longer, if it be magnetisable, in 
the ordinary sense. The theory makes no distinction between iron and 
any other metal, except in the value of the coefficient of magnetic per- 
meability. In the last example, the boundary condition which settled 
the values of n and D was H, =0, because there was no current outside 
the core, the coil-current being stopped. (We disregard dielectric cur- 
rents, to be later considered, as they are of utterly insignificant magni- 
tude in comparison with the conduction currents in coil or core.) Now, 
there being a current in the coil, the boundary magnetic force is not 
zero, but stands in a constant ratio to the coil-current. The coil-current, 
again, is proportional to the boundary E.M.F. of induction, and therefore, 
by Ohm’s law, to the boundary core-current. Hence the boundary 
magnetic force and the density of the boundary core-current are con- 
strained to preserve their ratio constant during the whole period of 
the discharge, and the same is true for every normal system of magnetic 
force with its accompanying current. Determining the value of the 
constant by (15) and (20), taking a= radius of core filling the coil, and 
the depth of coil small compared with a, and putting Æ =0, since there 
is no externally impressed force, we have 

OSHUFTA ...(88) 


where s=Lp/2rpakh, L being the inductance, F the resistance of the 
coil-circuit, p the specific resistance, and p the permeability of the core. 
Put J (nr) for H in (88), and we obtain 


O=J,(nr) + s5 (n), at r=a, 


or, Jna) Ji (na) = SI, .ccrcescscsceccsscecscsacs (89) 
by (73). In Fig. 1, giving the curves of J, and J,, we must find the 
values of na satisfying (89), instead of the places where J)=0. The 
effect is to shift the position of all the roots to the left, through differ- 
ent distances, say, as in a calculated case, from B, to C,, B, to C,, ete. 


| 
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The value of n,a is reduced in a far greater ratio than n,a, etc., and 
since the time-constants of the normal systems vary inversely as (na)?, 
the effect is to make the first system of still greater relative importance 
than before. 

In the case to be illustrated, I have taken s=1 and a=1, which 
corresponds to not unpractical coil-data. The determinantal equation 
(89) is then J,(n) =nJ (n); or, in full, 

3n? 5n* Tn 
O=1— Sy tap pet 

The first five roots and their squares are 
m,=1°256, n= 4079, n= 7:155, n= 10:271, n= 13:48, (90) 
nè =1:577, n= 16:637, nè=51:203, n= 105492, n?=181-71, 


which may be compared with (75) to see the relative and absolute 
changes in the values of the time-constants. 

In the first normal system the magnetic force falls only about 40 per 
cent. from the axis to the boundary, instead of to zero, whilst it subsides 
nearly four times as slowly. The amount of shifting of the roots by 
closing the coil-circuit depends mainly upon the time-constant of the 
circuit, which varies with the external resistance. Starting with infinite 
resistance, the roots are at B,, B» etc., corresponding to J,(na)=0. 
Reduce the resistance; they move to the left, and of course stop when 
the coil is short-circuited. Now, if we could reduce the coil-resistance 
indefinitely without altering the number of wires, say by increasing the 
specific conductivity, the roots would be given by J,(na) =0, viz., zero, 
and the values of na at the other places where the curve J, in Fig. 1 
crosses the axis of abscissz. 

From this we may, without calculation, derive some interesting in- 
formation. The first normal system 4,J)(n,r)e?” becomes, with n = 0, 
and consequently D=0, simply 4,. If then the initial distribution H, 
was constant, we have H,=4,, and 4,=4,=...=0. The core’s in- 
duction does not subside at all, ‘being wholly represented by the first 
normal function, which has become a constant. But should the initial 
distribution vary in intensity from layer to layer, the value of 4, will 
be the mean strength taken over the section of the core, whilst the 
departure from the mean intensity will be represented by the other 
normal systems 4,J)(n,r), etc. These, having finite time-constants, will 
subside, leaving the mean intensity of force, which will remain steady, 
with no current in the core, but with a current in the coil of the neces- 
sary strength to cause the magnetic force, ie., as given by H= 4rNT, 
N being the number of turns of wire per unit length of core, and T the 
current in each of them. (Of course we should rather say that the 
magnetic force causes the current, but this is a mere question of words. 
The essential idea, whichever we like to consider as causing the other, 
is that the magnetic force and the current are inseparably bound.) 
This is an illustration of Maxwell’s theory of the impermeability of a 
perfect conductor to magnetic induction. Our core is bounded by a 
perfectly conducting shell, and whatever magnetic induction was in it 
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cannot get out of it; it can merely settle down to a steady state, in case 
it was previously non-uniformly distributed. 

From this we see that with a core of high magnetic permeability, 
bounded by a coil of high conductivity short-circuited, any irregularities 
in the initial distribution of induction will quickly vanish, leaving the 
mean strength to subside at the slow rate of the first normal system, 
being during subsidence only a trifle less strong at the boundary than 
at the axis. | 

There is another case in which we arrive at precisely the same normal 
systems given by the roots of J,(na)=0, as when the coil-resistance 
becomes infinitely small, but with entirely different resulting pheno- 
mena. For, by continuously increasing’ the specific resistance of the 
core we shall make the roots pass continuously from those of J)(na) = 0 
with p=0, to those of J,(na)=0, with p=o. The last is of course 
practicable, as it merely means a nonconducting core. But the relation 
between D and n being 

4ruD = — np, 
we have, for all the finite values of n, D=o, i.e., any irregularities in 
the initial distribution disappear instantaneously, not gradually as in 
the last case. But for the value n)=0, with p =œ, we have D, finite. 
In fact, the determinantal equation, expressed in terms of D instead of 


n2, reduces to 
0=14+LD/h 


simply, the coefficients of the higher powers of D vanishing. Hence 
D= - R/L, and the solution is 
H = He, 

as we know it should be, there being no possibility of induced currents 
in a nonconducting core to alter the character of the subsidence. The 
higher normal systems have become ghosts, and gone to that region 
where exist all the roots save one of an equation of the first degree. 

Returning to the general subject of this section, very little modifica- 
tion of the investigation in Example 1 is needed to complete the solution. 
For, by (89), v /vi =% /v}= constant for every normal system. Thus 
the right-hand member of (76) still vanishes, giving us the same conju- 
gate property (77) as before, and the same expression (78) for 4, whose 
further development is, however, different. Thus, to find its denomi- 
nator, use (79), remembering that 


dv dv dv l dv. 
"dr an ane a(n?) 2n dn’ 
then F i 
] : ; i 
í Pr dra [ (oy ota n) | =z alo’? + nr], by (67), 


= fa {Jy(na)}?+ {Jy(na)}"], by (73), 
= 4a7(1 +. 52n?){J,(na)}*, by (89), .... eee cee ce eee eee cues (91) 


which we see returns to (80), when R=o, making s=0. This com- 
pletes the solution when the initial H, is unstated. But H, is to be 
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constant ; hence, evaluating the numerator of (78), we have the same 
expression, H,aJ,(na)/n, as before, and we obtain, generally, 


A =2H, + {naJ,(na)(1 + ?n?)}, ccecce (92) 
which, in the calculated case, becomes, with s=1, and a=1, 
A =2Hy + {M14 17)F{(na)}, cece cee eeeeee ene (93) 


which, taken in the formula 
H= ZAJ lnr)”, 


gives us the complete solution at time ¢, the current being got by differ- 
entiation. The magnetic energy per unit length of core at the start is 


jut? = T= DE [2= dr{AJ(nr)}2 = dpH2E n-(1 +n), (94) 


by (89) and (91), no products being required. At time ¢ the correspond- 
ing value of T is got by multiplying each term in the summation by €” 
with the proper value of D. | 

With s=1, as in the calculated case, the proportions of the initial 
energy going to the first few normal systems we find to be given by 


4 = 1230+ 0017 + 00018 + 00003 +... 


Thus, although the second and higher normal systems are very im- 
portant for a short time from the commencement of subsidence, yet the 
energy of the first system is no less than 123 of the total. The proportion 
is not so great when the circuit is open (Example 1) being then only 5&8, 
of the whole. 


§ 30. Description of Fig. 3. Subsidence of Induction in Core. 


This is to show the manner of subsidence of the magnetic force at the 
axis and at the boundary, and of the coil-current in three cases. 

Time is measured from left to right, from ¢=0 to ¢=1°4 second, as it 
happens. Strength of magnetic force (or of current) is measured up- 
wards. The time-constant of the coil is 4 sec. and its radius 1 cm. 
That is, 

s=l, a=], D=-n, L/h=}. 


As the coil is of very small depth, there must be a great number of 
turns per cm., or else a soft iron core, to make the time-constant so 
large. 

in the first place, suppose that the core is properly divided, to stop 
the flow of induced currents, and that we start with a steady current in 
the coil-circuit, and, removing the E.M.F., leave it to itself. The curve 
h,h, shows the manner of its subsidence. It is the ordinary exponential 
curve, and is given by h =e”, if the value at the start be taken as 
unity. The characteristic property is that if the current fall from 
strength 1 to 4 in the time #, it falls from 4 to 4 in the next interval of 
time ¢, from } to 4 in the third, and so on. The magnetic force, induc- 
tion, and the magnetisation, if of soft iron, subside in the same manner 
in all parts of the core on the usual hypothesis of no retentiveness, 
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Now undo the insulation of the core, so that an induced current can 
flow as the coil-current subsides, other things being the same. The 
subsidence of the coil-current is now shown by the curve H,H,. Com- 
paring this with h,h,, there is seen to be a general resemblance, with 
two notable differences: First, and most important, there is a very 
sudden drop in the strength of the coil-current at the commencement, 
the curve being nearly vertical. This is the first effect of allowing the 
core-current to flow, it being of considerable density, but practically 
confined to near the boundary. The current is apparently transferred 
from the coil to the core. But later on, as the core-current travels into 
the core, the coil-current subsides less quickly, and finally we have the 
second difference, a slower subsidence than when the core was divided. 

These two effects are characteristic of induction in general between a 
primary and a secondary, a sudden drop in the strength of the primary, 
sometimes of very large amount, accompanying the simultaneous appear- 
ance of the secondary current in the same direction, and a later more 
slow subsidence of what is left of the primary current than if the 
secondary circuit were interrupted. 


1-0 


Frc. 3. 


The same curve H,H, shows the manner of subsidence of the mag- 
netic force at the boundary of the core, and of the density of the 
induced current close to the coil, for they both keep pace with the coil- 
current just outside. 

Under the same circumstances the fall in the strength of the magnetic 
force at the axis of the core is shown by the curve H,H, whose principal 
characteristics are the preliminary retardation and the opposite curvature 
of the first portion of the curve from the remainder. Although, accord- 
ing to the formula, the axial force commences to subside instantaneously, 
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yet for a certain time the fall is so excessively small as to be quite in- 
sensible. The terms of the series are alternately positive and negative, 
and, with small values of ¢, a very large number of them and careful 
calculation is required to obtain evidence of any fall at all. But, this 
dead period got over, the rapidity of subsidence increases fast. Ulti- 
mately the curve settles down to be the curve of subsidence of the first 
normal system. ; 

Between H,H, and H,H, lie the curves of subsidence of magnetic 
force at points between the boundary and the axis; as we pass outward 
from the axis the length of the dead period decreases, and ceases 
entirely at the boundary. 

So far with the coil-circuit closed. Now, starting as before, with the 
steady current and magnetic force, make the resistance of the coil-circuit 
very great (the E.M.F. to be removed). The current in it disappears at 
once, and the subsidence of the magnetic force in the core is greatly 
accelerated, the curve being shown by họhọ for points on the axis, 
corresponding to H,H, with circuit closed. 

If we wish to see how the current and force rise to their final 
strengths when a steady E.M.F. is put in the coil-circuit, initially free 
from current (as also the core), all we have to do is to turn the diagram 
(Fig. 3) upside down, and view its reflection in a mirror. 

Regarding the dead interval, there is this curious property. At the 
time ¢=0, the rate of decrease of H at the axis is obviously zero. Not 
only that, but each of the whole series of successive differential coefficients 
of H with respect to ¢ is then zero, except the oth, and that is infinitely 
great. This statement requires interpretation, of course, because the 
number of differential coefficients is infinitely great. The interpretation 
may be got by considering the core to consist of a finite though very great 
number, m, of concentric cylinders. Then all the differential coefficients 
=0 except the mth, which is very large. Increase m indefinitely, and 


we approximate as nearly as we please to the solid core, with the above 
result. 


§ 31. Telegraph Cable Analogue. 


Let a cable be constructed according to the following simple specifica- 
tion :—Its electrostatic capacity to vary in simple proportion to the 
distance from one end 0. Its conductance* to vary in simple proportion 
to the distance from O. That is all, except that its self-induction must 
be negligible. Let r= distance measured from O, then re and r/k are 
the capacity and conductance per unit length, c and k being constants. 
Let v be the potential at distance r from O, then the current there will 
be — elk (aod, and the charge per unit length will be rcv, making the 
differential equation of the potential be 

reù = -5(-75) or ee d de 
dr\ kdr? rdr dr 
This being of the same form as the equation of H in the core, all the 


* [t Conductance ” is here substituted for ‘‘conductivity.” It means the 
reciprocal of the resistance. ] 
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previous solutions may be translated into the solutions of problems 
connected with signalling through the cable. 

The strength of force at distance r from the axis of the core corre- 
sponds to the potential of the conductor at distance r from the end O ; 
the strength of the circular current in the core to the strength of current 
in the cable divided by the distance from O. Let the other end of the 
cable be at P. This corresponds to the boundary of the core. 

The cable being constructed, submerged, and a station opened at the 
end P, let an intelligent operator make connection between the cable 
and earth through a battery. The electrostatic potential will be propa- 
gated through the cable in the same manner as the magnetic force is sent 
into the core when the coil-circuit current is similarly operated upon. 
There will be no current at the end O, because the conductance is zero 
there, so it will be of no use to put a recorder there, though as the 
potential varies, an electrometer might be made use of. But, by cutting 
a small piece off the end, we may let some current pass, and then use a 
recorder, without practically altering the nature of the propagation of 
the potential. 

An artificial line approximately fulfilling the conditions would perhaps 
serve as well, in case it should not be found convenient to have the 
cable constructed. Or, it may be left wholly to the imagination. 


§ 32. Example 3. Coil of Any Depth. 


When the depth of the coil is not small compared with the radius of 
the core, an appreciable fraction, or it may be a large fraction, of the 
magnetic energy is contained between the inner and outer boundary of 
the coil, i.e., in the wire itself, its covering, and the air-spaces, and 
requires to be taken into consideration, as it modifies somewhat the 
boundary condition, and the solution. Putting H=0 in (19), and 
H = 4r NT, we have 

Lp 


0=RH+(L-L,)H+—°H’ 
27 LC 


for the boundary condition. Put H =J (nr)e™, and it becomes 
_ L pn 
0={R+(L- LD} (nc) - Irie a, 


Here, for generality, we let the boundary be at r=c, the space from 
r=ctor=a being air. Putting D in terms of n, we get 


Jo (nc) /J, (nc) =(Linp/2rp){ R - (L-L,)n?p/4rp}-3, oan, (95) 


the determinantal equation, whose roots give us the admissible values 
of n, and therefore also of D. 

In finding the coefficients 4 in the solution H =È AJ,(nr)e”, we must 
remember that now J,(nr) from r=0 to r=c, i.e., from axis to boundary 
of the core, is not a complete normal system ; to complete it, we have 
J (nc) from r=c to r=a, and J,(nc){1 — (r —a@)/b} from r=a to r=a+6, 
if b be the depth of the coil. ‘The three taken as a single set constitute 
a complete normal system to which the conjugate property È v,v,rp = 0 


Ye 
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‘applies. Also remember that the permeability is » in the core, and 


unity without it. 
Thus, 
c a a+b r-a 9 
O=p| Jnr) (nryr draf Jo(ne)Jo(ne)r draf Tele) Tenge)( 1-7") rdr 
0 e a 
...(96) 
is the expression of the conjugate property in its physically most mean- 
ingful form, ie., expressing directly that the mutual energy of two 
normal systems is nil. 3 
Otherwise, use equation (76), putting J,(nc) in terms of J,(nc) by (95). 
We shall obtain, after reductions, 
lfe Jalin c NaC 
| Tne yd (ngryr dr + (L ~ 1,2?) ult!) =0, ceseess.(97) 
expressing the same truth as (96), but now in terms of the normal 
systems of current in the coil (instead of magnetic force from r=c to 
r=a +b), and the inductances. 

Here J,(n,c)/4aN and the similar expression with n, instead of n, 
are the proper coil-currents corresponding to the normal core magnetic 
force systems J,(n,r) and J,(n,r). Calling the latter H, and H,, and the 
former I’, and T, we may write 


0= p| 2r PPE, oaoa. (98) 


expressing, in the simplest form, that the mutual energy of a pair of 
normal systems is zero, a principle to be considered in a later section. 
If, then, H, and T, be the complete initial core magnetic force and the 
coil-current, the value of any coefficient 4,, in the proper expansion is 


fad | H,H,Qar dr-+(L- LDI, 
A s8) eh a eli 
fear dr+(L—-L,)T,? 

4r 


The values of the numerator in case H, = constant, and of the denom- 
inator in any case, are 
_ ple L-L, Tosn 
AOA no GaN I ator} 
_ pe? 12 {1+(L- | 
Denr. -g ne); E + M+- LDE} l 
It is useful to use T, and the inductances, for these reasons. First, 
not only may H, be arbitrary (a function of r), but T, may have any 
value we please, quite independent of H,. Thus we might have it given 
that H,=0; then we use only the second part of the numerator. T, 
having any stated value implies a certain distribution of force outside 
the core, constant between the core and the coil, and varying in the 
depth of the coil in the manner stated in the earlier part of this section. 
If there be no force in the core at the same time, there is a discontinuity 
at its boundary, implying a surface-current in the proper direction, and 
H.E.P.—VOL. 1. 2c 


t....(100) 
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of strength sufficient to cancel the magnetic force in the core due to the 
coil-current. This boundary-current is of course purely imaginary, 
having infinite volume-density. But the moment the subsidence com- 
mences the discontinuity is rounded off, the surface-current spreading 
into the core, becoming the real induced current accompanying the 
passage of magnetic force into the core from outside, where it previously 
existed. - 

Next, whilst in Example 2 (circuit closed, coil of small depth) we 
supposed there to be no self-induction in the external circuit, we may 
now remove this restriction, as well as that relating to the depth of the 
coil. There may be any amount of self-induction in the external part 
of the circuit, provided it be unaccompanied by induced currents in 
metal in the neighbourhood ; e.g., there may be other coils in the circuit, 
either without cores, or with cores divided to stop induced currents. 
This self-induction must be included in the value of L above, no other 
alteration being required, except in equation (96), which does not allow 
for the external induction. 


§ 33. Two Coils, with Cores, in Sequence. 


From the already-obtained solutions in the cases of open and closed 
coil-circuit, we may deduce the solutions in many other cases of 
interest. Thus any number of similar coils with similar cores, having 
their cores charged in any manner to begin with, may be Joined in 
sequence, and the resulting phenomena completely determined in terms 
of two solutions only. We start with a pair of similar coils. Let 
H, and H, be the strengths of magnetic force in the first and second 
core at distances r) and 7, from their axes. When the coils are con- 
nected in circuit, the current must be the same in both; hence 


Hy =Hy=4a NT vicccccecccssestseeseees (101) 


is the continuity condition, the boundary values of H, and H, being 
used, whilst T is the common coil-current. 

Let L and R be the inductance and resistance of the circuit, both 
complete. The circuit may contain, besides the two coils mentioned, 
any number of other coils, either without cores, or with cores in which 
no current is permitted. The self-induction arising from their presence 
is included in L, so they may be dismissed altogether from considera- 
tion, and when we speak of the coils, we refer only to those with cores 
in which induced currents can flow. Let M be that part of L due to a 
single core—viz., M=(22rNc)lp (equation (6), putting M for L, for 
subsequent convenience). Then L- 2M is the inductance not counting 
the cores, and —(L-2M yr the induced E.M.F. to correspond. Also, 
the induced E.M.F. arising from the core-induction is given by the third 
term with sign changed of either of equations (19), and is, owing to 
the coils and cores being alike, of the same form for both cores; so we 
get, when there is no impressed force in the circuit, 


> M 
0=RH, +(L-2M)H, taa +H), 
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for the equation of E.M.F. in the coil-circuit. Or, putting s= Mp/2rpcR, 
-2M » 
0-H, +2 A BANE en (102) 
A. normal system is of the form 
h =4J nr)”, h,= BJ)(nr,)e™ ; 

D being the same in both to make kl and A, subside at the same rate, 
whilst n is the same in both because the coils are alike. By (101), we 
therefore have (at the boundaries, 7, =7,=C), 


° AJ (nA = DI (ne) esisiini (103) 


which gives 4 =B, provided J,(nc) does not vanish. Putting the 
expressions for h, and h, in (102) we get 


af see =D) a sn (ne)} =snBJ (nc); ......(104) 


R 
and, eliminating 4 and B from (103) and (104) by cross-multiplication, 
we arrive at the determinantal equation l 


Te(ne){ (1 re D) (ne) Ee 2s (ne) =0, ..s.s00.(105) 


k 
from which we see that there are two series of roots, viz., those of 
J,(nc) =0 and those of {...}=0. These, for distinction, we shall call 
the first and the second set of roots. The first set is the same as we 
have when the coil-circuit is interrupted, and the magnetic energy of 
the core is converted into heat in the core itself. The second set is the 
same as we have with a single coil and core, when the coil-circuit is 
closed. (Examples 1 and 3.) With the second set of roots we have 
A = BP, as shown above; with the first set, by using (104), since (103) 


fails, d= —B. In this last case there is no coil-current accompanying 
the subsidence of the normal system of magnetic force. Thus, 
H, =2,AJ((nr,)e” + 2, BY el TE «oe (106) 
H, =}, 4J (nr) — 2, BI (nr), 


where the 1 and 2 following the 2’s indicate that the first or the 


second set of roots is employed. 
Hence, by addition and subtraction, using the same value of r in 


both cases, 
Hit H) = ZAI (nro, airiai (107) 
- 4(H, — Hy) = 2, By (mre, oo. cccessveneessces (108) 


The expressions for 4 and B have been already given, in terms of the 
initial distributions, so we need not repeat them. Thus (81) gives B, 
when for H, there we write the initial value of $(4, — H,), and this is 
a function of r; and (99) gives 4, with corresponding alterations to 
suit the initial value of 4(4,+H,). Thus the theoretical solution is 
complete. 

We may now consider the physical significance of the above, and 
how to practically apply it. In the first place, suppose the cores are 
charged to the same strength, and are then joined up so that they add 
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their inductive E.M.F.’s in the coil-circuit, the impressed forces being 
removed. Or, more simply, put them in series with a battery, and 
then remove the latter without breaking the circuit. From symmetry 
it is evident that the magnetic force subsides in the same manner in 
both cores, contributing equally to the circuit E.M.F., and that there is 
a current in the circuit. But as with the first set of roots there can 
be no coil-current, it follows that the second set of roots, with the 
corresponding normal systems, must be alone in operation. 

Next, starting with cores charged to equal strengths, let the coils be 
joined so as to produce opposed E.M.F.’8 in the coikcircuit. These 
E.M.F.’s being equal, there can be no coil-current. The boundary 
magnetic forces are zero, ahd the normal systems are those of the 
first set of roots only, the magnetic force in both cores subsiding in 
the same manner as if the circuit were interrupted. 

Thirdly, let there be initially different strengths of magnetic force in 
the two cores. Decompose them thus :— : 


H, = 3(H, + A,) + $(H, - H,), 
Bea) MH) een a (109) 


The portion 4(H, + H,) being the same in both cores, has the second 
set of normal systems only, thus giving us the solution (107) ; whilst 
the portion 4(H,—H,) being opposite in the two cores (as regards the 
direction of induced E.M.F. in the circuit) produces no current in the 
circuit, and has therefore the first set of normal systems, thus giving 
rise to the solution (108). Combining the thus obtained (107) and 
(108) we obtain the solution for each core by itself, expressed in 
equations (106). | 

We have, in this deduction of (106), supposed H, and H, initially 
constant, but the reasoning plainly holds good when H) and H, are 
functions of r, and 7,, and are decomposed as in (109) into like and 
unlike auxiliary systems. , 

Now we have, in Fig. 3, given the curve of subsidence of magnetic 
force, initially steady, at the axis of a core, corresponding to the first set 
of roots of (105), and also the curves of subsidence at the axis and at 
the boundary for a particular case of the second set, viz.: coil of small 
depth, and a certain value of its time-constant. Therefore from curves 
hy and HH, (Fig. 3) (the last being with 2s=1 in (105), and a=c), 
or a similar curve instead of H H, when 2s is not = 1, we can draw the 
curves to suit the present problem. 

If, at starting, the cores are equally charged, and the coils are joined 
so as to add the E.M.F.’s, the subsidence of magnetic force takes place 
similarly in both cores, being represented by H,H, at their boundaries, 
(which also shows the subsidence of the coil-current), and by H,H, at 
their axes. 

But if they are connected so that the E.M.F.’s are opposed in the 
circuit, there is no coil-current, and the subsidence in the cores is 
accelerated, being, at their axes, represented by h,hy. 

Next, let one core only be charged, to begin with, and its coil be 
then connected with the second coil with uncharged core, the battery 
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being removed. The subsidence (axial) in the first core is got by 
taking the mean of H,H, and hho in Fig. 3; ie., construct the curve 
whose ordinate for any value of the time is one half the sum of the 
ordinates of HH, and hoh at the same time. And the curve of mag- 
netic force at the axis of the second core is got by constructing the 
curve whose ordinate is one half the difference in the ordinates of 
H,H, and h,h,. The resulting curve, starting from zero, shows initial 
retardation, rises rapidly to a maximum, and falls thereafter slowly to 
zero again, as a portion of the energy originally in the first core is 
transmitted into the second, there to be dissipated. 

If both cores are charged to start with, but to different strengths, we 
must construct our curves by taking the ordinates of H,H, and hoho in 
the proper proportions shown by the decomposition in (109), adding 
them for one core, subtracting for the other, to obtain the ordinates of 
the required curves. 

The boundary-force and the coil-current curves may be got from the 
curve H,H, alone by merely altering its scale vertically, there being no 
coil-current to correspond to App That is, directly the coils are 
connected, the current alters its strength to suit the mean initial force 
4(H,+H,). For example, if the second core is uncharged the current 
drops suddenly to half-strength. 


$ 34. Three Similar Coils and Cores in Sequence. 


With the same notation, the equation of E.M.F. in the circuit is, by 
an obvious extension of (102), 


0=H, +" aon +s(H!+ HE +H), oaoa (110) 
and if AJ lnr), BJo(nraje™, C(nrg)e” 


be a normal system, continuity of current in the circuit requires that 
AJ (nc) = BJ (ne) = CJ (ne) ; 
giving 4 =B=C, when J (nc) does not vanish. Corresponding to (105) 
we have the determinantal equation 
{a(n} (1 re AD) " BandJ,(ne)} =0; ....(111) 
with two sets of roots, as in the last case, the first set corresponding to 
circuit broken, the second set to a single coil with circuit closed. 
Regarding the ratios 4/B/C when the roots are those of the first set, 
we may be guided by physical considerations, Decompose the initial 
magnetic forces H,, H,, H, into 
H, = 3(H, + H; + Hs) + 3(H, - Ha) + (H - H), 
H, = ditto + 4(H,- H,) + 4(H, - Hs), 
H; = ditto + 3(H, - H,) + 3(H3 - Ho). 
The portion 42 H common to all three obviously requires the use of 
the second set of roots. The other six terms cancel one another as 
regards E.M.F. in the coil-circuit. Thus, (H, — H,) in first core and 
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3(H, — H) in the second cancel, and similarly for the other two pairs. 
They therefore require us to use the first set of roots only. We may 
write the decomposition thus, 

H =32 H+ (H, -42 H), 

H,=%2 H+ (H,-}2 n) 

H,=42 H + (H, -32 H). 

Consequently the solution for the three cores is to be found in a 
similar manner to before. Starting with any arbitrary distributions, 
substitute for them, first a distribution 42 H in every core, and let them 
subside according to the second set of roots, adding their effects in the 
coil-circuit. And let simultaneously the complementary distributions 
H, - +2 H, etc., subside, each in its own core independently, according 
to the first system. The resultants will give the actual state of things. 
The curves of axial subsidence, when the initial distributions are con- 
stant, may be found from curve hho (Fig. 3), and either H,H) or a 
similar one, by constructing three new curves whose ordinates are made 
up of those of H,H, and hohy taken in the proper proportions expressed 
in (112). 
§ 35. Any Number of Coils in Sequence. 


The extension to any number m of equal coils, with equal cores, in 
sequence, is plain. The determinantal equation is 

Woor- (1 ne — D) Jo(ne) a: msnJ,(ne) =0, ....(113) 

with the two sets of roots as before, the repetition of the roots of 


Jy(nc)=0 only affecting the ratios of the constants 4, B, C, etc., ina 
normal system. The decomposition is 


H, -lz H+ (2, 2 1; H), 


H =135 H+ (Hn- 12H) 
m m 


The mean distribution m-1È H is what makes the coil-current. This 
distribution must be imagined to exist in all the cores, each with its 
proper complementary distribution ; the mean distribution to subside 
one way, using the second set of roots, the complementary to subside as- 
if the coil-circuit were interrupted. It is unnecessary to write out the 
developments, such being merely repetitions of the solutions in Examples 
l and 2 or 3. But the general case of any number of dissimilar coils 
and cores joined in sequence, of which the above is a special case, does 
not admit of the reduction to two simple solutions, so its theory will 
form the subject of a later section. 


$36. Equal Coils, with Cores, in Parallel. 


Two coils in parallel being the same as two in sequence, nothing more 
need be said about it. We may consider the theory of three coils in 
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parallel, and its natural extension to any number. Let P and Q be the 
common terminals of the three branch conductors containing the coils ; 
every branch to have the same resistance and self-induction, and to 
contain a coil with a core, the three coils being alike, and also the three 
cores. Let T, T, T, be the three currents, reckoned from P to Q, and 
V the fall of potential from P to Q. This being the same for the three 
branches, we have the equation of E.M.F. 

V= RY, + (L—-M)V, tS vce cece cc eees (115) 
in the first branch, and two similar equations with I’, and T, written for 
T, Here S=Mp/2rpc, and Land M are the inductance of a branch, 
and that part of it due to the core. We have also the equation of 
continuity 

PEDD; sonson usn (116) 
the sum of the currents meeting at P or at Q being zero. 
A. normal system of magnetic force in the cores being 


A, Jo(nr,)e™, AgJ (nee, A yJy(nrg)e™, 
with the currents in the coils 

A Jy(ncje"/4aN, AgJ(ne)e"/4arN, A lnc) trN 
to correspond, substitution of the latter for T, T, Tin (115) and (116) 
gives, by eliminating V and the 4’s, the determinantal equation 

Jo(ne)[{R+(L-M)D}J,(nc) -snd (ne)? =0, ......... (117) 

or say zy?=0; giving the two sets of roots belonging to x=0, and y=0. 
The equation <=0 means that there is no current in any of the coils, 
and y=0 that the terminals P and Q are at the same potential, as if the 
three branches were put on short-circuit. 

There being two manners of subsidence of initially given distributions 
of magnetic force, which we shall refer to here and later as the first 
manner (no coil-current, or circuit broken), and the second manner 
(branch containing a coil on short-circuit), it only remains to properly 
effect the division of the given distributions into two distributions, such 
that one will give no current in the coils, and the other will give cur- 
rents subject to the condition of continuity (116). Now, if we start 
with a distribution H, in the first core, and none in the others, and 
substitute the distributions 1H,, 4H,, 4H, in the first, second, and third 
cores, these will subside in the first manner, owing to the balanced 
E.M.F.’s ; whilst the distributions 2H,, —3H,, - 4H, which, with the 
former, make up the given real distributions H}, 0, 0, will give currents 
complying with (116) ; i.e., a current in the first branch from P to Q 
dividing equally between the second and third branches, in which it is 
directed from @ to P. This is the proper division so far as H, is con- 
cerned, and those for H, and H, may be similarly constructed. Putting 
all together, we find the proper division when H,, H, H,, are all finite, is 

H,=32 H+ (H,-32H), 

H,=32 H+ (H,- 32 | 

H,=32 H+ (Hy-32), 
the common mean distribution 42 H in each core. to subside in the first 
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manner, and the remainders in the second manner, furnishing the coil- 
currents. | 

Contrast with the case of three coils in sequence, the division being 
represented in equations (112). These are the same as (118), but 
whereas in the latter case the mean distribution furnishes no coil- 
current, in the former it is the mean distribution that supplies the 
coil-current. : 

The extension to any number m of equal coils in parallel may be 
shortly stated. The determinantal equation is 


RYO. AO (119) 


which may be compared with (113), the corresponding equation when 
the coils are in sequence, which, written similarly to (119), is yx”! = 0. 
The proper division of the initially given distributions of magnetic 
force in the cores is given by equations (114), only noting that the mean 
distribution m-!2 H must now subside in the first manner, instead of, 
as in the case to which (114) relates, in the second manner, with the 
corresponding change as regards the complementary distributions. 


§ 37. m, Coils in Sequence with m, Coils in Parallel. 


It may be inferred from the preceding, that if we join up equal coils 
in any manner to form a linear system of conductors, the determinantal 
equation of the system will be merely z*y’=0, a and b being integers. 
This will be evident from the section to follow on unequal coils, so at 
present we take it for granted, to avoid unnecessary repetition. The 
general case of a linear system, with equal coils, will be considerably 
_ lightened by first taking a simple case combining coils in sequence and 
coils in parallel, say two coils in sequence with three in parallel, as in 
the figure. 

_ The numerals showing the position of the coils, and the lines their 
connections, given at a certain moment there to be distributions of 
magnetic force H,, H, etc., in the five cores, and that there are no 
external impressed forces, the manner of subsidence is required, knowing 
that it is the resultant of the two manners corresponding to z=0 and 
y=0. : 

Let there be, in the first place, a distribution of magnetic force H, in 
the first core only, the rest being uncharged. Whatever current is set 


| tr Ss SSS tS SP se PS is Sh 


up in the 1st coil, we must, by continuity, have the same current in the 
2nd, and by continuity and symmetry one-third of this current in the 
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3rd, 4th, and 5th coils, all similarly directed, say from left to right. 
The proportions are 1, 1,2 3) 4, 4, and these must be the relative magni- 
tudes of the magnetic forces at the boundaries of the five cores, after 
the subsidence has commenced. Also, at the first moment, we have to 
cancel the magnetic force in the 2nd, 3rd, 4th, and 5th cores. Thus 
we must have another set, z, —1, ie i, where z, for the Ist 
coil, is yet unsettled. To find it, by fhe principle that this set must 
set up no current in the coils, the common — 4 in the 3rd, 4th, and 5th 
branches must be balanced by + in the branch formed by the Ist and 
2nd taken together. This gives z=$, and 1+z=4, the complete 
boundary-force in the first core on the same scale. So, multiplying by 
7H, throughout, we find 


h=7H, h=-3H,, h=h,=h,=—-t+H,, ......... (120) 
as the five distributions which subside in the first manner, without 


current in coils. A similar set of distributions corresponds to H,, since 
the second coil is in sequence with the first, giving 


h= -2H h=4$H, he=h=he= -tHy occ. (121) 
to subside in the first manner, 
With H, the distributions are different. The current of strength 1 
in the third coil, due to a M.F. in itself only, divides thus, 


1 1 _ 2 
x 5) ’ = 4%, -p 
in the five coils, and these are the proportions of the boundary magnetic 
forces. To cancel them at the first moment in all cores except the 3rd, 
we require the supplementary set 


a 4, Ka 4, ay 2, $ ) 
where z must evidently be 2. This gives us, multiplying by 4H, 
h,=h,= -4H h= h= h5 Hy orecceeceeeee (122) 


to subside in the first manner. The E T diee kationi for H, 
and H, are got by writing first H, and then H, for H, in (122). Putting 
together (120), al (122), and ‘the two equations similar to the last, 
we find h, ho ..., the complete distributions, to subside in the first 
manner, to be 


h= 4H,-3H, -4H,+H,+ H,), 
h,= -3 H +4H, a E N | eset (128) 
hy=hy=h,= -HH Hy) +(e ) 


The complementary distributions H, - h,, H,- ho etc., are to subside in 
the second manner, as if the coils were short-circuited. 

In all the preceding relating to coils in sequence and in parallel, we 
have, for facility of description, referred to the H’s as the initial distri- 
butions in the cores. But should the coils be not of very small depth, 
we must, along with the core-distribution H, consider the coil-distri- 
bution of magnetic force ; and, again, if there be external self-induction 
associated with the coil, there is a certain unknown distribution, though 
known amount, of magnetic induction, depending on the strength of the 
coil-current. These supplements to the H’s have to be treated in the 
same manner as the H’s, and may be imagined to be included in them. 
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§ 88. Any Combination of Equal Coils, with Cores. 


It may have been observed by the attentive reader (I hope I have at 
least one), especially in a study of the contents of the last section relat- 
ing to five coils, that there is a general principle underlying the method 
of finding the two sets of distributions, a knowledge of which is essential 
in finding how the subsidence takes place. The principle, like most 
principles, shows itself more prominently by putting on one side all.the 
insignificant details of special solutions (although the study of special 
solutions is, if not indispensable, at least very desirable), and viewing 
the matter more generally. First, to define what is meant by “ any 
combination ...” in the title of this section. It is any combination as 
hereinafter set forth and described. The unit, which is the element of 
the combination, is a coil with a core, joined in sequence with an exter- 
nal conductor. Any number of such units, all alike as regards main 
coils, cores, and external conductors, may be connected in sequence to 
form a branch ; and, finally, any number of branches, containing difter- 
ent numbers of units, may be joined together to form a network, a 
linear system of conductors, so far as the wire of the coils and external 
conductors is concerned. 

Given at any moment the state of magnetic force (subject to the 
previous restrictions as to direction and symmetry) in all the cores, with, 
if necessary, the strength of current in each coil at the same time, what 
happens when the system is left to itself without impressed E.M.F., that 
is, left under the influence of the E.M.F.’s of induction only? We may, 
for instance, imagine the separate units, previously separately charged, to 
be instantaneously connected together to form the aforesaid combination. 

The complete solution may be expressed in terms of the already- 
obtained two solutions. The one is that which expresses what happens 
when a unit, as above specified, previously charged, is left to itself with 
the coil-circuit interrupted ; the other expresses what happens under 
the same circumstances except that the coil-circuit is closed. In the 
first case we have induced currents in the core only ; in the second case 
in the coil also, and with a different and slower manner of subsidence - 
of the core’s magnetisation, if there be any, or in general, of the mag- 
netic induction. The determinantal equation of the combination is of 
the form x*y’ = 0, and we have w= 0 for the first manner and y= 0 for 
the second manner of subsidence. We only require to decompose the 
initially given states into two sets, such that in one of them we shall 
have z=0, and subsidence as if all the wires were disconnected, and in 
the other y=0, or subsidence as if every unit formed an independent 
closed circuit. 

This may be done generally, as done in the last section with a simple 
combination, by making use of the following property connecting steady 
impressed forces and currents in a linear system of conductors. Let the 
resistances of the different branches be F}, Ea ..., the impressed forces 
acting in them E, Es, ..., and let the currents be C}, C,..... These cur- 
rents are what result from the simultaneous action of all the impressed 
forces. They may be found by the application of Ohm’s law to every 
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conductor ; either symmetrically, or, when the system is not very com- 
plex, by the easier ways that present themselves. l 

Now remove the impressed forces E,, E» ..., and substitute others 
F,, Fy ..., of such strengths that 


F,=E,-RC, F,=E,-RCy ete. 


There will now be no current in any of the conductors. 

This may be very easily seen. For, if in the original distribution of 
current, the rises of potential in the directions of the currents C,, etc., 
in the conductors of resistances F, etc., be AP,, AP, etc., the complete 
E.M.F.’s in the branches are E - AP, E,-—AP,, etc. Hence, by Ohm’s law, 


E,- AP, =£,C,, E,- AP, = RCo ete. 
Thus, our defined second set of impressed forces to take the place of £,, 


etc., are given by 
F,=4P,, F,=AP,, etc. 


and consequently, by the elementary potential property, there is no 
resultant impressed force in any of the closed circuits that can be made 
up in the linear system, and therefore no current in any of the branches. 

(In tri-dimensional steady flow, p being the specific resistance, E the 
impressed force per unit length, y the current-density, and P the 
potential, we have 


E-VP=py 


in the first distribution ; and the second distribution of impressed force 
is F = VP, producing no current.) 

We have now only to apply this property to our combination. Let 
an impressed force of unit strength act steadily in one of the coils, say 
the first, and find the distribution of current set up. Let it be e,/7, ¢,/r, 
e,/7, etc., where r is the common resistance of every unit in the com- 
bination. Thus ¢,, €» é,... are a set of proper fractions, and the set of 
impressed forces of strengths 1—¢,, —¢, — €z etc., in the first, second, 
etc., coils would, by the preceding, set up no current in the coils. Let H, 
be the initial magnetic force in the first core, a function of the distance 
from the axis, and let the other cores be uncharged. The distributions 
eH» eH, eH, etc., if they existed alone would subside in the second 
manner, as if every unit in the combination formed a separate closed 
circuit. The supplementary distributions (1—¢,)H,, —¢,H,, —eH,, 
etc., if they existed alone, would subside in the first manner, without 
current in the coils. Superimpose these two distributions, and we have 
the actual initial distribution, and at any subsequent moment the state 
of the system will be the resultant of what these distributions would 
have then become. Similarly we may treat the initial magnetic forces 
in the other cores. Ifthe second coil be in sequence with the first the 
same set of ratios ¢,, l» €z, ..., 18 to be used. But in passing to another 
branch in the combination, we must, in general, find another set of 
ratios. Having gone over the whole combination in this way, it is a 
question of simple addition or subtraction to obtain the final resultant 
solutions. 
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§ 39. Dissimilar Coils. Characteristic Function of a Linear System of 
Conductors, and Derivation of the Differential Equation. — 


As might be expected, when, in the combination as specified in the 
last section, the coils and cores are made dissimilar in their dimensions 
and materials, it is no longer possible to express the general solution 
in terms of two comparatively simple solutions, although with special 
relations amongst the coil-data it may sometimes be expressed in terms 
of a limited number of simpler solutions. Now, so far as the mere 
algebra goes we can easily arrive at the general solution when the coils 
are dissimilar, and in fact more easily than when there are particular 
relations introducing indeterminateness in the general solution, re- 
quiring special attention; but, owing to difficulties of interpretation, 
the general solution has very limited utility, except in showing how 
we might, if we gave the time to it, completely solve the problem 
numerically. But there are, on the journey to the general solution, 
some views by the way which make it more interesting and instructive 
than it would otherwise be, and it is to exhibit them, rather than 
a mere mathematical complication, that the present section is written, 
before leaving coils in combination and proceeding to other parts of the 
subject of induction, in cores and elsewhere. _ 

Starting, in the first place, with a linear system of conductors, self- 
contained, that is, having no connection with other conductors, let 
there be g points connected by 3$¢(¢+1) conductors, the least number 
that will join every point with all the rest. Let their potentials be 
P,, Pa .... To distinguish the different conductors, use double suffixes. 
Thus, let Ki be the conductance (reciprocal of resistance) of the con- 
ductor joining the points 1 and 2, and I’,, the current from 1 to 2, 
with a similar notation for the rest. 

Continuity of current requires that the sum of the currents leaving 
any point shall vanish. Thus, for point 1, we bave 


Ferber et ge Or edie seeds (124) 


There are g-1 other equations of this kind, got by changing the first 
suffixes. 

Next, let E}, be the impressed force from 1 to 2, and similarly for 
the other conductors ; then, by Ohm’s law, 

Tis = Ky (Fie + Fi oa P3) er ee ee ee) (125) 
expresses the current in the branch joining the points 1 and 2 in terms 
of the impressed force in that branch and the potentials at its ends. 
There are 49(q¢ +1) equations of this kind. Insert in (124), and we have 


(KiE + Kiskig t+ ... + KiE) + (Kiet... + Ki) Pi 
a (Ki2Po + Ki3P3+ s.. -+ KP), ...(126) 
with g—1 other equations of the same kind. Here the quantity in 
the first () is the current that would leave the point 1 by all the 


conductors meeting there if the impressed forces were the only forces ; 
call it C,, and similarly for the other points. Also, put 


— Ky = Kot Kot ... + Kip cee ecececeee eee ees (127) 
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and we get 
Cı = Ky P, + KyPo + KigP3 + se. + K,P,, 
Cy = Ka P, + KaPi + KaPi t oo. H KaPo\ oi. (128) 
C= KaPi t Kebat... + K,,P,. 


Here, as we have q linear equations and g potentials, it looks as if 
we could find them. Thus, if K is the determinant of the K’s, and Z, 
the coefficient of K,, in this determinant, so that 


K = Knn + Kult + Ky Zags ce cccceceesccseee (129) 
with similar expressions, we should have | 
KP. = C121 + Cala +.. + Cla re ee ee rs (130) 


and similar expressions for the other potentials. But K, K,» ..., 
are not independent of the other real K’s, being defined by (127). 
This structure of the diagonal K’s makes all the 7’s identical, and the 
sum of the K’s in any one row or column of (128) vanish, so that 
if Z is the common value of the Z’s, (129) becomes 
K=(Ky,+Ayt+...+Ky,)Z=0 x Z, 
by (127), and (130) becomes 
0x P,=(20)Z=0x Z, 

since the sum of the C’s also vanishes. We cannot find the g potentials, 
but only g—1 of them, supposing the remaining one to be given. 

Maxwell’s investigation, Vol. I., Art. 280, differs from the above in 
the system not being self-contained, having external connections at 
the g points, at which there are given currents Q,, Q, ..., entering the 
system. ‘This only requires us to write C,- Q, instead of C}, Co- Qo 
for C, etc., in (128). But regarding the fact that only q - 1 equations 
are independent, Maxwell ascribes it to the necessary condition È Q = 0. 
This reason is surely erroneous, for in the above there are no Q’s to 
consider, and the reason fails. 

We may therefore reject one of equations (128), say the last, leaving 
p equations, (p=q—1); thus 

Ci — KP, = KaPi +KP t e. +K p) 


C, — Kp P, = Ka Pi + Ko Pot... + Kop Ppr (131) 


eoeeveeoeeoeerereeaeses eave ter eeoeeeneeeeeeenereeveeeeseeveone 


Cn- KP, = KaPi t KoPe t ...+ KP» 


which gives the p potentials in terms of the C’s and the rejected P, 
viz., P, This last we may put =0; as, if it is not to vanish, the 
effect is merely to add a common potential all round. 

The determinant of K’s in this last system of equations is the same 
as the before mentioned, Z, except as regards sign, being negative when 
p is even and positive when p is odd. Its full expression may be 
written down mechanically. lt may be called the characteristic func- 
tion of the linear system. It contains in itself the expressions for the 
resistance external to every branch in the system, which expression can 
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be got by inspection. Let there be only one impressed force F,,, and 
find F, the current in the same conductor. If G,, is the coefficient of 
K,, in Z, we find 


F= Kabul +26, + Gy - 26,2). ease (132) 


Now, Z containing only first powers of the K’s, we may write, by 
picking out the terms containing K,» in the full expression for Z from 
which the diagonal K’s have been eliminated, 

BTA. sversisatiessstesdnntieres (133) 
where X and F do not contain K,,. Further, we may show that 
-X= Gy + Gap — 2G 9 
which, by (132), gives 
DP yo = KiE] - Ki.X/Z)= KEYZ, by (133), 
= F,(Ky'+X/Y)". by rearrangement. ............ (134) 

Consequently, the resistance external to K,, is X/Y. Similarly, by 
isolating any particular conductance in the expression for Z, as in 
(133), we obtain the resistance external to the conductor isolated. 

Thus, let there be 4 points joined by 6 conductors (the well known 
“ Bridge”). The characteristic function is, if s,=a+b+c+d, 


Z=(at+6)(c+dje+(a+c)(b+d)f+s.ef+ab(e+d)+cd(a+b). (135) 


The letters here stand for the conductances of the branches as shown 
in the diagram, it being supposed that the four other branches g, h, i, j, 
are non-existent. 


3 


a 


Kt 
7 


4 


Í 


As arranged in (135), it is suitable for showing the resistance 
external to either e or f, those symbols being isolated. 

Next, 5 points joined by 10 conductors. In the figure there is an 
additional junction 5, and four new conductors g, h, i, j connecting it 
with the former four points. The characteristic function is now the 
determinant of the K’s from K,, to K, and is, the conductances being 
expressed by the letters in the diagram, expressed thus, using the 
additional symbol s,=g+h+i+J, 


THE INDUCTION OF CURRENTS IN CORES. 415 


Z =e{s (a +b)(c +d) + sij + (g +h)[i(c+d)+j(a +b) +4]} 
+f {s,(a+¢)(b+d) +s,gh+ (i+j)[g(b +d) +h(a+c)+gh]} 
+ef{sisz + (9g +A)Gts)} +y{(a+c)b+d)+g(b+d)+hate)} 
+58,{ab(c+d) +cd(a+b)} + gh{(a+b)(c+d)+i(c+d) +j(a+b)} 
+ gi(be + bd + cd) + gj(ab + ad + bd) + hj(ab + ac + bc) 
Hhi(ae + ad+cd) + ghij. noose ccccescsccecesecsccsesceeeesceseeees (136) 


As before, it is arranged suitably for giving the resistance external to 
either e or f; the complete coefficient of e, divided by the remaining 
terms, being the resistance external to e. Similarly for f. To get the 
resistance external to another conductor, say a, this symbol must be 
isolated. Or, more easily, rearrange the diagram, changing the lettering 
suitably. 

The characteristic function also gives us the differential equation of 
the system when the self-induction in some or all the branches is taken 
into account. Thus, if R, is the resistance from 1 to 2, and L, the 
inductance, write R, + LD instead of R, (or 1/Kj,) in the charac- 
teristic function, and similarly for the others; this being done, 


FAW societies jared oblate (137) 


is the differential equation of the system, if D stands for d/dt, D? for 
d?/dt?, etc. And, D being algebraic, (137) is the determinantal equa- 
tion, whose roots give the admissible time-constants of subsidence, these 
being the negative reciprocals of the roots D,, D,, etc. 


§ 39. Equation (137) is also the determinantal equation when there 
are coils with cores in the different branches, but with a different mean- 
ing attached to the coefficients K. Let there be a coil with a core in 
every branch. To distinguish them, it suffices to number the principal 
symbols before used for a single coil. These are, T the coil-current, R 
the resistance of the branch containing the coil, having N windings per 
unit length 7; L the complete inductance of the branch, and M that 
part of it due to the core; H the magnetic force in the core of length J, 
and radius c, at distance 7 from the axis; p and p the specific resistance 
and permeability of the core; S=Mp/2yc. Then 

Pi- Pa = Rialia + yg Mdl ye Fai fe weve cece (138) 
as in (115), is the equation of E.M.F., which takes the place of (125), 
whilst (124) remains unaltered. 


§ 40. Now let a normal system of magnetic force in the cores be 


Am (Myles Amol) CLC, osese, (139) 
merely changing the subscripts in passing from one branch to another. 
Here D is the same in all. That makes it a normal system. Again, 
the n’s are known in terms of the D, by 

ATD = —n},P, etc. 
Finally, the m’s in (139) are a set of ratios to be found, and 4 is a 
common factor, fixing the actual size of the system. We have also 


Dg = AM gon) AnNa Otè si .ndsieciaenaas (139a) 
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Inserting aus expression for T, in (138), we get, with ¢=0, 
Py — Pa= Tihti ver eeeeeecseresceberenes (140) 
where zia =J)(,0¢C)0), and 
V= [Bia + (Li - Mia) D Wolna) — Soto (tages) teree (141) 
as in (117), § 36. Here y 12 and zı are constants; also (140) would 
be the exponen of Ohm's law if Yyo/%. Were the resistance of the 
branch 1, 2, and there were no impressed’ force. So all we have to do 
is to put C =0, C,=0, etc., P,=0, in equations (131), and write 2,,/4,. 
instead of Ki to get the potential equations. But, the left members 
being now zero, we have 
A TAES (142) 


necessarily. This is the determinantal equation of D, when in the full 
expression for Z we write z/y for K. It should be cleared of fractions 
to avoid missing roots. Thus, the expressions (136) equated to zero, 
with z/y, as defined in (141), put for every conductance, and cleared of 
fractions, will be the determinantal equation when every branch in the 
diagram contains a coil with a core. The ratios m in (139) next have 
to be dug out of the potential and continuity equations. That done, 
there is only left the size of 4 to be settled. Given the state of mag- 
netic force A in the cores, and the coil-currents y, at the moment ¢ = 0, 
A is to be found by the property of the vanishing of the mutual energy 
of a pair of normal systems, which makes the mutual energy of the 
given system with respect to a normal system, as defined in (139) and 
(139a), with ¢=0, equal to twice the energy of the normal system itself, 
and gives 
34 pi (im (nr dr +3(L- MyymJ (nc) /4rN 
...(143) 


S4yl | m2{J,(nr)}2rdr + E(L-M){m (n) 4r N}? 


Here the È’s indicate inclusion of all the coils, so no suttixes are 
written, and the integration is from the axis to the boundary in every 
core. With this, we leave the combination. 


XXIX. REMARKS ON THE VOLTA-FORCE, ETC. 
[Journal Soc. Tel. Eng., March, 1885.] 


Professor Lodge has done me the honour of mentioning me, in the 
course of his learned memoir on the “ Seat of the Electromotive Forces 
in the Voltaic Circuit,”* as having published some similar statements to 
some of his. It may be of interest to the members of this Society to 
learn what they were. The views to which Professor Lodge’s researches 
have conducted him are so very similar to mine, except on some purely 


* [Read at the Montreal meeting of the Brit. Assn., Sept., 1884. ] 
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speculative points, that it might be merely necessary to point out these 
points. But as my previous remarks on the subject do not extend to 
any great length, I may as well quote the article containing them. 
This will be advantageous, because, so far as the Volta-force is concerned, 
they are disconnected from the historical matter which forms so interest- 
ing a part of Professor Lodge’s memoir, by publishing which, together 
with the valuable data he has been at so much trouble to collect, he 
has conferred a great benefit on the present generation of electricians. 
Being thus isolated, as well as from the subject of thermo-electricity, 
they may enable some readers who have not given much attention to 
the matter to more easily understand the plain course of the argument 
apart from the speculative points which are incapable of present verifi- 
cation. I shall add some additional remarks on the general subject, and 
wind up with a statement of what I consider to be the correct mathe- 
matical representation of the relations of impressed force and potential 
in condenser circuits, when there are impressed forces in the dielectrics 
as well as in the conductors—relations which are perhaps not yet fully 
recognised, if I may judge from some remarks of Professor Lodge’s on 
the total unlikeness between the Volta-force conditions and an ordinary 
condenser investigation. But there is nothing revolutionary in the 
case ; and when we make use of Maxwell’s most admirable theory of 
dielectric currents and displacement, the case of impressed force in the 
dielectric becomes as easy to follow as when it is in the conducting 
part of a circuit. The theory of current in the dielectric I consider to 
be certainly true, however difficult its experimental verification may be 
(though far more difficult to disprove), and to be the natural outcome 
of Faraday’s way of looking at things electrical. 

I may premise, in the first place, that, like many others, I had been 
for many years profoundly dissatisfied with the paradoxical state into 
which electrical theory, in other respects so consistent all round, was 
thrown by Sir W. Thomson’s conclusion, from his experiments with his 
wonderful electrometers, that old Volta was right, and that there could 
be no doubt the whole thing was simply chemical action at a distance. 
He proved decisively that the setting of two metals in contact did 
charge them like a condenser, and concluded that the E.M.F. was 
situated at the junction of the metals, founding upon this a notable 
calculation of the probable size of atoms by the manufacture of brass. 
Now, if it had been merely a question of explaining the Volta-force 
phenomenon, which, however interesting a matter, is not one of such 
paramount importance as to render other considerations secondary, it 
would have mattered little whether the localisation of the impressed 
force at the metallic junction were correct or not. But it involved the 
whole question of the relations of impressed force and potential, and 
the doing of work on or by the current. Sir W. Thomson’s “ Electro- 
statics and Magnetism,” Maxwell’s Treatise, and Professor Jenkin’s 
“ Electricity and Magnetism,” all came out at about the same time. In 
the first, we had limited utterances on the subject, but Sir W. Thomson’s 
paper on the “ Size of Atoms” made his position clear. In the second, 
a remarkably complete theory of electricity was made indistinct in many © 

H.E.P.—VOL, I. 2D | 
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places by the reservations concerning the potential of conductors, which 
was all the more surprising when it is remembered that Maxwell was 
no believer in the existence of the metallic-junction force. In the third 
was an account of previously unpublished experiments of Sir W. 
Thomson’s, and a most decided statement of the theory, which asked 
us to believe that the situation of the E.M.F. of a voltaic cell is not in 
the cell at all, but outside it, although admittedly the energy, keeping 
up the current when the circuit is closed, is derived from the chemical 
actions going on in the cell itself. This paradox must have intensely 
puzzled all readers, save those who brought a strong faith into operation 
in the course of their scientific studies. l 

Now, if we ignore the Volta-force experiments altogether, the general 
theory of impressed force, potential, and the taking in or giving out of 
energy by the current, is clear and explicit, contains no paradoxes, and 
is in harmony with general dynamical principles. Was it really worth 
while to upset the theory because some very curious experiments were 
difficult of explanation ? Certainly theory must ultimately be made to 
agree with facts; but when some few facts do not apparently fit into a 
theory which suits a much greater number of other facts, it becomes a 
question of balance of advantages whether it would be better to alter 
theoretical notions, or to leave the facts unexplained for the time, wait- 
ing for further information, or for new light on the question of fitting 
the facts into the theory. I think, in the present instance, considering 
the extraordinary character of the alteration of theory, that the best 
course would have been to let the experiments wait for an explanation. 
All the more so on account of the long time it takes for views taught 
by the leaders of scientific thought, and accepted by their followers, to 
be eliminated should they turn out to be erroneous. Besides that, it 
was not exactly a case of altering a theory to suit facts, but rather to 
suit certain conclusions from facts, which might or might not be correct. 
The fact is, that the air outside zinc is at a different potential from 
that in the air outside copper when the two metals are in contact. The 
conclusion, quite distinct from the fact, is that the difference of 
potential is produced by an impressed force at the metallic junction, 
which makes the zinc and copper be at different potentials, with the 
further result that the E.M.F. of a battery is outside it. Nor can we 
clear up the matter by defining the potential of a conductor as the 
potential somewhere else (itself a paradox, which I learn, with great 
surprise, has always been taught by Sir W. Thomson), namely, in the. 
air outside it. This makes the zinc and copper be at different potentials, 
because the air potentials are different, and necessitates an impressed 
force at the junction of the metals. It is the same case, slightly 
differently expressed. 

Such was the extent of my respect, almost amounting to veneration, 
for Sir W. Thomson’s opinions, on account of his invaluable labours in 
science, inexhaustible fertility, and immense go, that I made the most 
strenuous efforts to understand the incomprehensible, impelled thereto 
also by a feeling that it might be prejudice on my own part that made 
it incomprehensible. But, tailing to understand it, I finally gave it up, 
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and evolved the views explained in the article hereafter quoted out of 
my own inner consciousness, and of course felt immensely relieved in 
my mind at once. That the application of the well-known heats ‘of 
combination method to find what the differences of potential should be 
for different pairs of metals gave figures very poorly agreeing with the 
observed differences of potential, I did not attach much importance to, 
considering how the state of the surfaces might alter results, and the 
unknown value of the thermo-electric force, which may not be so small 
at a metal-gas contact as at a metal-metal junction, and the unknown 
influence of the nitrogen in the air, which may not be wholly inert in the 
matter. That there was some sort of a general kind of agreement was 
quite as much as could be expected. Moreover, if there were absolute 
disagreement, it would not, in my opinion, shift the seat of the E.M.F.’s 
from the air surfaces, but merely alter our views as to their cause. 

I am inclined to confidently believe that the mere statement that the 
E.M.F. of a voltaic cell is not at the place where the energy transforma- 
tion which keeps up the current occurs, is in itself sufficient, when 
rightly understood, to fully discredit any theory which necessitates that 
statement, when the matter is viewed generally from the modern dyna- 
mical stand-point. All the physical sciences are bound to become 
branches of dynamics in course of time, and anything contradicting the 
principles of dynamics should be unhesitatingly rejected. Without 
having made an exhaustive study of dynamics, I have yet managed to 
come to the conclusion that a force cannot act where it is not—mean- 
ing by acting, the doing of work. Ifthe doing of work at one place 
involves the doing of work at another, the force doing the work at the 
second place is there, not at the first place. Of course there must be 
some connection between the two places whereby energy is transmitted 
between them, and wherever there is a transfer of energy going on there 
is force. All working forces involve transfer of energy, and the measure 
of a force, whether simple or generalised, is the amount transferred per 
unit change of the variable to which the force corresponds. In an iso- 
lated conservative system, all transfers of energy are internal, and its 
total energy remains constant. If sucha system receives energy, this 
involves impressed force, and a system communicating the energy. 
What to consider as impressed force depends upon how large we make 
our system, and is therefore considerably a matter of choice. Thus, if 
there be two systems, each conservative in the absence of the other, but 
with a transfer of energy between them, and therefore impressed force 
on either system when it is considered by itself, and if we include the 
two in a single system, their mutual forces cease to be impressed, be- 
coming internal. These reminders are merely to illustrate force con- 
sidered as impressed. Add to the above, that forces which always involve 
loss of energy from the system, never a gain—namely forces of the 
frictional character depending on the velocities of the moving parts— 
are conveniently not reckoned as impressed, but as dissipative forces, 
reserving the term “impressed” for reversible actions, and we have a 
brief outline of the nature of the dynamical system which is represented, 
in a skeleton form, by the electromagnetic equations. 
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In the absence of conducting matter, the system would be conserva- 
tive and keep its energy unchanged in amount, or only lose it by setting 
bodies in motion. But disregard this, and let there be no relative 
motions of masses permitted. The presence of conductors introduces 
dissipative forces proportional to velocities (strength of current being a 
generalised velocity), and the energy tends to become used up through 
the Joule heat of currents in conductors ; excepting that part may be 
locked up, as it were, as when insulated conductors are electrified, or 
when there is intrinsic magnetisation. It does not then waste itself; 
otherwise there is continual waste, which must be compensated by im- 
pressed forces if the electric and magnetic energies are to be kept up. 
Their seat is in the ether. The actual constitution of the ether is un- 
known. It never can be known ; but a constitution may be invented for 
it which shall admit of propagating heat and light and electromagnetic 
disturbances to produce observed results. If the ether is made to pro- 
pagate light (say, by vibrations), and will not propagate electromag- 
netic disturbances, it caanot be of the right construction, and another 
must be found. The transfer of energy in any conductor (isotropic) 
takes place not with the current, but perpendicular thereto, as I 
showed in The Electrician for June 21, 1884,* thus being delivered into 
a wire from the dielectric without. This does not hold good in the 
dielectric itself, where it is perpendicular to the electric force, or nearly 
parallel to the wire, into which it is continuously wasting itself, keeping 
up the conduction current. Both cases are included in the statement 
that the transfer of energy takes place perpendicular to the electric and 
to the magnetic forces of the system. (See The Electrician, + January 10, 
1885, e¢ seg.) That this is the correct statement is verified by its hold- 
ing good in cases of strain or crystalline structure when the current or 
displacement is not parallel to the electric force, nor the magnetic 
induction to the magnetic force. 

I have no doubt that some day a tolerably simple constitution of the 
ether will be invented, making it do anything reasonable that is required 
of it, which may in course of time come to be believed in as a reality, 
as light is now believed to be propagated by transverse displacements. 
But taking things as they are, with an unknown constitution of the ether, 
the electromagnetic equations indicating a dynamical system, all actions 
on the system not included in the internal forces expressed by the equa- 
tions must be impressed, and impressed somewhere. And impressed 
forces require to be very freely introduced, because, however complex 
the relations may appear to be in the electromagnetic equations on first 
acquaintance, the essential parts are fundamentally very simple, and the 
infinitely numerous minor actions which are not accounted for can only 
be made to show themselves, electrically speaking, by means of the use 
of impressed forces on the one hand, and auxiliary investigations on the 
other. Now, although when to simplify matters we ignore details (as 


*(** Induction in Cores,” § 19, p. 377 ante.) 


+(‘‘ Electromagnetic Induction and its Propagation,” Art. XXX, later, Sections 
ii, and iv.] 
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when we consider a linear electric circuit as a whole, its state being - 
defined simply by the strength of current), we lose sight of the ral 
energy transformations, and see only their result in the total, and can- 
not definitely say where energy is taken in or given out reversibly ; yet 
if we, as we are justified in doing, take every portion of space by itself, 
we are bound at the same time to consider every impressed force to act 
upon the electromagnetic system at the very place where it is situated ; 
and the sole conclusive direct evidence of there being an impressed force 
at a certain spot is in there being a reversible transformation of energy 
taking place there on the passage of an electric current ; whilst we have 
indirect evidence, which may be equally conclusive, if we can show that 
there is no such action anywhere else. 

If the Volta-force experiments were twenty times as difficult to ex- 
plain as they have been considered to be, I do not see that there would 
be any sound reason for not concluding, or rather taking it for granted, 
quite apart from the Volta-force phenomena, that in a voltaic circuit, 
where we know that there is a transformation of energy going on, which 
accounts for the Joule heat in the circuit, the impressed force is exactly 
where an ignorant man would suppose it to be, namely, in the cell itself, 
although the exact distribution therein may be difficult to ascertain, 
owing to the complex nature of the actions. If it be not in the cell 
that energy is taken in by the current (to use an expression which 
should not be understood literally), but at an external junction, where 
there is no appreciable change occurring, it would follow that the energy 
of the chemical combination taking place in the cell did not result in 
an impressed force there, but first passed out of the battery to the junc- 
tion, and was there taken in by the current. It must go to the junction 
' first, to account for no change occurring there, and in the passage it 
must not act on the electromagnetic medium, for that would mean im- 
pressed force in the cell. But no one would wish to believe in this 
roundabout process. 

Maxwell’s formule for the distribution of electric and magnetic energy 
in space may not be correct. But if others were substituted, giving the 
same results in the sum, and consistent with the laws of induction, we 
should still have to put the impressed force in the cell, unless we 
assume action at a distance, without the intervention of a medium, or 
save appearances by having two mediums. 

I now interpolate my remarks on the Volta-force and the voltaic cell, 
which appeared in The Electrician for February 2nd, 1884. It is neces- 
sary to say, to account for the very short manner in which the energy 
definition of impressed force is considered in the first part of the article, 
that it was one of a series, succeeding some on the subject of thermo- 
electricity, following therein Sir W. Thomson’s beautiful thermodynamic 
theory, as applied to linear circuits. In this theory we have abundant 
illustration, in both the Peltier and the Thomson effects, of energy 
being taken in or given out by the current in any part of a circuit 
according as the current goes with or against the impressed force. 


[Here followed the paper referred to, already given, Section xiii., Art. XXVI., 
p. 337 ante. ] 
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After making the above statements I proceeded to make some more 
in the two following numbers of the series (March 1 and 31, 1884), on 
matters connected with contact force, in connection with the layers of 
electricity supposed, originally by Helmholtz, to accompany impressed 
forces, as well as on the relations of potential and impressed force. 
They are, together, too long for quoting here, but I think their perusal 
might be useful to some who have not already made up their minds on 
these matters. But I may quote an extract immediately illustrating 
the application of contact layers to the Volta-force experiments. 


[Extracts from Section xv., Art. XXVI., p. 346 ante, followed here. ] 


I may add to this extract that I have no faith whatever in the exist- 
ence of these layers of electricity, but must refer to the articles for 
particulars. I am sorry not to have Professor Lodge with me in this 
part of the matter, as the wide publicity he gives to his views adds force 
to his powerful advocacy. I may add that layers of electricity in con- 
nection with impressed force are apparently widely believed in, even by 
followers of Maxwell; possibly in the last case because he was not 
always true to his principles, putting, for example, free electricity in 
the interior of conductors, in defiance of his law of continuity of the 
current. There may be free electricity in conducting matter if it be 
dielectric as well, and heterogeneous (and all conductors may support 
elastic displacement to some extent), but its distribution will not by any 
means be the same as that supposed. 

Practically these things matter very little, but theoretically they 
matter a great deal, as it is important to have theory as definite as 
possible, as well as consistent with itself. 

To return to the Volta-force. Although we are agreed on all essential 
points, I cannot very well follow Professor Lodge’s straining atoms, nor 
see their utility in the argument. This is because I know nothing 
about atoms. I cannot think that he knows much more. But, on the 
other hand, we do know something, however little, about the law of 
the electric current, that it “flows” in closed circuits, as if it were an 
incompressible liquid, and that in consequence there can be no current 
leaving a conductor, or displacement, if the impressed force act equally 
all round it, owing to the balance of the E.M.F.’s. The real interpreta- 
tion of the quasi-incompressibility we do not know, but admitting it, 
there is no difficulty. We also know that chemical affinity, or tendency 
to chemical combination, is measurable in terms of E.M.F., so that, as 
there is chemical affinity between oxygen and zinc, and air contains 
oxygen, there must (irrespective of the argument based upon the absence 
of reversible effects at metal junctions) be an outward acting E.M.F. all 
over zinc alone in air, and therefore no current or displacement, as 
above. Electrically expressed, it is intelligible. 

But when we, after Professor Lodge, put the electrical conditions in 
the background, and consider the oxygen atoms round a piece of zinc 
all straining at and trying to combine with it, we may well ask, why 
don’t they do it? All the more should they do it if they are straining 
all round, unless they get wedged together, so that it is necessary to 
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remove some of them to let the rest go nearer, possibly quite close 
enough to combine with the zinc. No, without such an irrational 
supposition we must fall back upon the electrical argument, and then 
we do not want the imagery of straining atoms, for it is intelligible by 
itself. If it were thermo-electric force, for example, it would be 
necessary to recast the imagery, whilst the electrical argument remains 
the same. 

I am not objecting to. the use of the imagination. That would be 
absurd ; for most scientific progress is accomplished by the free use of 
the imagination (though not after the manner of professional poets and 
artists when they touch upon scientific questions). But when one, by 
the use of the imagination, has got to a definite result, and then sees a 
stricter way of getting it, it is perhaps as well to shift the ladder, if not 
to kick it down. For I find that practically, in reading scientific 
papers, in which fanciful arguments are much used, it gives one great 
trouble to eliminate the fancy and get at the real argument. Nothing 
is more useful than to be able to distinctly separate what one knows 
from what one only supposes. 

To return again to the Volta-force. When we desire to go further 
and inquire what is the exact nature of the energy transformation that 
takes place when the E.M.F. is removed from a part of the zinc surface 
by contact, say, with copper, thus causing a current to pass in the circuit 
copper-zinc-air-copper, setting up a state of electric displacement in the 
dielectric, with a certain definite amount of potential energy depending 
on the capacity of the condenser which the arrangement forms, we enter 
a very difficult and speculative matter, whose solution, one way or 
another, will not alter the preceding. Take two flat plates of zinc and 
copper, for example, and put them close together, not touching. The 
moment they are connected the condenser becomes charged. Let U be 
the potential energy of displacement. This equals 4/4Q, if E be the 
difference of potential and Q the charge, which again = ES, if S be the 
capacity of the condenser. Now, at the same time as the potential 
energy, U, was set up, an equal amount of Joule heat was generated 
(an example of a general law, concerning which those interested in the 
matter may be referred to an article by me, now awaiting space in a 
forthcoming number of The Electrician*). Thus we have 2U of work 
done. Besides this, if there be a copper-air force of strength x, so that 
2+ is the zinc-air force, and if this force was present when the 
current passed, there must have been zQ of work done at the copper 
surface. ‘Thus 

(E +x)Q= work done by the zinc-air force, 
=3HQ, electrostatic energy, 
+4EQ, Joule heat, 
+2Q, work done at the copper-air surface. 


Now, as there is a loss of energy $#Q necessarily, it cannot be a case 


* [April 25, 1885. ‘‘ Electromagnetic Induction,” Art. XXX., Section vii., 
later. ] 
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of mere pulling backwards and forwards of atoms, with conservation of — 
energy. 

But irrespective of this loss, I am strongly of opinion that there is 
not a mere yielding to a tendency to chemical combination, but an 
actual combination when the current passes--an actual minute amount 
of oxidation of the zinc, as expressed in the article above quoted. 

To illustrate, start with a conductively closed voltaic circuit. It is 
admitted that the steady generation of heat in the circuit is derived 
from the energy of chemical combination in the cell. For we know 
that there is combination, and that the heat of combination is of the 
right amount. Now, suppose we suddenly insert a very large condenser 
in the circuit, so that the current is still kept up, although the circuit 
is interrupted, in the common language, the energy being now delivered 
into the dielectric of the condenser, as well as into the conductor, 
though at a decreasing rate, owing to the elastic displacement set up 
putting a gradual stop to it, till finally the current becomes insensible. 
Will it not be granted that during the whole time the decreasing 
current passed, the energy was derived from chemical combination, even 
down to the last dregs of current, including the weak current of 
apparent absorption ? and that the same applies when we decrease the 
capacity of the condenser till at last we come down to a voltaic cell with 
two bits of copper wire attached to the plates? If not, where shall we 
draw the line between chemical combination on the passage of a current, 
the E.M.F. being measurable by the heat of combination, and merely a 
yielding to the tendency, with its necessary indefiniteness ? And why 
should we draw any line ? 

Or, in another form, let the copper be in the cell first, then put in 
the zinc with attached wire, thus passing a minute quantity of electri- 
city. Is it not due to chemical combination? If not, we are placed in 
the gratuitously difficult position that we must pass a certain quantity 
of electricity before any combination occurs at all. Now, I do not 
want to assert that electrical laws, holding good on a large scale, 
necessarily continue true in the same form on all smaller scales, how- 
ever small, This would bring us to fractional parts of an atom at last. 
But in the experiment just mentioned, however feeble the effects may 
be, they must be still far elevated above atomic fractions, and I there- 
fore see no reason for drawing the line. 

Nor do I see any reason for drawing the line in the corresponding 
air experiment with copper and zinc. The air tends to oxidise the zinc, 
but cannot when the zinc is alone, for reasons intelligible when electri- 
cally expressed, otherwise indefinite, as before mentioned, there being 
a balance of E.M.F.’s. But destroy this balance, removing the cause that 
prevented combination occurring, by putting copper in contact with the 
zinc. I can see no reason why it should not occur, lasting till there is 
again electrical equilibrium. That the air battery and the voltaic cell 
are not exactly alike, air not being an electrolyte transporting ions 
delivering up their imaginary charges, I do not consider any objection. 
We do not need transport of matter. The dielectric carries the current, 
according to Maxwell’s theory, and that is what is required. The 
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action at the copper-air surface is, of course, very obscure, necessarily 
more so than in the case of the voltaic cell, where it is obscure enough. 

If we examine according to the law of induction what occurs when 
zinc and copper are connected, we find that the disturbance commences 
at the place of contact. This is, however, merely an example of the 
general principle that when we alter the electrical conditions any- 
where, causing a previously steady state to be upset, the disturbance 
commences at the place where the alteration was made. Thus, if a 
battery be on at one end of a submarine cable, with its farther end 
insulated, and we then put the latter to earth, the “ signal” will travel 
to the battery. In the Volta-force case, suppose that, on making 
contact, we instantaneously remove the air from a circular patch of 
zinc, the copper touching it all over the patch. Then the disturbance 
will start from the circle bounding the patch, the zinc-copper-air line. 
This line is the first line of magnetic force. As it comes on, electric 
current flows round this line, infinitely close at first, partly through 
. the metal and partly through the air, and the magnetic force spreads 
laterally, and with it the electric current. But practically we could 
not instantaneously make contact over such a patch, but would com- 
mence contact nearly at a point, which would be the first origin of the 
disturbance. 

Now we know that some pressure is required to make a good con- 
tact. When it is light, it is microphonic, has considerable resistance, 
which is variable with the strength of current (when in a closed circuit 
with a battery), and there is really air between the supposed touching 
surfaces, through which the current passes. Have any experiments 
been made to ascertain the influence of such microphonic contacts on 
the magnitude of the Volta-force difference of potential? Does the 
difference of potential come on gradually with increasing pressure, 
or does it come on all at once at a certain stage in the operation ? 
Further, I would ask, has mechanical work done in making the con- 
tact any concern in the matter, as in squeezing out air ? 

I conclude, for the reason given at the commencement of this paper, 
with the theory of impressed force in condenser circuits. Let there be 
three condensers, which is enough for generality. 


Let the positive direction in the circuit be clockwise, right to left 
below, left to right above. The three conductors have resistances 
R, Rọ Rọ and the capacities of the condensers are Sg» Sio Sos, the 
numbers showing between which conductors they are placed. 

Let the potentials on the left sides of the condensers be P,,, Pj, Pes, 
and the falls of potential in passing through them be P} Pio, Po Let 
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E,, Ea E be the impressed forces in the conductors, and ep, Eio €s 
those in the condensers. J, is the total impressed force in R}, anyhow 
distributed ; strictly it is the total of the impressed force resolved 
parallel to the length of the wire. 

Let C be the current in the circuit and Q the common charge, 
supposing that we start with the condensers uncharged, so that Q is 
the integral displacement. Then, by Ohm’s law applied to each con- 
ductor, we have 


Pio- Pi- Pog + Ly = BAC, 

Pog - Dog - Py + Ey = BC. 
Adding these, we find 

ADVE RG, oisieotiant TER (2) 


where F is the sum of the resistances, 2p the sum of the falls of 
potential through the dielectrics, and Æ the sum of the impressed 
forces in the conductors. From this we see that when the steady state 
of no current is reached, and C= 0, 
E=<p, . 

or it is the impressed forces in the conductors only, irrespective of 
what the forces may be in the condensers, that is opposed by the sum 
of the condenser differences of potential. If no total impressed force 
in the conductors, the sum of the falls of potential is zero. I have 
forgotten to mention that the E’s and es include the E.M.F.’s of- 
induction, though, strictly speaking, we should confine the term 
“ impressed force” to a force which is neither that of induction nor 
derived from difference of potential. 


Pa- Pa, — Pig + Ey = nc} 


Now, also, 
Q = Ss) (65) + Psi) = Syo(19 + Pre) = Seg (Cog H Pog) eetere (3) 
is the common charge, and _ l 
CHW 85 Cat pa) Cb ra En (4) 


or, when the impressed condenser forces are steady, 
C= Q = Sz Pg = ete. 
Put (3) in (2); then 
RC = E - (Q — Sz1€31)/Sg — ete. 

Or, ROSE AOA US enina shane toes (5) 
where ¢=sum of impressed forces in the condensers, and S is the 
reciprocal of the sum of the reciprocals of their capacities, or the 
- capacity of the three in sequence. +e is the total impressed force 
(this must include the total E.M.F. of induction in the circuit), and 
Q/S the back force of elastic displacement. 

And when the steady state is reached, C = 0, and 

Q=8 (E + e), 
or the common charge = total capacity x total impressed force (which 
now of course contains no E.M.F. of induction). 

Q being known, by (3), 

Pio = R/S 4a, ete., 
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give the falls of potential in the condensers, and (1) with C=0 gives 
the falls in the conductors. To go into the manner of fall, the exact 
distribution of impressed force is required to be known. It must 
exactly cancel the impressed force in the conductors; and in the 
condensers the impressed force per unit length + the fall of potential 
per unit length = Caa x displacement per unit area, c being the 
specific capacity. The displacement per unit area is of course Q + area 
of the condenser considered. 

The absolute value of the potential anywhere is left arbitrary, and 
it has no absolute value, not signifying any physical state, which is 
signified by the electric force. The potential is a quantity that by its 
variations gives an auxiliary distribution of force, which together with 
the impressed force, makes up a complete system of force to suit the 
continuity of electricity, Ohm’s law and Maxwells law to match. 
There is no electrification in the conductors, or in the dielectrics, 
however the impressed force varies in distribution. The only electri- 
fication is at the boundaries between the dielectrics where the dis- 
placement is elastic, and the conductors, where it is not. But we 
need not be misled by the term displacement to think there is anything 
displaced in the direction of displacement. 

If a condenser contain no impressed force, its fall of potential is 
proportional to its elastance (reciprocal of capacity); if it contain 
impressed force, it is the sum of the impressed force and the difference 
of potential that is proportional to the elastance. 


We may write 
7 Pra = S{(L + €)/Syo — &19/8} ; 
so, if S: Sip = G9 2% 
or the impressed force in any condenser is the same fraction of the 


total impressed force in all the condensers as the elastance of the 
condenser is of the total elastance, we have 


Pig = ES) Sio 


the fall of potential now depending on the impressed force in the 
conductors, being the same fraction as before mentioned of the total 
conductor impressed force. And if #=0, then p,.=0; that is, if the 
impressed: forces be in the condensers only, and proportional in each to 
its elastance, there is no difference of potential in any part of the 
system if they be uniformly spread in each condenser; otherwise the 
conductors are all at the same potential, and the condensers appear 
uncharged, but there are variations in the condensers themselves. 
By (2) and (3) the differential equation of the current is 


C/S+RCH=E +6, 
or, adding the E.M.F. of induction separately, which is — LC, if L be 
the inductance of the circuit, 
C/S+ RO+LC=E +6, 
which, save in the presence of e, does not differ from the ordinary case 
of a coil and condenser. It is in the potential details that the cases 


. 
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of impressed force in the conductors and in the dielectrics require to be 
distinguished. * : 

In the Volta-force experiment (say, copper and zinc), we have a- 
feeble thermo-electric force at the metallic junction, feeble thermo- 
electric forces in the zinc and copper if temperature varies, and two 
big forces, one of 7+ °8 volt, say, in a thin layer of the dielectric next 
the zinc surface, and one of x volt similarly at the other end of the 
dielectric. On charging, the rise of potential is very nearly as much at 
the zinc layer, with very nearly as much fall as before at the copper 
layer. 

The theory of impressed force and potential in a dielectric is curiously 
illustrated by the phenomenon of absorption. The electric elasticity 
is not perfect; under the action of the stress the dielectric slowly 
yields, and with it a part of the displacement set up by an impressed 
force outside ceases to be of the elastic character, becoming intrinsic, 
and the difference of potential falls, requiring more current to enter to 
keep up the difference of potential. 

The first discharge, like the first charge, is of elastic displacement. 
What is left, which shows no signs of being there at all, was elastic, 
but is no longer so. We may regard it as being kept up by uniformly 
distributed impressed force in the dielectric itself, arising from altered 
state of the dielectric produced by loss of elasticity. In time it recovers 
itself, or the impressed force is taken off, when the residual charge 
shows itself by the difference of potential it can now produce. 

To really discharge the condenser at once, we must apply, after the 
first discharge, an opposite impressed force of the right amount, of 
course apparently charging the condenser oppositely to before. Leave 
it to itself, disconnected, and the apparent charge will gradually dis- 
appear. t 

Residual magnetisation in soft iron is somewhat analogous, but the 
effect is of far greater magnitude, and there is permanent set as well, 
which becomes predominant in intrinsic steel magnets. But we can 
set up permanent set of displacement also in a dielectric, as by passing 
a current through warm glass and then cooling it. It is then like a 
permanent magnet. 

If we had conductors for magnetic induction (analogous to electric 
conductors), we, by magnetising a plate of iron, setting up residual 
magnetisation, could apparently discharge it so as to show no force 
outside. It would then be like the charged condenser (in which 
“ absorption ” has occurred) after its apparent discharge. 


* [The above investigation may be compared with that on p. 376 ante, relating 
to condensers in sequence, subjected to a simple-harmonic impressed force. ] 


t [See Sections x. and xii. of the next Art., XXX.] 
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XXX. ELECTROMAGNETIC INDUCTION AND ITS 
PROPAGATION. 


(The Electrician, 1885-6-7. Section I., Jan. 3, 1885, p. 148; IIL., Jan. 10, 
p. 178; III., Jan. 24, p. 219; IV., Feb. 21, P 306; V., March 14, p. 366; VI., 
April 4, p. 430; VIIL., April 25, p. 490; VIIL, May 15, p. 6 (vol. 15); IX., June 
12, p. 73; X., July 3, p. 134; XI., July 17, p. 170; XII., August 7, p. 230; 
xit, August 21, p. 270; XIV., August 28, p. 290; XV., September 4, p. 301; 
XVI., October 9, p. 408; XVII., Nov. 13, p. 6 (vol. 16); XVIII, Nov. 27, 
p. 46; XIX., Dec. 11, p. 86; XX., Dec. 18, 1885, p. 106; XXI., Jan. 1, 1886, 
p.146; XXIL, Jan. 15, p. 186; XXIII., Jan. 22, p. 206; XXIV., March 26, 
p. 386. The second half of this article is in Vol. II., with the references 
thereto. ] 


SECTION I. ROUGH SKETCH OF MAXWELLS THEORY. 
Conductivity, Capacity, and Permeability. 


In the electromagnetic scheme of Maxwell there are recognised to be 
three distinct properties of a body considered with reference to electric 
force and magnetic force, viz., conductivity, electrostatic capacity, and 
magnetic permeability. The body may support a conduction current, 
it may support electric displacement, and it may support magnetic 
induction. These three phenomena may, and in general do, coexist 
- at any one point. Quantitatively considered, they are all vector 
magnitudes, having definite directions as well as strengths, which are 
reckoned per unit area perpendicular to their directions in terms of 
chosen units. 

The facility of supporting the three states of conduction current, 
electric displacement and magnetic induction varying with the nature 
of the medium for equal amounts of energy concerned, brings in three 
coefficients, the electric conductivity k, the electric capacity c, and the 
magnetic permeability u. At first sight it might appear as if three 
other vector magnitudes related to the former by these coefficients 
were involved ; but in reality there are but two, the electric force and 
the magnetic force, the former being connected with both the con- 
duction current and the displacement. 

First we have Ohm’s law. C being the conduction current-density, 
E the electric force, and k the specific conductivity, 


C=KkE. ........ (Conduction current) (1) 


Far more is known about conductivity than about capacity or 
permeability. In an unstrained isotropic metal, k appears to depend 
on the temperature only, and not to vary rapidly with it. That is, 
k is practically a constant, which simplicity is of great utility. Within 
wide limits Ą is independent of the current or the electric force. 

The range of conductivity in different media is very great. From 
the conductivity of copper to that of cold glass is such an enormous 
range as to compare with astronomical ratios, and it speaks well for 
electrical science that it can compare definitely such widely differing 
magnitudes. 
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Dry air in its ordinary state appears to have no conductivity. But 
it is a vacuum that is the perfect non-conductor in Maxwell’s theory. 
Where there is no matter, in the ordinary sense, there is no dissipation 
of energy; and ether, whatever it be, is perfectly conservative and 
non-dissipative, dynamically considered. Dissipation of energy is a 
necessary accompaniment of a conduction current, so far as is known ; 
though of course a perfect conductor can be imagined in which a 
continuous current developed no heat. But ether cannot be this 
perfect conductor consistently with the propagation of magnetic dis- 
turbances, for none can be propagated in a perfect conductor. Grant 
that they are propagated in pure ether (space from which all “ matter ” 
has been removed) without loss of energy in the medium, and it follows 
that ether is the perfect non-conductor. This however, somewhat 
anticipates electric displacement and magnetic induction. 

Equation (1) is a vector equation. In an isotropic medium & is a 
scalar constant. We may symbolise BK, C, or other physical vector 
magnitudes by geometrical vectors, lines drawn of the proper lengths 
and in the proper directions. Thus E is one vector, © is another, and 
when, as ordinarily, & is a scalar constant, (1) says simply that C and E 
are parallel, and that C is k times as long as E. Vector quantities are 
compounded like velocities ; in a vector equation containing n vectors, 
separated by + or — signs, the n vectors form the n sides of a 
polygon. But two straight lines cannot enclose a space, so, in equation 
(1), © and 4E are parallel and equal. 

But in a body eolotropic as regards conductivity, C and E are only 
exceptionally parallel. Using the same equation (1) to represent the 
relation between them, k, from being a scalar constant, becomes a linear 
operator; KE must be regarded as a single symbol, being E operated 
upon by kin a certain manner, turning it into a new vector kE. The 
operation is a little complex when expressed in Cartesian co-ordinates 
referred to any axes, so it is better to define once for all the meaning 
to be attached to & when eolotropy is to be included, and then use 
equation (1), rather than be repeating the Cartesian operations over 
and over again. The following defines the operation k, and the same 
will serve for c and p later. First let there be no rotatory power. 
Then, in three directions, mutually perpendicular, fixed in a body at 
the point considered, depending on its structure there, Ohm’s law, as 
ordinarily considered, is obeyed. That is to say, if electric forces 
E, E,, E, act successively parallel to the above mentioned directions 
of the principal axes of conductivity, and ©,, Ca, C, be the correspond- 
ing currents, C, will be parallel to E,, C, to E„ and C, to E, and 
we shall have 

C,=/,E,, ©,=4,B, C; = kE, 
and C, =k, Ep C= kE Com kg lig oeenessssseresce (2) 


where k,, ko kg are scalar constants, being the principal conductivities, 
and C, is the tensor or magnitude of C,, C, of C, etc. From these we 
may find the current when the force acts in any other direction than 
parallel to one of the principal axes. For if E be the force, let its 
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components parallel to the axes be E, E, E,; the components of the 
current will then be ©,, C,, C, as defined by (2). Compounding them, 
we get C. Thus the relation of C to E requires a knowledge of the 
principal conductivities and the directions of the principal axes. 

But should the body possess rotatory power, the above process is 
incomplete. Let « be a vector, directed parallel to the conductivity 
axis of rotation, and of length properly chosen ; then, to the current as 
found by the above process must be added another current expressed by 


Well... arino (Vector product) (3) 


which stands for a vector whose direction is perpendicular to the 
plane containing « and E, and whose length equals the product of the 
length of «e into that of E, into the sine of the angle between their 
directions. This also defines the prefix V before two vectors. The 
+ direction is defined thus. Let «and E be the short and the long 
hands of a watch. Let «e point to XII. and E anywhere else. The 
angle between e and E is measured positive in the usual direction of 
motion of the hands, and the direction of VeE when positive is from 
the face to the back. 
It is possible, consistent with the linear principle, for k}, ko, ka to be 
all zero, and e not zero. Then 
C=VeE 
simply; the current is always perpendicular to the force, of maximum 
strength when «e and E are perpendicular, and vanishing when they are 
parallel. 
Returning to equation (1), multiply it by E. Then 
EC = EkE =Q, say. ...... (Dissipativity) (4) 
Q is the dissipativity per unit volume. It is, in the first place, the rate 
of working of the force E, and next, by the experimental law of Joule, 
the rate of generation of heat per unit volume. (4) is a scalar equation. 
All our equations will be either wholly scalar or wholly vector. In 
case of isotropy, with k a scalar constant, we may write 
Q=kE?; 
or, since - E=k-1, 
Q = k-1C?, 
where 4~! is the specific resistance, a more familiar form of Joule’s law. 
But in general, when £ is a linear operator, we must not take ELE = kE?, 
unless E act parallel to one of the principal axes, when we may do 
so, with the appropriate value of k for that axis. When E and C are 
not parallel, the product EC means the strength of E multiplied by that 
of C, and by the cosine of the angle between their directions ; which of 
course includes the common algebraic meaning of EC, since when 
E and C are parallel, cos0°=1. Referred to three rectangular axes, if 
E, E, E, are the scalar components of E, and Cj, C,, C; those of C, then 


EC = EC +E, + EC, .....(Scalar product) (5) 


which is an equivalent definition of EC. 
Coming next to specific capacity, although there are media, as air, 
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which appear to have no conductivity, yet, by the continuity of the 
electric current, they can support current; not steady, but transient, 
and stopped elastically. By an obvious mechanical analogy the in- 
tegral current is termed the electric displacement. Let this be D, and 
let E, as before, be the electric force. We have then 


D=cE/47. .....(Electric displacement) (6) 


The excrescence 47 is a mere question of units, and need not be dis- 
cussed here. The 47’s are particularly obnoxious and misleading in 
the theory of magnetism. Privately I use units which get rid of them 
completely, and then, for publication, liberally season with 47’s to suit 
the taste of B.A. unit-fed readers. Of course, if it comes to numerical 
comparisons we should have to consider the ratios of units in the 
ordinary to what I may call the rational system. Sometimes it is 


/4, sometimes (47r)~3, sometimes 4r, sometimes unity, but in the 
mere algebra it is simply a matter of putting in 47’s here and there 
in translating from rational to ordinary units. B pp. 199, 262.] 

In a dielectric medium, the force and the displacement are simul- 
taneous, like the force and the current in a conductor. Time does not 
appear in the equations. In an isotropic dielectric, ¢ is simply a scalar 
constant; in an eolotropic dielectric it is, as described above for k, a 
linear vector operator, with this difference, however, that there is no 
rotatory vector ¢, so that the relation of D to E is settled by the values 
of the principal capacities, and their axes. 

Multiply (6) by 4E; then 


4ED = EcE/87 = U, say. (Electric energy) (7) 


U is the electric energy per unit volume, the work done by the force 
on the displacement as they rise from O to their final values, or the 
final displacement multiplied by the mean force which produced it. 
This energy is stored, and is recoverable in work like the energy of 
a perfectly elastic strained spring. It is unnecessary to assume that 
there is any real displacement of anything in the direction of the 
electric displacement. All the electric and magnetic quantities are 
more or less abstractions, measurable abstractions, whose real signi- 
fication is as yet unknown. | 

Far less is known of c than of k, and it is not so agreeably definite 
as k. Solid dielectrics appear to have imperfect electric elasticity, as 
they have imperfect mechanical elasticity. The bent spring, with the 
applied force removed, and brought quietly to rest, is not exactly in its 
equilibrium position. A small part of the displacement remains, and 
slowly disappears. This is easily shown when not visible to the eye by 
using a microphonic contact; though, by the way, the variability of 
the contact itself makes it a bad method. Most likely there is no such 
thing as a perfect return even with small displacements; we cannot 
draw a hard and fast line to mark the limit of perfect elasticity. 

All non-conductors are dielectrics. Bad conductors are also dielec- 
trics. Good conductors, even the best, may be dielectrics as well, so 
that with a force E we shall have a conduction current AE and a 
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displacement (47)-!cE co-existing. But in such case, as well as in 
the case of known dielectric power of bad conductors, kE is not the 
complete or true current, unless the displacement remains steady. The 
time-variation of the displacement is itself an electric current, and the 
true current is the sum of the conduction current and of the rate of 
increase of the displacement. Let I’ be the true current; we then 
have, in a conducting dielectric, or dielectric conductor, 


C=KE, D =cH/4z, 
; T=C+D=AB+cB/4z. ...... (True current) (8) 
Put c=0 in a pure conductor, and k=0 in a pure dielectric. It is 


the true current that is “the current ” when we come to induction and 
variable states. 


In the equation [=C+D we have three vectors. They form the 


three sides of a triangle, unless D should be parallel to C. But D may 
not be parallel to C, nor need it be parallel to D. If we charge a 
condenser formed of two large flat opposed conductors very close 
together, the displacement current, when setting up the displacement, 
is, by general reasoning, parallel to the displacement—at least away 
from the edges. Bunt this is not invariable. When charged conductors 
are discharged, the displacement current does not in general follow the 
tubes of displacement. To do so would require instantaneous pro- 
pagation of the disturbances to infinite distances. The displacement 
current may be perpendicular to the displacement—viz., when the 


displacement at a certain place changes its direction without changing 
in amount. 


Multiply (8) by E; then ; : 
ET = EAE + Ech /47 =Q+ U.  .ccccccesecscceenees (9) 


The rate of working of the force is accounted for partly in heating 
(Q per second), and partly in the increase in the energy U of the 
displacement. (Equations (4) and (7)). The first is lost from the 
system, the latter is stored. 

Whilst conductivity depends on the presence of matter, the existence 
of capacity is independent of matter, though modified in amount by its 
presence. That is, capacity is a function of the ether, which is the 
standard dielectric medium of least capacity. Ether is a very wonder- 
ful thing. It may exist only in the imaginations of the wise, being 
invented and endowed with properties to suit their hypotheses; but 
we cannot do without it. How is energy to be transmitted through 
space without a medium? Yet, on the other hand, gravity appears to 
be independent of time. Perhaps this is an illusion. But admitting 
the ether to propagate gravity instantaneously, it must have wonderful 
properties, unlike anything we know. | 

Coming next to permeability, all bodies sustain magnetic induction, 
and most of them to nearly the same degree. H being the magnetic 
force, B the induction, and p the permeability, 


Bul. dinu (Magnetic induction) (10) 


pis taken as unity in ether (in the “electromagnetic” system of units), 
H.E.P.—VOL. 1, 2 E 
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and is either a little greater or a little less in most bodies. But in 
some bodies it, very singularly, runs up to large numbers. Iron is the 
principal offender ; then come nickel and cobalt, minor magnetics, but- 
far removed from the crowd of almost unmagnetisable substances. - 
Fe = 56, Ni and Co about 58:5. What can it be? 

The linear connection between H and B is very unsatisfactory. Not 
merely does » vary with the temperature, and enormously from one 
piece of iron to another, being, with moderate strength of magnetic 
force, largest in the softest iron and smallest in hard steel, but it varies 
with the magnetic force, first increasing with the force, and then, more 
importantly, decreasing greatly ; how far down is unknown. To make 
matters worse, part of the induction produced by applied magnetising’ 
force becomes fixed, for the time, remaining after the removal of the 
force. Thus the linear connection between H and B must be taken 
with salt. But within moderate limits, and excluding permanent 
magnetisation, which requires separate consideration, p in equation (10) 
may be taken to be, like k and c before, a scalar constant in case of 
isotropy, and a linear vector operator in eolotropic media, being then, 
like c, self-conjugate, or without the rotatory power. 

u in soft iron is said to run up to 5,000 or 10,000 (Rowland’s 
experiments. I forget the exact figures). But in general it is very 
far lower than these tremendous figures. From experiments on the 
retardation of coils made some years ago, including straight solenoids, 
I concluded that »=from 50 to 200 was safe, [for small forces]. 

Not B, but B/4r should be the magnetic induction to compare 
with D, the electric induction, or displacement. So, dividing (11) 
by 4r, and then multiplying by 4H, we have 7 


4HB/47 = HuH/8r =T, say. (Magnetic energy) (11) 


T is the energy of the magnetic induction per unit volume, when wholly 
induced, and acting conservatively, [within the elastic limits]. 


SECTION IJ. ON THE TRANSMISSION OF ENERGY THROUGH WIRES BY 
THE ELECTRIC CURRENT. 


Consider the electric current, how it flows. From London to Man- 
chester, Edinburgh, Glasgow, and hundreds of other places, day and 
night, are sent with great velocity, in rapid succession, backwards and 
forwards, electric currents, to effect mechanical motions at a distance, 
and thus serve the material interests of man. 

By the way, is there such a thing as an electric current? Not that 
it is intended to cast any doubt upon the existence of a phenomenon so 
called ; but is it a current—that is, something moving through a wire 7 
Now, although nothing but very careful inculcation at a tender age, 
continued unremittingly up to maturity, of the doctrine of the materi- 
ality of electricity, and its motion from place to place, would have 
made me believe it, still, there is so much in electric phenomena to 
support the idea of electricity being a distinct entity, and the force of 
habit is so great, that it is not easy to get rid of the idea when once it 
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has been formed. In the historical development of the science, static 
phenomena came first. In them the apparent individuality of electri- 
city, in the form of charges upon conductors, is most distinctly indicated. 
The fluids may be childish notions, appropriate to the infancy of science ; 
but still electric charges are easily imaginable to be quantities of a 
something, though not matter, which can be carried about from place 
to place. In the most natural manner possible, when dynamic electri- 
city came under investigation, the static ideas were transferred to the 
electric current, which became the actual motion of electricity through 
a wire. This has reached its fullest development in the hands of the 
German philosophers, from Weber to Clausius, resulting in ingenious 
explanations of electric phenomena based upon forces acting at a 
distance between moving or fixed individual elements of electricity. 
It so happened that my first acquaintance with electricity was with the 
dynamic phenomena, and after I had read with absorbed interest that 
instructive book, Tyndall’s “ Heat as a Mode of Motion.” This may 
explain why, when it came later to book-learning regarding electricity, 
I had the greatest possible repugnance to all the explanations, and 
could not accept the electric current to be the motion of electricity 
(static) through a wire, but thought it something quite different. I 
simply did not believe, except so far as mere statements of experimental 
facts were concerned. This had its disadvantages; one can get on 
faster if one has sufficient faith—which we know moves mountains— 
to accept a certain hypothesis unhesitatingly as a fact, and work out its 
consequences undoubtingly, regardless of the danger of fixing one’s 
ideas prematurely. 

As Maxwell remarked, we know nothing about the velocity of 
electricity ; it may be an inch in a year or a million miles in a second. 
Following this up, it may be nothing at all. In fact, it is only on the 
hypothesis that the electric current is something moving, a definite 
quantity in a given space, that we can entertain the idea of its possess- 
ing velocity. Then, the product of its hypothetical density into its 
velocity is the measure of the current; but, being a mere hypothesis, 
unless we chose to accept it, to talk of the velocity of electricity in the 
electric current becomes meaningless. On the other hand, when we 
apply the ideas of abstract dynamics to electricity, and compare the 
electric current to a velocity, it is not the above supposititious velocity of 
electricity that is referred to in any way. It has no meaning now. It is 
the supposed velocity of electricity in the electric current ; whereas, in 
the dynamical theory, it is the electric current itself that is a velocity, 
in the generalized sense, with the electromotive force as the generalized 
force ; so that force x velocity = activity. In only one sense do I think 
we can speak of the velocity of electricity, consistent with Maxwell’s 
theory, viz., by the hypothesis that the electric current in a wire is the 
continuous discharge of contiguous charged molecules, when plainly we 
can call the velocity of motion of a molecule the velocity of the charge 
it carries. As between the molecules we have the electric medium the 
ether, this view of the conduction current ultimately resolves itself into 
“ displacement” currents in a dielectric. 
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But is there not the fact that we can send a current into a long 
circuit, and that it plainly travels along the wire, taking some time to 
arrive at the other end? Does that not show that electricity travels 
through the wire? To this I should have answered formerly, when 
filled with ‘‘ Heat as a Mode of Motion,” that it is a fact that there is 
a transformation of energy in the battery, and that this energy is 
transmitted through the wire, there suffering another transformation, 
viz., into heat ; that when the current is set up steadily, the heat is 
generated uniformly ; that the electric current in the wire is therefore 
some kind of stationary motion of the particles of the wire, not exactly 
like heat, but having some peculiarity of a directional nature making 
the difference between a positive and a negative current ; but that there 
was no evidence in the closed circuit of any motion of electricity through 
the wire, but only of a transfer of energy through the wire. 

However, leaving personal details of no importance to anyone but 
myself, let us consider the transmission of energy through a wire. To 
fix ideas, let our circuit be an insulated suspended wire from London to 
Edinburgh, and that we transmit energy to Edinburgh from a battery 
in London, the circuit being completed through the earth. Let the 
current be kept on. In the first place the phenomenon is steady. It 
does not change with the time. Next we find that the magnetic force 
about the wire is the same everywhere at the same distance, or the 
wire is in the same condition as regards the magnetic induction outside 
it, and when we apply our knowledge to the interior of the wire, 
regarded as a bundle of smaller wires, we find that the magnetic force 
in the wire does not vary along its length. Again, heat is being 
generated within the wire at a uniform rate (a part of the steadiness 
above mentioned), and next, this phenomenon is also the same all along 
the wire. Heat is undoubtedly a kinetic phenomenon, hence the 
electric current is also, at least in part, a kinetic phenomenon. The 
electric current is not itself heat; but as its existence in the wire 
involves the continued production of heat, we conclude that some kind 
of motion is necessarily involved in the electric current apart from the 
heat produced, and from the uniformity of effect in different parts of 
the wire, that it is a kind of stationary motion. Again, the electric 
force is the same all through the wire. There seems no difference 
between one part and another. Outside the wire, in the dielectric, 
however, there is a difference, for the electric force varies not only at 
different distances from the wire but also at the same distance outside 
different parts of the wire. (We disregard here all irregularities due 
to other conductors and currents.) 

Passing to the battery, the complexity of conditions makes it more 
difficult to follow, though the state of electric force and magnetic force 
and heat generation is reducible to the same, and may be made identi- 
cally the same as in the wire by properly choosing its shape, etc. But 
in the battery there is a very remarkable thing taking place, namely, 
the loss of chemical energy at a steady rate ; and in the system generally, 
a still more remarkable thing, an exactly equivalent steady gain of 
heat. Heat that might have been produced on the spot by the chemical 
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action, otherwise conducted, appears all over the circuit. How does it 
get there? The natural answer is, through the wire. But to get to 
the further parts of the wire it must go through the nearer, hence there 
must be what we may call an energy-current, which, in the wire, at a 
given place, would be the rate of transfer of energy through a cross 
section there. Now, which way is the energy-current directed? It 
would seem only fair to let it go both ways equally from the battery. 
Let it be so first. Then there is an energy-current entering the wire, 
equal to one-half the dissipativity, which falls in strength regularly up 
to the middle of the wire, where it is zero. It falls in strength on 
account of the heat generation. Similarly the other energy-current goes 
through the earth to Edinburgh almost unabated in strength, and is 
then directed from Edinburgh to the middle of the wire, where its 
strength also falls to nothing. This seems absurd. Then let the 
energy-current be directed one way only, say with the positive current. 
If the positive pole of the battery is to line, we have an energy-current 
in one direction all round the circuit, London to Edinburgh, and back 
through earth. If of maximum strength at the battery it falls nearly to 
nothing at the distant end, and quite to nothing through the earth up 
to the other pole of the battery. But we have no data whatever to fix 
whereabouts the place of maximum energy-current is. It requires a 
second assumption. The reader may similarly consider the effect of 
reversing the battery, or of making the energy-current be directed with 
the negative current. There is no getting at anything definite, except 
that the energy-current must vary very widely, though regularly, in 
strength, whilst there is nothing to fix which way it is directed, or 
where the maximum strength is. Again, the energy-current is a kinetic 
phenomenon, and. as it varies so widely in different parts, we might 
expect different parts of the wire itself to be in different electrical 
states, which is exactly what we do not do; for though its potential 
varies, yet potential is not a physical state, but a mere scientific 
concept. 

Had we not better give up the idea that energy is transmitted 
through the wire altogether? That is the plain course. The energy 
from the battery neither goes through the wire one way nor the other. 
Nor is it standing still. The transmission takes place entirely through 
the dielectric. What, then, is the wire? It is the sink into which the 
energy is poured from the dielectric and there wasted, passing from the 
electrical system altogether. All [the above mentioned] difficulties 
now disappear. 

That the energy of the battery passes into heat immediately would 
require its instantaneous transmission to all parts of the wire, which 
cannot be entertained. There must be an intermediate state or states, 
after leaving the battery and before becoming heat. And there must 
be a definite amount of energy in transit at a given moment; in the 
steady state this must be of constant amount, just as the total rate 
of transmission is of constant amount. We must not, however, 
individualize particular elements of energy, and follow their motions, 
but regard the matter quantitatively only. The energy in transit may 
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be compared to the energy of a machine which is transmitting motion ; 
if done at a steady rate, it remains constant and definite, and the rate 
of transmission is definite. 

Now, in Maxwell's theory there is the potential energy of the dis- 
placement produced in the dielectric parts by the electric force, and 
there is the kinetic or magnetic energy of the magnetic induction due 
to the magnetic force in all parts of the field, including the conducting 
parts. They are supposed to be set up by the current in the wire. 
We reverse this; the current in the wire is set up by the energy 
transmitted through the medium around it. The sum of the electric 
and magnetic energies is the energy of the electric machinery which is 
transmitting energy from the battery to the wire. It is definite in 
amount, and the rate of transmission of energy (total) is also definite in 
amount. 

It becomes important to find the paths along which the energy is 
being transmitted. First define the energy-current at a point to be the 
amount of energy transferred in unit time across unit area perpendicular 
to the direction of transmission. As the present section is argumenta- 
tive and descriptive only, we cannot enter into mathematical details 
further than to say that if H be the vector magnetic force, and E the 
vector electric force, not counting impressed forces, the energy-current, 
as above defined, is VEH/4r (see equation (3) for definition of V). 
This is true universally, irrespective of the nature of the medium as to 
conductivity, capacity, and permeability, or as to eolotropy or isotropy, 
and true in transient as well as in steady states. A line of energy- 
current is perpendicular to the electric and the magnetic force, and is a 
line of pressure. We here give a few general notions. 

Return to our wire from London to Edinburgh with a steady current 
from the battery in London. The energy is poured out of the battery 
sideways into the dielectric at a steady rate. Divide into tubes bounded 
by lines of energy-current. They pursue in general solenoidal paths in 
the dielectric, and terminate in the conductor. The amount of energy 
entering a given length of the conductor is the same wherever that 
length may be situated. The lines of energy-current are the inter- 
sections of the magnetic and electric equipotential surfaces. Most of the 
energy is transmitted parallel to the wire nearly, with a slight slant 
towards the wire in the direction of propagation; thus the lines of 
energy-current meet the wire very obliquely. But some of the outer 
tubes go out into space to an immense distance, especially those which 
terminate on the further end of the wire. Others pass between the 
wire and the earth, but none in the earth itself from London to Edin- 
burgh, or vice versd, although there is a small amount of energy enter- 
ing the earth straight downwards, especially at the earth “plates.” If 
there is an instrument in circuit at Edinburgh, it is worked by energy 
that has travelled wholly through the dielectric, then finding its way 
into the instrument, where it enters the coil and is there dissipated, or 
else used up by the visible motions it effects in moving parts of the 
instrument; which, however, is a different kind of affair from dissipation, 
as it involves impressed force. 
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Now, go into the line-wire. A tube of energy-current arriving at the 
surface of the wire by a long slant, at once turns round and goes straight 
to the axis. In passing from the battery to the wire through the 
dielectric the energy-current is coutinuous, the state being steady (or 
the ether machinery frictionless) ; but directly it reaches the conducting 
matter of the wire dissipation commences and the current begins to 
fall in strength, and on reaching the axis has fallen to nothing. Nota 
fraction of an erg is transmitted along the wire. Some small part of 
the energy leaving the battery may enter it again, but most of the 
dissipation in the battery itself is accounted for by the weakening of 
strength in tubes which are on their way to leave the battery. 

Put the battery in the middle of the line; earth at both ends. Now, 
one half of the energy-current tubes leaving the battery sideways turn 
round to one section of the line, the other half to the other section. 
Otherwise the case is similar to the last. 

When we have a double wire looped without earth, and battery at 
one end, most of the energy is transmitted between the wires. 

In a circular circuit, with the battery at one end of a diameter, its 
other end is the neutral point; the lines of energy-current are dis- 
tributed symmetrically with respect to the diameter. 

On closing the battery circuit there is an immediate rush of energy 
into the dielectric, and, at the first moment, into all bodies in the 
neighbourhood of the battery, and wasted there in induced currents 
according to their conductivity. In the variable state the tubes of 
energy-current are themselves in motion. It takes some time to set 
the electric machinery going steadily. Also the energy-current is not 
continuous in the dielectric, for the potential energy of displacement 
and the magnetic energy have to be supplied at every place. But, in 
the end, the energy-current becomes continuous in the dielectric, goes 
round an external conductor instead of entering it, as it would do in 
the transient state, and finally reaches the conductor to which the 
battery is connected, penetrating which it terminates. 

If we neglect the magnetic energy, as in Sir W. Thomson’s original 
telegraph theory, against the energy of electric displacement, we can 
easily get a general idea of the setting up of the permanent state in a 
long suspended wire; a submarine cable is more complex on account of 
the sheath. The energy reaches the beginning of the wire first, and 
only reaches the end, save insignificantly, later on. But the theory 
indicates instantaneous setting up of current at the far end, though 
not in recognisable amount. This result follows from the neglect of 
the magnetic energy. In a dielectric medium the velocity of un- 
disturbed propagation is (cu)~!; where c is the capacity, and p the 
permeability ; that the magnetic energy =0 is equivalent to assuming 
p= 0 everywhere, whence instantaneous transmission. The “ retarda- 
tion,” however, arises from the setting up of the potential energy of 
displacement. But, strictly speaking, we must not neglect uw. It is, 
then, not so easy to follow the transient state without simplifications. 
There is an oscillatory phenomenon in the dielectric, a to-and-fro 
transmission of energy and pressure parallel to the wire all round it 
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with a velocity whose possible maximum is that of undisturbed trans- 
mission. This is modified as it progresses by dissipation in the wire, 
and so gets wiped out. This usually occurs so rapidly that the waves 
are of importance only at the battery end of a long wire. The electric 
machinery must have mass, as well as elasticity, by reason of this 
phenomenon, since there is reason to believe (from Maxwell’s theory of 
light) that it is not the air, but something between the air molecules 
that is the electromagnetic medium, the air merely modifying the 
phenomena somewhat. 

In the state of steady current through a submarine cable, with an 
iron sheath outside the dielectric, the energy is transmitted wholly 
through the gutta percha or other suitable insulator (neglecting the 
small amount going to earth), thus going nearly parallel to the wire, 
practically quite parallel, except as regards the lines near the wire itself, 
as they all eventually meet the wire. There is no transmission in the 
sheath lengthwise, though there is dissipation there if it should contain, 
as it does sometimes, part of the return current. In the transient state 
there is, of course, always dissipation in the sheath more or less, besides 
the loss of energy to magnetise it. 

Now to speak more generally. In the steady state of current due to 
any impressed forces, the tubes of energy-current start sideways from 
the places of impressed force, where energy is supplied to the electric 
system, and travel through definite paths, without loss in dielectric, 
with loss in conducting parts, to terminate finally in conducting matter; 
or else they may go from one place of impressed force to another with 
or without dissipation on the way when the current is with the im- 
pressed force at one source, and against it at the other. But with 
special arrangements (solenoidal) of impressed force, there is no trans- 
mission of energy in the steady state. 

Since on starting a current the energy reaches the wire from the 
medium without, it may be expected that the electric current in 
the wire is first set up in the outer part, and takes time to penetrate 
to the middle. This I have verified by investigating some special 
cases. 

Increase the conductivity of a wire enormously, still keeping it finite, 
however. Let it, for instance, take minutes to set up current at the 
axis. Then ordinary rapid signalling “through the wire” would be 
accompanied by a surface-current only, penetrating to but a small 
depth. The disturbance is then propagated parallel to the wire in the 
manner of waves, with reflection at the end, and hardly any tailing off. 
With infinite conductivity there can be no current set up in the wire 
at all. There is no dissipation; wave propagation in the medium is 
perfect. The wire-current is wholly superficial—an abstraction—yet it 
is nearly the same with very high conductivity. This illustrates the 
impenetrability of a perfect conductor to magnetic induction (and 
similarly to electric current), applied by Maxwell to the molecular 
theory of magnetism. Whatever state of magnetic induction and of 
current there may be in a perfect conductor is a fixture. If we move 
the conductor about in a magnetic field, superficial currents are instan- 
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taneously induced, whose only function is to ward off external induction 
and keep the interior state unchanged. 

In a thermo-electric circuit of two metals, with one junction a little 
hotter than the other, there is a transmission of energy from one 
junction to the other through the dielectric, with a trifling amount of 
loss in the circuit generally. Here the source of the electric energy is 
heat, and the final result is heat. One junction is cooled, the other is 
heated, reversibly. Now, heat is the energy of molecular agitation, and 
at first sight the only difference is that the agitation is a little more 
brisk at one junction than at the other. Again, all parts of the circuit 
are agitating the ether. It would appear, then, that the ordinary 
molecular agitations set up no electric manifestations on account of 
their irregularity ; although the electric machinery may be influenced 
vigorously, yet it must be done in some regularly symmetrical manner 
to constitute an impressed electric force. At the junctions there is a 
change of material, the molecules are different, and at their contact 
some directed quality is given to the agitations. This is very vague, 
no doubt, but is merely to point out that the impressed force is a 
symmetrical kind of radiation. 

After these general remarks the temporarily interrupted mathematical 
treatment will be resumed. 


SECTION III. RESUMPTION OF ROUGH SKETCH. EXTENSIONS. 


Real transient, and suggested dissipative Magnetic Current. 


As the rate of increase of the displacement in a non-conducting 
dielectric is the electric current, so the rate of increase of B/4a may be 
called the magnetic current. Let it be @. Then 

G=B/47=pH/47. (Magnetic current) (12) 
Like electric displacement currents, magnetic currents are transient only, 
ie., they cannot continue indefinitely in one direction, like an electric 
conduction current. Also, like electric currents in a dielectric, they are 
unaccompanied by heat generation.” In ether, the electric current and 
the magnetic current are of equal significance. | 

There is probably no such thing as a magnetic conduction current, 
with dissipation of energy. If there be such, analogous to an electric 
conduction current, then let 


G@=gH+pH/4e. oo. (13) 


Here gH is the magnetic conduction current, which, added to the 
undoubted magnetic current as in (12), gives G the true magnetic cur- 
rent. g may be scalar, or similar to k, with rotatory « Multiply (13) 
by H. Then, using (11), 


HG =HgH + Ë. 000a aean. (14) 
Here HgH is the rate of dissipation. Compare with (9). 
Efect of g in a Closed Iron Ring. 
The permanency of state of a steel magnet makes it improbable that 
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g has any existence at all, so that the conduction magnetic current is 
quite imaginary. But we may inquire what would happen in a closed 
ring of iron under magnetising force, on the supposition that g exists. 
Let the ring be uniformly lapped with wire, through which we pass a 
current from a voltaic battery. 

If the radius of the ring be large compared with its section, the core 
may be treated as straight, and the manner in which the current would 
rise in the coil and the accompanying core phenomena may be easily 
worked out by a slight modification of the corresponding case with g = 0 
(Art. xxvii., § 29, Example 2, p. 394]. Let a be the radius of the core, 
also of the coil of negligible depth surrounding it, having V windings 
per unit length of core. Let k and p be the conductivity and permea- 
bility of the core, and H (parallel to the axis) the magnetic force at 
distance r from the axis. The differential equation of H will be 

ld dH 


a Pf SS 2 T. 
eae ai (47) gkH + 4rkuH ; 


whence J,(nr)e™ is a normal system of magnetic force, if 
o n 4ng 
— 4rkp $ p 

Thus the effect of g is to increase the reciprocal of the time-constant 
of every normal system by the same quantity 47g/u; in this respect 
resembling the effect of uniform leakage along a telegraph line, and 
having a similar result, viz., to accelerate the establishment of the per- 
manent state. When this is reached, we do not have uniform strength 


of magnetic force in the core; but, if H, is the strength at the axis, that 
at distance r therefrom is 


ar? gr 
H=H(1+70 + +a) 


-m 


2242 
where z= (4r)}?gk. This is accompanied by core-currents parallel to the 
coil-current, of density 
Lear ET 
- gg (a +355 + D 
The coil-current will be a little less strong than if g=0; for the work 
of the battery is spent not merely in supporting the cvuil-current, but in 
heating the core, both by reason of the weak electric current in the core 
and the supposed weak magnetic current gH. The back E.M.F. in the 
coil will be of strength 
| , tg ta? 2 


DoH eae 
R 2 
a oe ae lee = 2 


trLg 1 Ht. 


where F=E.M.F. of battery, F resistance of coil-circuit, and L its in- 
ductance without the core—1.¢., with air replacing it. Or, since g is to 
be small, 

, - F(1 + R/4rLg)-. 
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If L/R=-01 second, g= 1/4r would make the back force =1/101 of the 
battery force, so g, if existent, must be very small. 

In the following, g=0, so that equation (12) is the equation of the 
magnetic current. 


First Cross Connection of Magnetic and Electric Force. 


In the foregoing we have been dealing with the direct connection of 
the electric force and its consequences, electric conduction current and 
displacement, and of the magnetic force and magnetic induction. We 
have also brought in the displacement current in a dielectric, and 
the true current in a conducting dielectric. Also, to balance the dis- 
placement current, we have introduced the magnetic current. But, so 
far, we have no relations whatever between the electric and the magnetic 
quantities, which we must have, in order to make a consistent system. 

The first cross connection is expressed by 


CUP Bee e A (15) 


H being the magnetic force and T the true current. Here “curl” is, 
like sin.and cos, the symbol of an operation. It. is so recurrent in 
electromagnetism that it might be termed the electromagnetic operator. 
It may be defined with reference to Cartesian coordinates thus: If H,, 
H,, H, are the three rectangular components of H, those of curl H are 


dH, dH, dH, dH; dH, dH, 


-—=_ — < — e_o ŻĀ —_ 


Uy de? Pe RO eee (16) 


But the most useful definition is that which is virtually contained in the 
fundamental Theorem of Version :—The line-integral of a vector H round 
any closed curve or circuit (or the “circulation” of H) equals the surface- 
integral of another vector, viz., curl H, over any surface bounded by the 
circuit. Apply this to small squares in planes perpendicular to x, y, and 
z successively, and the three expressions given in (16) for the components 
of curl H follow at once. Apply the theorem to suitably chosen infin- 
itely small areas in any system of coordinates and we obtain the proper 
expressions in, usually, a far simpler manner than by laborious trans- 
formations of differential coefficients. Whilst the expressions for the 
components vary according to the system of coordinates chosen as most 
suitable for a special problem, the theorem, on the other hand, is uni- 
versal, and gives us the inner meaning of the operation. It is far the 
best in general investigations not to employ any system of coordinates, 
‘but to emancipate one’s self from their complexity by employing sym- 
bols which only relate to the intrinsic meaning of the operations ; 
besides which, there is a great gain in the ease of manipulation. In 
the present paper the meanings of all forms of expression likely to be 
unfamiliar are briefly stated, and we shall avoid occupying valuable 
space by lengthy formule. 

- The operator “curl” is connected with rotation thus: if H be the 
instantaneous velocity at a point in a moving fluid, curl H is a vector 
whose direction is that of the axis of instantaneous rotation of the fluid 
surrounding the point, and whose length equals twice the angular 
velocity of rotation. : 
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Notice that (15) contains no physical constants. It is therefore, in a 
sense, a purely geometrical equation. Given a system of magnetic force 
H, mentally represented by lines or tubes of force mapping out space 
in one way, by the operator “curl” we find another system of lines or 
tubes mapping out space in another way, viz., the lines and tubes of 
current. Whether H be wholly continuous or not, the derived T is 
necessarily continuous [that is, circuital], The curl of a vector can have 
no divergence anywhere, which we express by 


div =0; or, —14—24—3=0, .......... eld) 


which defines “divergence” with reference to Cartesian coordinates. 
The divergence of I’ is the amount of T leaving a point, reckoned per 
unit volume. When I’, as here, signifies electric current, it is continu- 
ous; as much current leaves as enters any volume, or the integral 
amount leaving it, reckoning that entering it as negative, is zero. That 
(17) is involved in (15) is tested by differentiating the three components 
in (16) to x, y, and z respectively and adding them, when (17) results. 

Given H, we have T, by (15), perfectly definite. But given- T (neces- 
sarily continuous), H is not definitely fixed by (15). For, on finding one 
function H satisfying (15) with T given, we may add to H any function 
I such that curl I = 0, without disturbing the relation (15). The nature 
of I is given by 

T=-VQ2; or, I= -dQ/dz, I,=—-dQ/dy, I,= —dQ/dz, (18) 
where Q is a scalar function of position, a scalar potential in fact. We 
require some other condition than (15) to find H completely when T is 
given ; this is, that the magnetic induction B = pH, (equation (10),) is 
continuous, or divB=0. H is now perfectly definite. If u= constant, 
or all space is equally magnetisable isotropically, then B is the same 
multiple of H everywhere, ene div H=0, so that the proper solution 
of (15) is that function H satisfying (15) which is continuous, like T. 
But H is not continuous when p varies from one part of the field to 
another. 

Having now defined ‘“‘curl,” “ divergence,” and V applied to a scalar 
function, consider (15) from a less abstract point of view, in the light of 
the Version Theorem. Let there be any closed circuit in space,— 
whether passing through conducting or dielectric matter is immaterial. 
The amount of current passing through the circuit in the positive direc- 
tion (that passing the other way being counted negatively) equals the 
circulation of H round the circuit + 4r. The actual distribution of T is 
got by taking the circuit infinitely small and applying it to all parts of 
the field. Let us, whilst considering a finite circuit, yet take it sufficiently 
small to make the current pass all one way through it. Then, setting 
up current through the circuit, we set up magnetic force round it. 

But there is another way of setting up magnetic force round the cir- 
cuit, viz., by motion of the circuit itself in a previously undisturbed 
electric field. Thus, let there be a steady field of electric force, say in 
air, with therefore steady electric displacement, and no electric current. 
Let the closed circuit be a thin wire. When at rest in the field there is 
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. no current through it, and no magnetic force round it. But if we move 
the circuit so that the amount of electric displacement through it varies, 
there is electric current through the circuit, to be measured by the rate 
of increase of the amount of displacement through it at any moment ; 
or, in another form, by the number of tubes of displacement added to 
the circuit per second by the motion of the circuit across them. Hence 
there will be magnetic force round the circuit, and if it be a thin iron 
wire, it will become magnetised by the motion in the electric field. In 
general, the motion of matter in an electric field sets up magnetic force. 

As an example, fix a thin circular iron ring in air. Call the line 
through its centre perpendicular to its plane the axis. Let there be no 
current or magnetic force in the first place. Now shoot a small bullet, 
having an electrical charge, through the ring, along its axis. The 
electric displacement due to the charge will be continually changing; thus, 
there is a system of electric current in the air accompanying the motion of 
the bullet. The velocity of propagation of disturbances in air is so great 
that, unless the velocity of the bullet be not a very small fraction of the 
velocity of propagation, we may neglect the disturbance in the field of 
force due to the latter velocity not being infinite, and suppose that the 
bullet carries with it in its motion its normal field of force (radiating 
straight lines) unchanged. The distribution of displacement current 
about the moving bullet is then the same as that of the lines of mag- 
netic force that would come from it if it were uniformly magnetised 
parallel to the axis, or line of actual motion in the real case, and the 
lines of magnetic force accompanying the displacement currents are 
circles centred upon the axis, in planes perpendicular thereto, the 
strength of magnetic force in the air being inversely proportional to the 
square of the distance from the centre of the bullet, and directly propor- 
tional to the cosine of the latitude ; the equator being the circle on the 
bullet’s surface in the plane perpendicular to the axis passing through 
the centre of the bullet. (With very high velocity this distribution of 
displacement current and magnetic force is departed from.) The fixed 
ring coincides with the lines of magnetic force during the whole motion 
of the bullet, and is therefore solenoidally magnetised thereby, most 
strongly when the magnetic force is strongest there, 7.e., when the bullet 
has just reached the centre of the ring, and the current through the 
ring is a maximum. The current through the ring may be measured 
either by the displacement current through a surface bounded by the 
ring, or by the rate at which the ring cuts the lines of electric force 
(supposed undisturbed) of the bullet. 

Next, fix the charged bullet and move the ring instead, so that their 
relative motion shall be as before. There is exactly the same amount 
of electric displacement through the circuit added per second as before, 
in corresponding positions of the bullet and ring, with, therefore, the - 
same magnetic force in the ring and the same magnetisation. Other- 
wise, however, there is a great difference in the two experiments. In 
the first case, changing electric displacement or electric current all 
through the dielectric, the greatest strength of current being at the 
poles of the bullet; whilst in the latter case the field is practically 
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undisturbed except near the moving ring itself, Compare with the | 
induction of electric force in a ring in a magnetic field, first when the 
field is moving, and next when the ring is moved in the field. 

The induced magnetic force per unit length in a wire moved perpen- 
dicularly across the lines of force in an electric field equals the amount 
x 4r of electric displacement of the field crossed by the unit length of 
wire per second, and is perpendicular to the electric displacement and 
to the direction of motion. In general, 


WV DV xdm geeen (18a) 


where D is the displacement of the field, v the velocity, h the induced 
magnetic force, and V is as in equation (3). There are, of course, cor- 
rections due to the reactions set up, due to the wire not being infinitely 
thin, and to finite length.* 

In electromagnetic units, c in air=(v,)~?, if v, = velocity of propaga- 
tion =3 x 101° cm. per sec. Therefore, in the case of motion of a thin 
wire perpendicularly across the lines of force in a uniform electric field 
of strength £, 

. h= Bu(v,)~? = Ev/(9 x 10”). 


Let £=10!2¢.¢.8., or 104 volts per cm., which is less than the disruption 
force in air in its ordinary state, then 


h=v/(9 x 108). 


To get magnetic force of strength 10-5c.g.s., v must equal 90 metres 
or 300 feet per second. 


Magnetic Energy of Moving Charged Spheres. 


In passing, I may remark that J. J. Thomson (Phil. Mag., April, 1881) 
found the magnetic energy ÈT due to a sphere of radius a with an 
electric charge q moving with velocity v in a medium of permeability p 
to be 

2 T = Pepq?v"/a. 

I find that the -2 should be 3. Also, he found the mutual magnetic 
energy È Ti of two infinitely small spheres at distance r with charges g, 
and q, moving with velocities defined by the rectangular components 
Uy, Ug Ug, ANd Vis Vy, Vz, With uw, and v, the velocities parallel to the line 
joining the spheres, to be 


È Tio = (9199/37) (Uy 2 + Ugh, + Uzta, 
against which I find it to be 
Z Tig = (9142/21) (2,0, + Ugly + Uys). 


I do not know what corrections, if any, have been published, and 
should be glad to receive information on the point, whether in corrobora- 
tion of my results or otherwise. 


* (The force defined by (18a) I now term the motional magnetic force, and its 
companion (21a) below, the motional electric force. Examples of their use will 
occur in later papers. ] i 
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SECTION IV. COMPLETION OF ROUGH SKETCH. 
Second Connection between Electric Force and Magnetic Force. 


The equation (15), curl H = 47T, expressing a relation, independent 
of physical constants, between the magnetic force and the electric 
current, is an extension of Ampére’s results for linear circuits. By T 
must be understood Maxwell’s true current—that is, the sum of the 
conduction current and the displacement current if the body considered 
be both a dielectric and a conductor, or the conduction current. alone 
or the displacement current alone if the body have no dielectric 
capacity or no conductivity respectively. All bodies are either con- 
ducting or dielectric, or both, and ether is dielectric, so that electric 
current may exist everywhere. Putting I in terms of E by the 
equation of true current (8), [p. 443], we get , f 


carl Hs 4rkB+ oÈ, ooeec (19) 


which is one connection between E and H. 

The second connection may be obtained by translating Faraday’s 
law of induced electric force in a linear circuit into a mathematical 
form. It is remarkable that the ideas of Faraday, who was no mathe- 
matician, should admit of immediate translation into mathematical 
language; a fact due to his dispensing with the direct action-at-a- 
distance hypothesis, and employing the intermediate mechanism of 
lines or tubes of force. In popular language, the total EMF. of 
induction round a linear circuit is measured by the number of lines 
of force taken out of the circuit per second. Here the conventional 
connection between the assumed positive direction of translation 
through a circuit, and the assumed positive direction of motion in the 
circuit must be remembered. Selecting either direction through a 
circuit as the positive direction of translation, look through the circuit 
in this direction. Then the positive direction of rotation is right- 
handed, or with the hands of a watch whose front faces the spectator. 
Thus, increasing the number of lines of force through a circuit sets up 
negative E.M.F. round it. 

So far in a medium of unit permeability. But when we make 
allowances for differences of magnetic permeability, it is not the 
variation of the magnetic force H, but of the magnetic induction 
B = uH, which determines the induced E.M.F. The amended statement 
is that the total E.M.F. of induction round a circuit equals the rate of 
decrease of the amount of magnetic induction through the circuit. 
Now, since we have here a line-integral, viz., of the electric force of 


induction round a circuit, and a surface-integral, viz., of -»~H or -B 
over any surface bounded by the circuit, we may at once apply the 
Version Theorem before referred to [p. 443] and deduce 


curl B= -B= —pH, occse (20) 


which is one form of the second relation between E and H. | 
The following method is also instructive. Since the rate of increase 
of the magnetic induction at a point equals 47G, where @ is the 
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magnetic current, as defined by equation (12), we may state the law of 
induced electric force thus:—The total E.M.F. of induction round a 
circuit in the negative direction equals 4r times the total magnetic 
current through the circuit in the positive direction. Now compare 
this statement with the statement regarding equation (15) [p. 443], 
viz., that the total magnetic force round a circuit equals 4r times the 
total electric current through the circuit, and change this so as to 
produce the statement in the last sentence. We must change magnetic 
force to electric force taken negatively, and electric current to magnetic 
current. Hence 


curl Hiatal”: cdvsiscaveocick prnasedese (15) bis 
becomes eur a E E E (21) 


which is equivalent to (20). 

We have, in order to simplify the establishment of (20) or (21), 
avoided mentioning the E.M.F. induced in a linear circuit by its motion 
in the field, which may or may not be varying independently. The 
amount of induction added to or taken out of a circuit from this cause 
may be obviously represented by a line-integral, as it depends upon the 
rate at which the different elements of the circuit cross the lines of 
induction. If the induction were of the same strength at all the 
moving parts of the circuit, and they all moved at right angles to their 
lengths and also perpendicularly across the lines of induction in the 
same sense, the total E.M.F. would be of strength = B x rate of increase 
of area of circuit. But when B varies, and likewise the velocity of the 
different elements across the lines of B, each element must be con- 
sidered separately. The amount contributed to the total E.M.F. by an 
element of unit length equals the component parallel to its length of 


VVB, wiecsocers PEE EE ETET (21a) 


if v be the vector velocity. But, if there be current induced, this 
brings in working mechanical forces, and should therefore be separately 
considered. At present we return to the case of c, k, and u constant 
with respect to the time, and no parts moveable. 

In equation (21), E is the electric force of induction only, not the 
actual electric force. There may be in addition electrostatic force, and 
also impressed electric force. But the electrostatic force is polar; it is 
derived from a scalar potential. If this be P, the force is - VP. But 
curl VP=0, as was before remarked [p. 444] with reference to Q, 
consequently the polar force may be included in E in equation (21). 
Similarly any polar force may be included in H in the previous 
equation (15). Now in all our equations, from (1) up to (14), not 
containing any relations between E and H, those symbols mean the 
actual resultant electric and magnetic force from all causes. Hence, in 
order that the two equations (15) and (21) may harmonise with the 
preliminary equations (1) to (14), not only in space where there is no 
impressed force, but at the places where such exist as well, we must, 
whilst still using E and H to denote the actual forces, deduct from 
them the impressed forces in using the relations (15) and (21). So, 
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let e be the impressed electric force, and h the impressed magnetic 
force. Our two connections between E and H are then 


curl (H -h)=4rl =4rkE+ cB, . oo... (22) 
curl (e - E) = 4r@ = 4rgH + pË, oaiae (23) 


where the coefficient g of magnetic conductivity is introduced to show 
the symmetry, and may be put =0. We have now a dynamically 
complete system. 

The subject of impressed force will be considered in a following 
section more fully, especially as regards impressed magnetic force, and 
its interpretation in terms of magnetisation. In the meantime we may 
define impressed electric force thus. If e be the impressed electric 
force at a point, and T the electric current there, eI’ of energy is taken 
into the electromagnetic system there per unit volume per second. 
Similarly, we may define the impressed magnetic force h at a point, by 
saying that if there be a magnetic current @ there, h@ of energy is 
taken in per second per unit volume by the electromagnetic system 
there. In general, el’ and hG are scalar products [see equation (5)], 
having the ordinary signification when e is parallel to T, or h to G; 
. in other cases to be multiplied by the cosine of the angle between e and 
T or between h and Q. 


The Equation of Energy and its Transfer. 


We must find the rate of working of the impressed forces, and 
compare with the dissipativity and with the changes taking place in 
the energy of displacement and the magnetic energy. Multiply (22) by 
(e — E), and (23) by (h — H), and add the results. We get 


4r {(e — E)I + (h - H)G} = (e - E) curl (H — h) + (h - H) curl (e - E). 
Or 
ef +hG=ET + HG+ {(H- h) curl (E - e) — (E - e) curl (H — h)} /4r, (24) 


by rearrangement. ET and HG here occurring have been already 
expressed in terms of the dissipativity @, the electric energy of dis- 
placement U, and the magnetic energy 7; see equations (9) and (14). 


Thus Er +HG=Q+ 047. nocere (25) 


On the left side we have the rate of working per unit volume of the 
actual forces E and H on the currents I and @; on the right side the 
dissipativity, or rate at which energy is being lost from the system 
irreversibly, producing heat according to Joule’s law, and the rate of 
increase of the electric and magnetic energies, all per unit volume. 

Now looking at (24), the left side expresses the rate at which energy 
is being taking in (reversibly) per unit volume, in virtue of the im- 
pressed forces e and h. Therefore the excess of (er + hG) over 
(ET +HG) must be the energy leaving the unit volume per second 
through its sides. Now, X and Y being any two vectors, 


Y curl X ~- X curl Y = div VAY; uns (26) 
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or in full, by (5), (16), (17), and (3), 
Y (dX,/dy - dX, /dz) + Y,(dX,/dz — dX,/dx) + Y,(dX,/dx —dX,/dy) 
— X,(dY,/dy - dY,/dz) — X,(dY,/dz - dY,/dx) — X,(dY,/dz — dY,/dy) 
= (d/dx)(X,Y, - X,Y.) + (d/dy)(X,¥, - X, Y3) + (d/dz)( X,Y; - YX.) ; 
using the numbers 1, 2, 3, to denote the x, y, and z components. Let 
then . W=V(B-—e)(H—-h)/4m, oo... ce cee eee eee e es (27) 
then by (26), with X =E - e, and Y = H —h, equation (24) becomes 
er +hQ= ET + H@+div W 
=Q+ a) 


the equation of energy put in its most significant form. Summing up 
through all space, W goes out; or the total work per second of the 
impressed forces equals the total dissipativity plus the rate of increase 
of the total electric and magnetic energy. 

W is the vector rate of transfer of energy, or what we before [p. 438] 
termed the energy-current, a vector whose direction is that of the 
transfer of energy, and whose magnitude equals the amount transferred 
per second across unit area of a plane perpendicular to that of transfer. 
Note [p. 438] that impressed forces were said to be not counted ; hence 
as E and H are the actual forces now, the impressed forces are deducted, 
as shown in (27). The magnitude of W is the product of the strengths 
of the two forces and the sine of the angle between their directions, 
and the direction of W is perpendicular to both forces, with the before- 
stated convention regarding positive directions. 

The general nature of the energy-current was described in Section II. 
“ On the transmission of energy through wires by the electric current” 

p. 434], where, however, only impressed electric force was considered. 
he same general results apply to impressed magnetic force; energy 
proceeding from places where such exists, to be dissipated as heat in 
conducting matter, or to increase the electric and magnetic energies, or 
to go to other places of impressed magnetic force. But there are great 
practical differences between impressed electric and magnetic force, 
owing to the transient nature of magnetic currents and other causes. 


Differential Equations of E and H. 


By eliminating E or H between (22) and (23) we obtain the 
characteristic equation of E or of H. Put g=0, and eliminate H. 


Then, curl p`! curl(e - E) = curl h + 47kB+cH, ..........000. (29) 


which is the equation of E. Here e and h, being impressed, must be 
supposed to be given. p`! is the operator inverse to p, that is, in the 
general case of eolotropy w`! is defined by the three principal axes and 
the values l/m, l/a 1/ps, along them, as was explained [p. 430] in 
speaking of k. Similar remarks apply to k~! and c™! should they occur. 
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In space where there is no impressed electric force, and no, or else 
constant, impressed magnetic force, 


curl u`! curl B+ 47kB+cB=0. voce seen (30) 
In a non-dielectric conductor, . 
curl u`! curl B+ 4rkĀ = 0, 
and curl $~! curl H + 4ruË = | 


Here propagation of E and of H is by diffusion. And in a non-conducting 
dielectric, 


curl u`! curl E+ cË =0, (32) 
curl c71 curl H+ pH= 0. cocces ee eecereccscccene 


Here propagation is by waves, i.e., propagation of E or H, not of energy. 


cand u self-conjugate ; k not necessarily so. 


We should note that 
T= (d/dt)(HpH/8r) = HyH/87 + ÅuH/8r, 


whilst HG = HpH/4r ; 
so for HG to equal 7 we require 
HyH = Hud, 


i.e., p must be self-conjugate, or contain no rotatory e [equation (3), 


p. 431]. Similarly, for UV to equal ED, c must be self-conjugate. But 
there is no such limitation thrown upon & the electric conductivity 
operator, nor would there be upon g the magnetic conductivity operator, 
did such exist. There are other proofs of these conclusions, but the 
above are very short. There is, however, an objection to be raised 
against the rotatory conductivity vector e, which want of space does 
not permit to be mentioned at present. 


SECTION V. IMPRESSED MAGNETIC Force. INTRINSIC 
MAGNETISATION. 


The energy definition of impressed electric force, due originally, it 
not explicitly, at least substantially, to Sir W. Thomson, has long been 
well recognised by most writers on electrical subjects, especially since 
the practical introduction of dynamo machines, accumulators, etc., 
which raised the energy transformations concerned in electrical pheno- 
mena from being matters of almost purely scientific interest to matters 
of the extremest practical commercial importance. 

But in our last we gave an energy definition of impressed magnetic 
force, precisely similar to that of impressed electric force. Thus, if h 
be the impressed magnetic force at a point, and G the magnetic current 
there, the rate of working is h@ per unit volume, and this amount of 
energy is taken in per second by the electromagnetic system at the 
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place, and is employed in increasing the energy of electric displacement 
and the magnetic energy, or wasted in the heat of conduction currents. 
Also it may be used in effecting bodily motions when there is yielding 
to the mechanical forces, or in chemical work, etc. Should there be no 
impressed force, electric or magnetic, except an impressed force h in a 
single unit volume, we have 


hG=>(Q+U+T7), 


the summation extending through all space, where Q is the dissipativity, 
U the energy of displacement, and 7 the magnetic energy, all per unit 
volume. In order to identify the quantity thus defined, and show the 
relation it bears to the quantity termed intensity of magnetisation, let 
there be no electric force in the field, and its state be steady. The 
second equation of induction (23), goes out, since @=0, and the first, 
(22), is reduced to 


curl (Hah E E (33) 
Integrating once, we have 
H=h+fF, where curlF=0, or F=~-VQ. ......... (34) 


Thus the actual magnetic force H differs from the impressed force h 
by a polar force F, a force which, when analysed, is found to be made 
up by the superposition of radial forces proceeding from points. Q is 
the potential, a scalar, variable from point to point. 

But, so far, there is nothing to settle what particular distribution of 
polar force F must be. A second condition is wanted. Now we know 
from equation (23) that the magnetic current, like the electric current, 
is always circuital, 7.¢., 

div@=0, therefore divB=0, ...............04. (35) 
and, if we take the time-integral, we find 
divB=/ (2, Y, 2), 


any scalar function of position, independent of the time. If, then, the 
magnetic induction B were not also circuital, its divergence would 
continue unaltered at any place, however the field might otherwise 
vary. It could only be altered by convection, shifting the arrangement 
of matter. It would then, by a suitable arrangement of matter, be 
possible to have a unipolar magnet, a quantity of matter round which 
the magnetic force was everywhere directed outward, or everywhere 
inward. This being contradicted by universal experience, we must 
conclude that | 

divB=0, aswellas div@=0. ...............68. (36) 


The second equation of induction (23), if we use the full expression 
for @ there given, is too general, requiring the limitation g=0, from 
the absence of magnetic conductivity. The now added limitation 
div B=0, as it does not contradict the second equation of induction, 
must be considered as an auxiliary condition. Though not necessarily 
ed ar upon the first limitation g=0, it is yet intimately connected 
with it. 
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Our two equations are, therefore, (33) and (36), or, 
curl (H -h)=0, and divpH=0, .................. (37) 


and the question is, given p the permeability, and h the impressed 
force, find H the real force. Or, using (34), we have 


div (h + F) =0, Curl ESO aas (38) 


and now, with the same data, we have to find F. By the second of 
(38), F is restricted to be a polar force; by the first it is still further 
restricted to have, when multiplied by p, a given amount of divergence, 
thus, 

div pF = — div ph. 


The two conditions together make F perfectly definite, and therefore H 
and B definite through all space. Of this a variety of proofs may be 
given (the first was given by Sir W. Thomson in 1848, relating to 
similar equations, » being isotropic). The following perhaps puts the 
matter in as simple a form as it can be put, and is best adapted to the 
present circumstances. 

In the first place there cannot be two solutions of (38) for F. For if 
(38) are satisfied by F and also by F +f, we have, by subtraction, 


div pf=0, CMP ESO uaea asta satne (39) 


as the equations that f must satisfy. But consider the quantity È fuf 
integrated through all space. It cannot be negative, for every element 
of it is positive or else zero. Thus 
fuf = pfi? + mola? + mel”, 

if 4445 Mo H3 be the principal permeabilities, and f,, fẹ, f, the correspond- 
ing components of f. We suppose the permeability always positive (to 
deny this would lead to absurdities), hence fuf is always positive, or 
else zero, viz., when f=0. But, by the second of (39), f = — Vp, if p 
is the potential of f, and therefore, by a potential property, ` 


SiH 2 Gi Al, serene ini (40) 


and therefore vanishes, by the first of (39). Hence f=0, making the 
supposed two solutions identical. 

Next, to show that there is one solution, consider > HH through all 
space. This is also positive, or zero, whatever H may be, by the same 
reasoning, so has necessarily a minimum value. If H be quite arbitrary, 
the minimum is zero, when H=0 everywhere. But H=h +F, and 
here h is constant. Let F vary. The corresponding variation in 
2 HeH is 

ô? HuH =? ôFu(h +F)+?(h+F)ôpF = 26Fu(h+F). ......(41) 

Now subject F to either of the two equations Sl say the asia SO 

that F = - VQ. Then, similarly to (40), 


8S HpH =5 200 div a(b +F). oo. (42) 


Hence, to make 2 HH a minimum requires 
div (h + F) =0, 
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which is the first equation (38). Thus, when F satisfies both equations, 
it makes 2 HH a minimum. But this quantity has a minimum, there- 
fore there is a solution of the equations (38), or F is a definite vector 
for every point of space. 

If we assume that p contains a rotatory vector «, so that 


BEDE Hoe tH) niin (48) 
let fH =p H- VeH, 
then p’ is conjugate to u, and 


$(u + p')H = pH, 
where yp, is self-conjugate or non-rotatory. Instead of (41) we shall have 
52 HeH =? 26F pe (B+ PF), ....cccseccscccsvecsves (44) 
and the minimum is given by 
div m(h + F)=0, 
which is not the proper condition. 

There is a similar failure in the mathematically analogous problem of 
conduction current kept up by impressed electric force, when the con- 
ductivity k is rotatory. 

In connection with the above, we may notice two special solutions of 
(37). First, if curlh=0, then curl. H=0, which, with div uH =0, 
requires H =0, and therefore B=0. That is, if the impressed force be 
wholly polar, there is no induction. The simplest example is a closed 
magnetic shell of uniform strength, and any thickness, an assemblage 
of magnets put together side by side in such a manner that there is no 
induction anywhere. , 

Secondly, if divwh=0, then divyF=0, which, with curl F =0, 
requires F=0, therefore H =h, and B=yh. Here the impressed force 
everywhere produces the full induction, and there is no polar force. 

Comparing our equations with those occurring in the problem of 
magnetisation, we find that, if I be the intensity of intrinsic magnetisa- 
tion, it is related to h thus :— 

Tephi Ar ieia (45) 

h may therefore be called the intrinsic magnetic force, if we like. The 

real magnetisation is the sum of the intrinsic and the “induced,” which 

we shall call i, and the ordinary form of the magnetic induction equation 
is equivalent to 

B=F+4r(I +i), essessssssreveessesos (46) 


where F is the polar force due to both the intrinsic and the induced 
magnetisation. It is the same as F above. And, to identify (46) with 
the equation B = pH we use always, we have first 


1=KF, 
giving the induced magnetisation in terms of the polar force, x being the 
coefficient of induced magnetisation, next the equation (45), and lastly, 
| p=1+4rk; 
so that (46) becomes 
B=F + ph + 4rkF = p(h +F) pl. ................. (47) 
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It will be seen that this separation of magnetisation into intrinsic 
and induced is a roundabout way of treating the subject, and that there 
is considerable simplification obtained by always using the equation 
B =H, both in an intrinsic magnet and without it, ever employing the 
two ideas of magnetic force and magnetic induction, and letting 
magnetisations alone. The quantity B is the magnetic induction as 
ordinarily understood ; H is also the magnetic force as ordinarily under- 
stood everywhere, except where there is intrinsic magnetisation. There, 
however, we add the intrinsic or impressed force h, making 

H=h+F 
in general, just as in a conduction current system we add the impressed 
force, where there is any, to the polar electric force and that of induction 
to obtain the resultant efficient electric force. H is thus always the 
resultant magnetic force from all causes, and although in the above we 
have considered no electric currents to exist, yet we may add that 
should there be any, | 
H=h+F+F,, 


where F, is the magnetic force of the current ; and B= pH always. 

The term “intrinsic,” as applied to magnetisation, is used by Sir W. 
Thomson, but not by Maxwell, though he gives the same theory of 
induced magnetisation as the former. It is not always clear in Maxwell’s 
treatise whether by magnetisation he refers to the intrinsic only or to 
the actual, including the induced. Maxwell’s equations of disturbances, 
also, break down when they are applied to the interior of an intrinsic 
magnet, owing to his use of the equation 

curl H = 47T, 


as the relation between the magnetic force and the current, whereas it 
must be—equation (32)— 

curl (H — h) = 47T, 
where there is intrinsic magnetisation, if we are to obtain consistent 
results. 

Although, in identifying I with uh/4r, we have, by means of the two 
equations of induction, (32) and (33), and the equation of energy 
deduced therefrom, obtained a justification of the energy definition of 
h, similar to that for impressed electric force, yet, as the consequences 
are of some importance in variable states, they may be advantageously 
followed up from the impressed force point of view. 


Magnetic Energy. Double Work of Magnet. 


Let there be a distribution of impressed magnetic force h in a medium 
of given variable permeability »—-for example, a magnet in air contain- 
ing soft iron and any other substances. Imagine the impressed forces 
to be put on suddenly. We know, by the above, that a certain definite 
distribution of magnetic induction is set up, which is steady when the 
arrangement of matter is fixed. During the transient state there is 
magnetic current everywhere unless u=0 somewhere, which we must 
believe to be impossible, since p is very little less than unity for any 
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known substance. The magnetic currents are wholly closed. They are 
accompanied by electric currents, also closed, in all space, in general. 
When they have ceased, there is no electric force anywhere, and the 
magnetic induction at any point is the time-integral of the magnetic 
current x 4r. Compare the work done by the impressed forces with 
that done by the actual forces through all space. The latter is, per 
unit volume, 


[Haar = [Bulle at z [ji Be /seyae = HyH/8r, 


where, in the last expression, H is the final value of the magnetic force. 
In the integrals, H is the variable value at time ¢ Let T be the whole 
work thus done in all space, then 


T2 Hah Or sassraacs halves sees (48) 


On the other hand, the work done by the impressed force per unit 
volume is 


[hae 5 [bu/4r.at = hpH/4q ; 


so, if T) is the whole work done by the impressed forces, 
FD im ses sas Hones seats an (49) 


where the summation may also extend through all space, since where 
there is no h nothing is contributed to the sum. Now H=h +F, and 


SPH =DO div pH=0, oiiire (50) 


because F is polar and pH circuital. (Similar to (40).) So in (49) we 
may add F to h, making 


T, = (h+F)pH/40 =D HpH/4r=27, occ (51) 


by (48). The impressed forces therefore do double the work of the 
actual magnetic forces during the transient state. The excess is done 
by the electric forces. For, integrating (28), to the time, with e=0, 
and also through all space, to get md of W, 


z {nar = = [Brat +2 | HGdt; 
and, since finally U =0, we have 
T,= |Qat+7. CIALA 02) 


Hence, by (51), T = | as 


the total heat in conductors arising from induced currents. 

One half the work done by the impressed forces is wasted in heat of 
induced currents, the other half is the magnetic energy set up, expressed 
by (48). Now, suddenly remove the impressed forces; there will be a 
similar inverse transient state, during which, as the magnetic induction 
subsides, the whole of the energy T will find its way to the conducting 
parts to be there wasted as heat. The intrinsic magnet itself, it should 
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be remembered, would come in for a large share of this in general, or, 
in special cases, the whole. T is thus the whole amount of work that 
can be got out of the magnetic system by removing the intrinsic forces, 
which is why we term it the magnetic energy. [In the above investiga- 
tion it is assumed that there is a steady state. hen there cannot be, 
there are exceptional peculiarities, treated of in later papers. | 

It may be objected that the above is unrealisable, that we cannot put 
on, or suddenly remove, the retentiveness of a magnet, and so obtain 
the whole magnetic energy existing in a given configuration in work. 
Admitting this, it may be remarked that we can do something equivalent, 
or at least approximate thereto, in the following manner. By means of 
a properly chosen distribution of impressed electric force we may set up 
electric current that shall exactly neutralise the field of the magnet, 
producing a state of no induction. Now suddenly cut off the impressed 
electric forces that kept up the currents. We then start with no 
induction, and terminate with the proper distribution of induction due 
to the magnet, and the impressed electric forces do no work, being cut 
out. Hence the effect is the same as suddenly putting on the impressed 
magnetic forces, doing 2T of work, one half magnetically, the other half 
being expended in the heat of induced currents. Some simple examples 
to illustrate this will be worked out later. 

This extreme case will serve to illustrate the meaning of the distinc- 
tion between the work done by h and by H, also the meaning to be 
attached to magnetic energy. There are other ways, of course, of using 
up the energy T above said to be wasted in heat. Thus, if we alter the 
configuration of the matter in our magnetic system, we usually alter 7. 
Let it be increased from T to 7+67. Then the impressed forces h will 
do 267 of work, one half magnetically, in increasing 7, the other half 
mechanically, by the mutual stresses assisting the motion, and this latter 
half will be partly wasted in heat at once by the induced current accom- 
` panying the motion, and all may be ultimately thus wasted. 

This naturally brings us to the subject of the mechanical forces. 


SECTION VI. THE MECHANICAL FORCES AND THEIR POTENTIAL 
ENERGY. 


The expression for the magnetic energy 7 may be conveniently put 
into another remarkable form, thus: By (50), . 


then, by (48) and (51), we obtain 

T = hph/8r — 2 FuF/87,=7,-M,  say.......... (53) 
Here the magnetic energy T is expressed as the difference of two quan- 
tities 7, and M, of which the first is constant, being the maximum value 
of T. Short-circuit the magnet by an infinitely permeable skin ; there 
will be then no induction outside the skin, and T will be the greatest 


possible consistent with not altering the interior permeability » and im- 
pressed force h. But it will not in general be as great as 7. This 
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requires there to be no polar force, so that h at any place can produce 
the full induction uh. But if we imagine every element of volume sur- 
rounded by an infinitely permeable skin, T becomes T, Should the 
magnet be uniformly magnetised, and of uniform permeability, it is suffi- 
cient to coat the outer surface with an infinitely permeable skin to in- 
crease T to T, In some other cases no skin is needed. 

For the same reason as before given for T, T, and M are both neces- 
sarily positive. The quantity M is the same as what Sir W. Thomson 
calls the “ mechanical value” of the magnetic system, or the amount of 
work that would have to be done against repulsions to build up the 
intrinsic magnet if it were given in the state of infinitely slender fila- 
ments, magnetised parallel to their lengths, placed infinitely widely 
apart. Or, reversing the operations, imagine the intrinsic magnet to be 
divided into infinitely slender filaments parallel to the lines of in- 
trinsic magnetisation, and the filaments cut up into short straight pieces 
(though infinitely long compared with their diameters). Then if the 
elementary parts thus defined be infinitely widely separated from one 
another, and from all matter susceptible to induced magnetisation, the 
work done during the separation by the polar forces would amount to M. 
But I am unable to verify the statement that M may be either positive 
or negative (“ Electrostatics and Magnetism,” Art. 731, end of p. 565). 
The form > FyuF/87r (not given in the paper quoted) shows that it must 
be always positive. The following are the principal forms :— 


M=T,-T = Zhph/8r - X HyH/8x => FuF/8r 

=$2 Qp =42 Qpe = 2 FF /8r = - 42 IF = -42 LF; 
to understand which, it is necessary to say that I, = wh/4z is the inten- 
sity of intrinsic magnetisation, and I the actual, the sum ofthe intrinsic 
and the induced ; F, the polar force of the intrinsic, and F the actual 
polar force ; p, the density of free intrinsic magnetism, and p the actual 
density ; 2, the potential of F,, and Q of F; and, lastly, H=h +F. 
For the intrinsic magnetisation, we have 


F = - VQ; 4mp, =div F, = — 4r div I. 
Similarly, if the number , refer to the induced magnetisation, we have 
F, = - VQ, 4rp, = div F, = — 4r div L. 
Lastly, F=F +F,  Q=Q +Q, p=p,t+p, I=I1,+I, 
The connection between the induced and intrinsic magnetisations is 
L = (p - 1)(F, +F,)/47 = (p - 1)F/4r, 
which makes the induction B be 
B =F + 4r], + 4rI, = (F + 4rI,/p) = p(F +h) = pH. 

The various forms in (54) are got by application of the elementary 

potential property 
2 fuf = È? p div uf 


through all space, f being any “ polar ” force, whose potential is p, with 
the assistance of the various relations following (54). The forms in the 
first line of (54), in terms of forces, are the most important. 
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Now return to the subject from the impressed force point of view. 
(Our language may be suggestive of our believing magnetic induction to 
be a purely static state, but such a conclusion is not meant to be con- 
veyed). We suppose there to be impressed magnetic force in the in- 
trinsic magnet, of strength h at any place, which is always present. 
The impressed forces try to do as much work as they can. They have 
in any configuration of the system (referring to the external arrange- 
ment of magnetisable matter) already done the amount T magnetically, 
in setting up the state of induction B, which = uH everywhere, H being 
the magnetic force as ordinarily understood outside the intrinsic magnet, 
including inductively magnetised matter, and the same with the im- 
pressed force h added, where there is h, that is, in the intrinsic magnet, 
which is of course inductively magnetised as well, unless its perme- 
ability should be unity. The impressed forces take advantage of all 
displacements of the system to do more work, if possible. If parts of the 
system be free to move, move they will, in such a manner as to let the 
impressed forces do more work, and increase 7. ‘The generalised 
“force,” assisting a displacement dz, is expressed by 


aT/dz, or, -—dM/dz; 


since, 7, being constant, any increase in T is accompanied by an equal 
decrease in M. , 

Any increase of permeability increases the induction and T, unless 
there be counteracting decrease elsewhere. A sphere of soft iron has 
no tendency to move anyway when placed in a perfectly uniform field 
of magnetic force. T is the same for any position of the sphere. But 
if the field be not uniform it will move so as to increase 7. Any small 
piece of matter inductively magnetised will move in the direction of 
fastest increase in the square of the force of the field if its permeability 
be greater than that of the medium in which it moves; and in the 
direction of fastest decrease when its permeability is less. This is irre- 
spective of the direction of the force. Thus iron moves to, and bismuth 
from, either magnet pole, and in certain positions they may move 
straight across the lines of force. This also happens when a wire con- 
veying an electric current attracts iron, the motion being across the lines 
of force. (This is not a case of intrinsic magnetic force, but the prin- 
ciple is the same.) 

Imagine a uniformly intrinsically magnetised magnet to be wholly 
surrounded by imaginary impermeable matter to begin with. There is no 
induction anywhere, and 7=0. Let outside the magnet there be matter 
of all degrees of permeability with no retentiveness, and divisible as 
much as we please, all floating in the standard medium of unit per- 
meability. If we remove some of the impermeable matter from the sur- 
face of the magnet, the impressed forces immediately act, and some 
induction comes out into the surrounding space, and with it there are 
mechanical stresses set up, which, if yielded to by the matter, assisted 
by suitable guidance if required, will have the effect of bringing the 
most permeable matter to and driving the least permeable matter away 
from the magnet. All the while, the impressed forces h are working, 
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increasing T the magnetic energy, and equivalently reducing M the 
“ mechanical value,” which was T, its greatest value, at starting ; all the 
while doing an equal amount of work mechanically, viz., on the matter 
set in motion, which we may conveniently dispose of by frictional re- 
sistance. In the end, supposing we have infinitely permeable matter to 
surround the magnet with, the whole work done by the impressed forces 
will be 27,, half magnetically, half mechanically. The final magnetic 
energy is T„ the mechanical value or potential energy, nil. The distribu- 
tion of T as it rises in value from ni to T, becomes ultimately confined to 
the magnet alone. For in the final state, the magnet is short-circuited 
by the infinitely permeable skin. It is only necessary for the ends of 
the lines of impressed force to be connected by infinitely permeable 
matter, and this is most simply done by the skin. To obtain the mag- 
netic energy T, that is left locked up in the magnet, the impressed force 
must be removed ; then, the equations of induction show that 7, of heat 
is generated by the induced currents accompanying the subsidence of 
the induction. 

Regarding the before-given definition of the mechanical value, notice 
that the more slender a filament (longitudinally magnetised) is, the less 
important is the effect of the polar force on the induction inside, which 
differs little from wh, except near the ends, uh being the maximum in- 
duction h can produce itself. Thus by slitting up the magnet into fila- 
ments as described, and separating them infinitely, we have a final state 
in which the impressed forces have done infinitely nearly the full 
amount of work they can do, the same amount as if the magnet, without 
any slitting and separation, were short-circuited, if it be uniformly 
magnetised. 

When work is done by external agency against the mechanical forces, 
as in drawing soft iron away from a magnet, we reduce T by the same 
amount. There is, during the motion, magnetic current in the magnet 
opposed to the impressed force, and the work done against h is twice the 
decrease in T. Half of this is accounted for by the magnetic energy 
returned to the magnet (becoming latent, as it were), the other half by 
the work done mechanically in drawing away the soft iron. 

2M might be called the potential energy of the impressed forces in 
any configuration, being at a maximum 27, when the forces are pre- 
vented from working by an impermeable skin, and zero when short-cir- 
cuited (with necessary modifications for irregular distributions of h). 
There are so many senses in which the energy of a magnet may be 
understood that it is necessary to be precise in stating one’s meaning. 
Therefore, I repeat that by the magnetic energy I always mean the 
quantity T, which has the value HuH/87 (or $ force x induction /47) 
per unit volume, both in the magnet and without (and also when there 
are electric currents, only then it will not be the magnetic energy of the 
magnet alone), the intrinsic force, where there is any, to be included in 
the reckoning of H, the magnetic force. We are thereby enabled to 
make use of electromagnetic ideas without bringing in the hypothetical 
Ampérean currents. The inclusion of h in the magnetic force, making 
B= pH always, is specially useful in simplifying both ideas and formule, 
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without loss of generality. The theory of magnetism is quite difficult 
enough already (owing to imperfect retentiveness and variable permea- 
bility) without additional gratuitous difficulties. 

To return to the mechanical forces set up by a magnet. There is a 
very important reservation to be made when considering the forces and 
the variation in the value of T as they are yielded to. The motion 
must be sufficiently slow to not appreciably alter the force by electric 
currents set up. That is, the variation of 7 the magnetic energy (of 
the magnet) does not ever give exactly the value of the generalised 
force, and in rapid motions it may be something very different. 

For distinctness, consider a round bar magnet (intrinsic) and a round 
cylinder of soft iron moving in a line with its axis. As the soft iron 
moves, the induction increases or decreases, both in the magnet and the 
soft iron, according as it approaches or recedes from the magnet. From 
the symmetry, the lines of induced E.M.F. are circles about their com- 
mon axis, and as they are conductors there are currents set up in both 
(there are also similar circular currents in the dielectric, but not involv- 
ing waste of energy); their directions are such as to retard the increase 
of induction on approach, and retard the decrease on recession ; hence 
the attraction of the magnet and soft iron is reduced as they approach, 
and increased as they recede from one another. More work must be done 
externally against the attraction in drawing away the soft iron than 
is done by the magnet in the reverse motion. ‘The difference is ac- 
counted for fully, according to the laws of induction, by the heat of the 
induced currents. This will be greatest in the magnet itself, less in the 
soft iron, and a very little in surrounding conductors. This effect has 
nothing to do with any lagging or retardation of magnetisation in the 
soft iron, which, if there be any, requires separate reckoning, but is of the 
same nature as the resistance to the motion of a (practically) unmag- 
netisable conductor in the magnetic field. Substitute a cylinder of 
copper for the soft iron; there is no appreciable force now when the 
cylinder is very slowly moved, as there was no appreciable departure 
from the normal attraction of the magnet for the soft iron when it 
was very slowly moved; in both cases the currents set up by rapid 
motions waste energy, as heat in the magnet and in the soft iron or 
copper respectively, and this waste must be externally accounted for. 
Or, supposing the magnet to draw the soft iron from rest at a certain 
distance, the kinetic energy communicated to the soft iron mass 
after it has moved a certain length will be less than the increase of 
T during the motion, the deficit being wasted by the heat of induced 
currents. 

The following brings into a strong light the connection between in- 
trinsic force and intrinsic magnetisation. Suppose we double the per- 
meability in every part of a magnetic system, how will it affect the 
magnetic energy? That depends on whether we keep the intrinsic force 
constant or the intrinsic magnetisation. If we keep the intrinsic force 
constant, we double the magnetic energy, since we keep the actual force 
unchanged as well, whilst we double the induction. On the other hand, 
if we keep the intrinsic magnetisation constant, we halve the magnetic 
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energy ; for we halve the force everywhere, whilst keeping the induction 
unchanged. 

Similarly, any increase of permeability outside a magnet increases T 
and the induction. Also any increase of permeability inside the magnet 
increases the induction and T provided the intrinsic force at the place 
is unaltered. Tọ, is also increased. But if, whilst increasing the per- 
meability at a place inside a magnet, we keep the intrinsic magnetisa- 
tion constant, we reduce 7. 

The conduction current analogue will make this plain. In any system 
of conduction current kept up by impressed E.M.F., any increase of con- 
ductivity outside the seat of impressed force will increase the current, 
and also the heat generation ; the same is true if we increase the con- 
ductivity ata place where there is impressed force, if we do not alter the 
impressed force. But if, whilst, say, doubling the conductivity at a 
certain place where there is impressed force, we halve the strength of 
the latter, we decrease the current and the heat generation. 


SECTION VII. WORK DONE BY IMPRESSED FORCES DURING 
TRANSIENT STATES. 


When we charge a condenser by means of a voltaic battery a transient 
current is set up in the circuit, which is quickly stopped by the elastic 
reaction of the electric displacement in the dielectric. There is then a 
certain amount of electrostatic energy set up in the condenser, say U, 
and, during the charge, a certain amount of heat was generated in the 
conductor. That its value is also U (expressed as energy, to save the 
perfectly useless introduction of the mechanical equivalent of heat), may 
be seen at once on remembering that when we discharge the condenser 
through the same resistance (without impressed force), the current 
passes through the same series of values at corresponding times as 
during the charge, and must therefore generate the same heat, which, 
being now derived from the potential energy of the condenser, must 
amount to U. And we further see that whether the discharge circuit 
has or has not the same resistance as the charge circuit, the heat during 
the charge and discharge are equal, namely U. Thus, in.charging the 
condenser, the battery does 2U of work, half of which is accounted for 
by the Joule-heat during the charge, and the other half by the energy 
of displacement in the condenser. | 

This property is wholly irrespective of the manner in which the 
charge takes place, if no other work be finally done than in heating and 
in setting up electrostatic energy. ‘Thus a coil may be inserted in the 
circuit, which may materially alter the manner of the charge, and render 
it oscillatory ; still, the heat will amount to U as before. And if we 
put another coil near the first, so that there is a current during the 
charge in it as well as in the main circuit, the heat will still be exactly 
U, provided we include the heat in the secondary coil as well. 

Similarly, in charging a submarine cable, the distant end being 
insulated or only connected to earth inductively through condensers, 
so that the final state is one of no current (practically), the total heat 


ELECTROMAGNETIC INDUCTION AND ITS PROPAGATION. 463 


during the charge exactly equals in value that of the electrostatic 
energy set up in the dielectric of the cable, condensers, etc., when we 
count the Joule-heat in the conductor, sheath, and wherever else there 
may be conduction current during the charge. | 

The general law, of which the above are examples, is as follows :—If, 
in any arrangement of matter, conducting (metallically), or dielectric, 
or both, originally uncharged and free from current, we cause any 
steady impressed forces to suddenly commence to act, and we keep 
them on, whose distribution is such that the final state is one of no 
current, the Joule-heat generated in the conducting parts during the 
transient state will exactly equal in amount the value of the final 
electrostatic energy set up. The impressed forces may be either in the 
dielectric or the conducting matter. If in the former, it does not 
matter how they are distributed, for the final state will be one of no 
current; but if in conducting matter the distribution of impressed force 
ceases to be permissibly arbitrary. In a linear conducting circuit, for 
example, their sum must be zero round the circuit. If partly con- 
ductive, partly inductive, this ceases to be necessary, but the impressed 
forces must act equally over the whole cross-section of the linear con- 
ductor, otherwise the final state will not be one of no current. 

Suppose, however, other things being the same, the distribution of 
impressed force is left perfectly arbitrary in the conductors as well as 
in the dielectrics, with the result that the final state is a certain distri- 
bution of steady electric current in conductors, of electrostatic energy 
in dielectrics, and of magnetic energy in both, all to be definitely known 
from the given data, the distribution of impressed forces, of conductivity, 
capacity, and permeability. This we may conveniently divide into 
three cases; first, the final magnetic energy negligible in comparison 
with the electrostatic; next, the electrostatic energy negligible in 
comparison with the magnetic; and last, the real case, both being 
counted. 

In the first case we have a transient state, during which the actual 
electric force anywhere is that due to the impressed force on the spot 
and the changing electrostatic force, (though “static” is rather mis- 
applied), with electric current, both in conductors and dielectrics, leading 
to a final state in which the current is confined to conductors. Now, if 
there had been no electrostatic capacity, the final state of current would 
have been set up instantaneously, the activity of the impressed forces 
would be 2eC,, e being the impressed force anywhere and (©, the 
current, the summation to include all places where e exists. This 
activity would have existed from the first moment, so that at the time ¢ 
after putting on the impressed forces, the whole work done by them 
would have been 2e€,¢, wholly accounted for in Joule-heating. In 
reality, when there is electrostatic energy set up as well, the whole 
work done by the impressed forces up to the time /, to include the 
transient state, exceeds the amount 2eC,/, which would have been done 
had there been no electrostatic energy to set up, by the amount 2 JU, if 
U is the final energy of electric displacement. Besides doing an 
additional amount of work U in setting up the energy of electric 
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displacement, the battery does an equal additional amount, which is 
accounted for as extra Joule-heating. 

Thus, in charging a shunted condenser, or a cable whose further end 
is to earth (if we do not count the electromagnetic induction), U being 
the value of the final electrostatic energy, the battery will do 2U more 
work than if the electrostatic capacity were nil, half in extra heating, 
half in setting up the electrostatic energy. 

In the second case we have a great difference. Here electromagnetic 
induction is predominant. The law is now (other things being the 
same) that the impressed forces do 2T less work than they would have 
done had there been no magnetic energy to set up, 7 being the value of 
the final magnetic energy. In the electrostatic case the work done was 


ZeC t+2U; 
it is now ~e0,¢ — 27, 


up to any time ¢ including the transient state. Hence the Joule-heat 
(instead of being U more) is now 37 less than if no magnetic work had 
been done. 

In both cases, U and T, the electric and magnetic energy, are recover- . 
able, appearing as Joule-heat in the conductors when the impressed 
forces are removed; but the doing of electrostatic work makes the 
impressed forces work faster, and of magnetic work slower. The one is 
potential energy, the other kinetic. The one is connected with elasti- 
city, the other with inertia. 

Lastly, coming to what is more usually the case, both electric and 
magnetic energy set up. During the transient state the coexistence of 
the two inductions causes a singularly complex state of affairs, by no 
means the mere resultant of the two taken separately. Yet the law, 
which we might guess from the preceding, is that the additional work 
done by the impressed forces above the amount 2eC,/, that they would 
have done had there been no electric and magnetic energy to set up, 
amounts to 2U — 27, being 2U more on account of the electric energy 
U, and 2T less on account of the magnetic energy T; whilst the Joule- 
heat is increased by U — 37. 

This includes, of course, all the preceding special cases. Thus, in the 
case of charging a condenser, the final current C)=0, and T=0. The 
additional work 2(U— T) may of course be either positive or negative, 
according to the values of U and T. 

The following proof covers the whole, the impressed forces being 
arbitrarily distributed, and the matter having any conductivity, capacity, 
and permeability. Also, eolotropy in these three respects is included. 

Let e be the steady impressed force at any place, put on at the time 
t=0, and kept on. Let E, H, T, G, be the electric force, magnetic 
force, electric current, and magnetic current, at the time ¢ after the 
commencement, and E, Hy, To, their final values, G, being zero. 

The activity of e is ef at any moment, and the total activity is Sel 
through all space, or wherever e exists. Let F be any “polar” electric 


force, then 
DEH 0). graoenn NAE (55) 
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because F has no curl, and T' no divergence; a well-known theorem 
that is made visibly true by considering that the tubes of T are closed, 
whilst the line-integral of F in any circuit is zero. 

Now, in the transient state, the equation of induction is 


curl (6 — Bi) = Ar; nnn (56) 
- which becomes, in the final state, 
curl (e - E) =0; 


whence Bi Ose a E E T (57) 

where F, is polar, or F, = — VP; P being a scalar potential, the electric 

potential. Choose then F=F,; then, by (55) and (57), 
2el=Zel+2F THLE; .............. eee (58) 


or the activity is the same on putting the final real electric force for the 
impressed force. 


Now POD. sinisen a aaa (59) 


C being the conduction and D the displacement current, D being the 
displacement (elastic). Therefore, by (58) and (59), 


Yel'=TE,C + 2E,D, 
=E EE +E E Ď, because C=/E; 


E S E T (60) 

k being the conductivity, and C, =H, the final conduction current, =T. 

But CUE EAr asta oes ncouiakesonamannas: (61) 
therefore 20 E=2? A curl E =~ H, (curl e/4r - G), 


by (61) and (56). Therefore 
Z0, E= e curl H,/4r - 2 H,G = E e0, - X H,G. 
Putting this in (60), we get 
Zer =2e0+ER D-H, G. eee. (62) 


This is true at every moment. Now integrate (62) to the time, from 
O to ż, to include the transient state (¢ must mathematically be infinity), 
and we get 
Se f Tdi=2Ze0,+ EED, —2H,B,/4m, oce (63) 
D, being the final displacement, B, the final magnetic induction. But 
U=24E,D,, T = 24H,B,/4a 
are the values of the final electric and magnetic energies. So (63) 


becomes 
Ye /Tdt=Z eC + 20-27, ENTE (64) 


which is the required result, showing that the work done by the 
impressed forces is increased by 2U on account of the electric energy, 
H.E.P.—VOL, I. 2q 
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and reduced by 2T on account of the magnetic energy, the Joule-heat 
being increased by U - 37. 

I have written out the above rather fully. Without the explana- 
tions, it goes simply thus, 


Lel'=T(e+F, T=2ET=2E,C+2E,D 
=E 0 E+ED =? H, (curl e/47 - G) + ZEĎ 
=ZeC,+ZE,D -=H,G, 

whose time-integral is- 7 l 
Ee /Tdt=2eCyt +2U - 2T. 


This shows how much may be put in a small compass. 
We should remark that it is I’ the true current that is circuital, in 


general, not Œ or D separately, except in the final state, when the 
current is wholly conductive. Also, that we twice make use of the 
theorem | 

DAcurlB=TB curl A. oora (65) 


through all space, A and B being any vector functions; of this (55) 
above is a special case. Giving proofs of all the potential properties 
made use of is out of the question. I entered fully into these matters 
in former articles. It is customary in mathematical investigations in 
electromagnetism to virtually prove this and similar theorems over and 
over again in the course of working out results, instead of merely 
quoting them; like proving a proposition in “Euclid” ab initio, from 
the axioms and definitions. It would, however, be very desirable to 
have special names for the various useful vector theorems connected 
with the V operator. This is sometimes done by quoting a man’s name, 
and leads to confusion, if two theorems are called, for instance, Laplace’s 
theorem. I think the three fundamental theorems of Slope, Version, 
and Divergence would be recognisable by these names by anyone 
acquainted with the theorems, though not previously with these names 
for them. From them follow a number of others of the greatest utility, 
of which (65) is an example. 


SECTION VIII. ELECTRIC ENERGY. . CIRCUITAL DISPLACEMENT. 


In the theory of electrostatics 4 tube of displacement has a beginning 
and an end, at its beginning there being positive, at its end negative 
electrification. The terminations of the tubes are usually upon con- 
ducting surfaces ; there may, however, be interior electrification in the 
dielectric, if so, it has got there by convection, or by disruption. 
Impressed force in the dielectric is not considered in the theory of 
electrostatics. But should there be any, there will usually be closed 
tubes of displacement without electrification, as well as terminated 
tubes, due to the presence of conductors ; and should there be no con- 
ductors, the displacement set up by impressed force is wholly circuital. 
This will be briefly considered later. At present we take the case of 
circuital displacement in a dielectric arising from electromagnetic induc- 
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tion. Conductors are temporarily excluded for simplicity. Let there 
be any state of electric displacement D and magnetic induction B in an 
infinitely extended dielectric, without impressed forces. A possible 
state of induction and displacement is meant, of course. For instance, 
set up any state of displacement by impressed force, which then remove, 
leaving the system to itself. E and H being the electric and magnetic 
forces at any moment, we have = 


B=pH,  D=cBlir; ersaciasnean (66) 


p being the permeability and ¢ the specific capacity. The tubes of B 
are always closed. Those of D are also closed, if there be no bodily 
electrification. We cannot, therefore, express the electric energy in 
terms of the scalar electric potential and the electrification. The 
appropriate form is in terms of the magnetic current and its vector- 
potential. 
Let Z be such that 
- curl Z=cH, ol. EEEE EET (67) 


which is possible because this is the general integral of div cE=0, 
expressing that the displacement is closed.* Z is the vector-potential 
of the magnetic current. It is given by 

cE 


curl cE O 
Z=2 iar °? curl 2 p TEO fanaa (68) 
by potential properties. Here r is the distance from the point where Z 
is reckoned, of the element of the quantity summed up through all space. 
To Z, as given by (68), any polar term may be added without affecting 
(67); Z, after (68), being circuital, like B and D. Since the second 
equation of induction is - 


~ourl B= pH =49G, o..e eee (69) 

G being the magnetic current, the equation of Z, by (67) and (69), is — 
| curl cl curl Z=47G@; .......... Un (70) 

from which we see that when c is constant, we have | 
BSCR G ar a ...A(71) 


verifying that Z is the vector-potential of the magnetic current. 
If U be the electric energy (energy of electric displacement), we have 


U=E FED =E 4 curl B=24LG, eee seeseeees(72) 


by potential properties, and (67) and (69). 
These may be instructively compared with the corresponding mag- 
netic equations. If A be Maxwell’s vector-potential of the electric 


current, we have 
CurlA= BS phy. oea (67a) 


* [The first use (not then, but now) known to me of the function Z in a dielectric, 
to give the displacement by curling, is in Professor Fitzgerald’s paper ‘‘On the 
Electromagnetic Theory of the Reflection and Refraction of Light,” Phil, Trans., 
1880.) . | a 
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resulting from integrating divB=0. And the first equation of induc- 
tion is 


curl H= cH HAT yo... .cceccccseeeceeeeeeees (69a) 
T being the electric current. So, T being the magnetic energy, we have 
T= 2}HB/40 => $= curl Hj4r=E LAT, oe (72a) 

by (67a) and (69a). And, if » be constant, we have 
AS LDS saaara (71a) 


These four equations marked a correspond to the former equations with 
the same numbers. We have also 


BSNS vA EEE (73a) 
and, to correspond thereto, H=- Ż - VQ, 


P being the scalar single-valued electric potential, and 2 the scalar 
single-valued magnetic potential. (73a) is Maxwell’s equation. To 
prove (7 3) we may merely remark that by (69a) the magnetic force 
round a closed curve equals 47 times the electric current through the 
curve; and by (67) the same relation holds between -Z and 4r times 
the displacement. Or, differentiate (67) to the time, and compare with 
69a). 

So far as the energy expressions in (72) and (72a) go, it does not 
matter whether Q and P are counted or not, though they usually exist, 
especially if there are variations of permeability or capacity from place 
to place. 

Öther forms of U and T :— When A and Z are wholly circuital, 


U= ÅcÀ/8r -2 4Po, T=>ZpZ/8r - X Ł9p, 
if —4rp=divpZ and -4ro=diveÅ; 


(73) and (73a) holding good. Here o is imaginary electrification, and p 
imaginary magnetic matter, the first being where c and the second 
where p varies. 


Simple Example of Closed Displacement. 


In this example there is a conductor in the field, but as, from sym- 
metry, it will be obvious that the displacement is wholly closed, it will 
not matter. If an intrinsic magnet be at rest in a dielectric, there is no 
electric force, but merely a state of magnetic force. But if it be set in 
motion there is immediately a field of electric force set up as well, and 
of displacement and electric current due to changing displacement. 
Whether the displacement does not or does cause electrification will 
depend upon whether it is, at the surface of a conductor, wholly tan- 
gential or not, for it is the normal component that introduces surface 
electrification. Now, if a straight bar magnet of circular section be 
carried through the air parallel to its length, the lines of electric force 
are clearly circles about the line of motion, so that the displacement in 
the air is wholly circuital. Or, let a uniformly intrinsically magnetised 


ELECTROMAGNETIC INDUCTION AND ITS PROPAGATION. 469 


sphere move through a dielectric in the direction of its axis of mag- 
netisation with constant velocity v small compared with that of the 
propagation of light, so that we may regard the sphere’s field of mag- 
netic force to be rigidly attached to it and move with it without change. 
A certain state of electric force in circles about the line of motion, the 
continuation both ways of the sphere’s axis, is set up, changing at any 
fixed point continuously. But if we travel through the air with the 
sphere, the electric field is stationary. We may thus regard the magnet 
as carrying with it, in rigid connection, a certain constant electric field 
as well as its magnetic field. The first approximation to the solution, 
by far the most important part, is readily found. 

Let M be the magnetic moment of the sphere, of radius a; z distance 
measured along the line of motion, from a fixed origin, of the centre of 
the sphere at time ¢; r the distance of any point, P, from the centre of 
the sphere, and @ the angle r makes with z. The magnetic potential at 


P is Q = (Mr?) cos 6. 
Let v be the velocity of the sphere, then 
z=2 vt, 
t being the time and z, constant. 
This gives dQ/di= —vdQ/dz ; 
so that the magnetic current at the point P is 
G =pH/4r = — VO/4e = (0/4) V(dQ/dz) ; 
or, using the above value of Q, 
G = (vM/4rr)V{(1 - 3 cos?6)/73}, ese c ces ee eee eene eens (74) 


the differentiation V being conducted at P. 
Calculate the total of @ through the circle r, 6. This is, if w= cos 0, 


vM f o d 1-3 cos 30M), 2 
‘eg [ab dog AS ell Bo, EAE (75) 


The circle 7, ô is a line of electric force E. So, by the relation (69), 
— 2rrE sin 0 = 6rvMo(1 — 0?)/7?, or E= -$vMr sin 20. 


This could be got more simply, but we wanted an expression for G, 
and having it, made use of the relation (69) applied to a closed curve, 
or the Theorem of Version. 

The last equation gives the strength of electric force at the point r, 0 
referred to the sphere’s centre and axis of motion. The potential 
energy U of the displacement is 

U =È ck? /8r = (I) a (A — w*)r"*dr dw dẹ. 
8r\ r’ 

The limits for r are a and o; for ¢, 0 and 27; for w, —1 and +1. 

This gives 
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U is only a small fraction of T the magnetic energy of the sphere. 

This, by the formula | E 
T= pH?/8r = = B?/8rp, 
is easily shown to be J7=3M?/a8u(u+2),  . | 
if u be the permeability of the sphere, the outside value being unity. 
Thus, if „= 1 in the sphere also, 
O/T = 40? /2}. 

Travelling with the sphere, we have a steady electric field, and no 
current. But at a fixed point, the current, or rate of increase of 
displacement, is | | 


cB /4r = — (cv/4m)(dE/dz) = 3v°M sin 6(1 — 3 cos?6)/4arr40?. 


As before remarked, the solution is the first. approximation. Ina 
complete theory there would be no discontinuity in the electric force at 
the surface of the magnet, as the above supposes, and there would -be 
electric current in the magnet, with waste of energy by the Joule heat- 
ing, thus requiring a continuously applied mechanical force to keep up 
the motion. Whilst, therefore, we should have disturbance inside the 
magnet, the solution outside would be not exactly that given. In fact, 
we see that the calculated dielectric current itself has its magnetic field, 
thus slightly altering the assumed magnetic field, that of the magnet at 
rest; and to the motion of this new magnetic field (very weak) there 
corresponds a new electric field, and so on. However insignificant these 
corrections may be in point of magnitude, they are yet required to make 
up a complete system satisfying the laws of induction. Taking, how- 
ever, the above field of electric displacement by itself, we may close the 
magnetic currents in the appropriate manner on the surface of the magnet 
itself. The surface value of E is, by (75), 


Se SMUG? SIN DO)... : Sutiiedesvedehesaac ents (77) 


and it is tangential. Hence the same expression divided by 47, and 
taken positively, is, by the surface interpretation of (69), the strength 
of the complementary surface magnetic current, directed at right angles 
to the electric force—that is, along the meridional lines, if the poles be 
those points of the sphere cut by the line of motion through the centre. 
This system, with the former, makes a closed system of magnetic current, 
whose vector-potential may be taken to be given by 


4=cMvr-* cos 6, parallel to z. ........... cee. (78) 


For this satisfies (67). This is literally the vector-potential of a 
surface magnetic current of strength cv, parallel to z, o being the 
surface-density of free magnetism; but it is unnecessary to calculate 
the part due to the complementary current required to close it. 

` We can now check the value of U by the formula (72). 
z _ı 3 MvceMoff 21 an 5 
v=2 420i p lle (1 -odo dh. oaae. (79) 

Here we have to integrate the scalar product of Z and @ through all 

space, Z being given by (78) and G by (74) outside the magnet, and by 
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(77) (when divided by — 4r) on its surface. But the volume-integral out- 
side the magnet vanishes, because Z contains Q, and @ contains Q, as a 
factor (zonal harmonics). Hence there is simply the surface-integral 
left, expressed by the right side of (79), the z-component of the surface 
G alone counting. It gives the value (76) again. | 
The reason why (78) suffices for use in the formula È ł4Z@ = U is 
because @ is circuital. If, on the other hand, we employed the full 
formula for Z, we would not need to close Œ. A surface-current ov 
parallel to z would then suffice. Thus, if Z =Z, +Z, and @=G,+G,, 
wherein Z and @ are both circuital, whilst the parts Z, and G, are 


polar, we have l 
since 2Z@G,=0 and 22Z,G=0. 


Section IX. IMPRESSED ELECTRIC FORCE IN DIELECTRICS. 


A comparison is often made between distributions of magnetic induc- 
tion and of electric current. There is, however, a far more satisfactory 
analogy between magnetic induction and electric displacement in a 
dielectric, which may be pushed much further before correspondence 
ceases. So far as mere distributions in space go, of the three pheno- 
mena of conduction current, electric displacement in a dielectric, and 
magnetic induction, we may conveniently compare them simultaneously. 

First, let there be a distribution of impressed electric force e}, in a 
conductor of conductivity k (infinitely extended in the general case, 
with the conductivity different at different places), setting up a steady 
state of electric force E,, and conduction current ©. We have the 
three conditions | 

C=kE,, div C =0, curl(e,-H,)=0. .......... (80a) 


Secondly, in a non-conducting unelectrified dielectric of capacity c, 
in which a distribution of impressed electric force 6,, sets up a steady 
state of electric force E, and displacement D, we have ` 


D =cE,/47, divD=0,  curl(e,—H,)=0. ...... ..(80b) 


Thirdly, in a medium of permeability u, in which a distribution of 
impressed magnetic force h, sets up a steady state of magnetic force H, 
and induction B, we have 


B= pH, div B=0, curl (H —h)=0. «0.00.00... (80c) 


These three sets of conditions are exactly similar. We have in each 
case a “force” and a “flux.” The first condition is the linear relation 
between the force and the flux, i.e., Ohm’s law, etc. The second con- 
dition is that of continuity of the flux, asserting that its divergence or 
convergence is zero everywhere, or that the flux is circuital. The 
third is the force equation, what the equation of induction becomes 
when the state is steady ; the third conditions in (80a) and (800) being 
examples of — 

curl (e — E) = 4H, 
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with H =0, and that in (80c) arising from 
curl (H — h) = 47T, 


with '=0. The difference between the actual and the impressed 
force, or the natural force of the field itself, has no rotation, or its 
line-integral round any closed line whatever is zero. Or, 


E =e, +F, EK, =e,+ F,, H=h+F,, 


where F,, F, F, are “ polar” forces entirely, derived from single-valued 
scalar potentials, whose space-variations give the polar forces; thus 


F.=-VP, F,=-VP» F,=-VQ, 


where P, and P, are electric potentials and 2 magnetic potential. 

The three conditions serve to determine unambiguously the complete 
solution, so far as the force and the flux are concerned, when the 
impressed force and the distribution of conductivity, etc., are given. 
To the impressed force we require to add a polar force to make up 
a complete system of force satisfying the continuity of the flux. At 
the poles, or places where the polar force converges, or diverges, we 
may, if we like, put imaginary matter, electric or magnetic, as the 
case may be, repelling according to the inverse-square law, and regard 
the potentials as the potentials of the matter. Each distribution of 
impressed force requires a particular polar force to supplement it; 
except when the impressed force is so distributed that it can by itself 
satisfy the continuity of the flux, and the linear relation between the 
flux and the force. Thus, when 


divke,=0, or divcee,=0, or divph=0, 


no polar force is needed, and there is none, or the potential does not 
vary. We have then 


C =ke, D=ce,/4r, and B=ph 


respectively. On the other hand, should the impressed force be itself 
polar in its distribution, there is no flux produced. We then have 


e= -F.,, etc, and E =0, ete. 


Now, if in the above three problems, the distributions of impressed 
force—electric or magnetic, as the case may be—are identical, and also 
the distributions of conductivity, etc., in space, then also the three 
fluxes have identical distributions. Practically, as neither the per- 
meability nor the capacity (in non-conductors, at any rate) can vanish, 
we must not let the conductivity be zero anywhere in the conduction 
current problem ; ż.e., all space must be conducting, more or less, to 
get identical distributions of current to those of induction and dis- 
placement respectively. We cannot confine either of the last to definite 
closed channels, as we do electric currents, by arrangement of matter, 
although we can do so by proper distributions of the impressed force, 
viz., in the above mentioned cases of no polar force. 

The distributions of Joule-heat per second (or dissipativity), of 
electric energy (or energy of displacement), and of magnetic energy 
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are also similar, being E kE, E,cE,/87, and HpH/8r respectively per 
unit volume; and if their totals through all space be Q, U, and T 
respectively, we have 


Q=? EAE, =? e, kE =2e,ke,-2ZF,AF,, ......... (8la) 
8rU =2 E E, = 2 e,cH,=2e,ce,- ZF cF,, ......... (816) 
8rT =2HpH =ZhyH =Zhph -ZF yw, ......... (81¢) 


In the first form of expression, as È E kE, the quantity summed 
is the actual amount in the unit volume. Im the second form the 
summation extends only where there is impressed force, being of the 
scalar product of the impressed force and the actual flux. 

In the third form, there are two summations, both necessarily of 
positive amounts, whose difference gives the dissipativity, etc. The 
first extends only where there is impressed force, being the greatest 
value of Q, etc. The second extends over all space where there is 
polar force, and vanishes when there is none. The parts depending on 
the polar forces may also be expressed in terms of the potential and of 
imaginary matter. Thus— 


ZFAAF, =2Pp, if p,=convhke,, ............. (82a) 
DF ,cF,/8r==4P.p,, if p,=convce,/4a, .........(82b) 
2 F ywF,/84@=2320, if o=convph/4m. ......... (82c) 


Note here that the distribution of imaginary matter is not the same 
(in general) as that before mentioned, measured by the divergence of 
the polar force. Here the matters are distributed where the impressed 
force, multiplied by the conductivity, etc., has convergence. In (82c), 
o is the density of imaginary magnetic matter on the ends of a magnet. 
But in (82a) and (826), p, and p, are not distributions of electrification, 
for there is none in either case. The electrification is measured by the 
divergence of the displacement, which is zero under the stated conditions. 

We may also employ vector-potentials in all three cases. Thus 


 Q=2EC S2 HIG)... eienenn (83a) 
TO=Z4BD =2ILNG, eseese (83b) 
T=2}HB/ ArH DEAL. . conn, (83c) 
The relations of these new quantities are 
curl H, = 470, urlo = Ary n aa (84a) 
curl Z =cE, curl g= tray rnn a (84b) 
curl À = ,H, cür Stal. siaina (84c) 


In the conduction current case (83a) and (84a), H, is the magnetic 
force of the current, and @, is an imaginary distribution of magnetic 
current, viz., where the impressed force has rotation, or varies laterally. 
In (83b) and (846), G, is also an imaginary magnetic current, similarly 
related to the impressed force, whilst in the magnetic case (83c) and 
(84c), T is similarly related to the impressed magnetic force, and is the 
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well-known imaginary electric current which would (if it were a real 
current) correspond to the same state of magnetic induction as the 
impressed force h sets up. The summations do not extend over the 
whole region of impressed force, but to portions only, perhaps round a 
single line. This we will illustrate in the conduction current case. 
The formula Q = X H,G, has some suggestiveness in connection with the 
transfer of energy, but turns out to have no very important application. 
As we remarked before, if the impressed force be polar, there is no 
flux. For there to be any flux at all, the impressed force must have 
curl somewhere, and Q= > H,G, shows the exact dependence of the 
activity on the situation and amount of this curl. Take a simple 
voltaic circuit, copper and zinc in acid, and the copper continued by a 
copper wire to the zinc outside the liquid. Suppose the impressed 
forces are entirely confined to the metal-acid surfaces, and are of 
uniform strength over each metal. Then the places of summation are 
the two wind-and-water lines. One place gives the amount of energy 
leaving the zinc per second, the other the amount arriving at the 
copper, and their difference is the amount of Joule-heat in the circuit. 
Next suppose that the zinc-air force equals the zinc-acid force, and that 
the copper-air force equals the copper-acid force. There is now only 
one place of curl of impressed force, viz., the air-boundary of the 
copper-zinc junction, and the summation round that line only gives 
the value of Q. But not only may we thus shift the places of sum- 
mation outside the battery, but we may locate them altogether away 
from the circuit if we like by suitable dispositions of impressed force 
outside the circuit, which will not in any way disturb the state of 
magnetic force and current provided we keep the same impressed forces 
in the battery as before, although they will alter the paths of the 
transfer of energy. In problems (6) and (c) there is, of course, no 
transfer of energy at all after the steady states, which are alone con- 
sidered, have been set up. 

In problems (b) and (c) we may also compare the mechanical stresses. 
They are such as to increase U or T respectively when allowed to act, 
by letting the impressed forces do more work. Two bar magnets repel 
with like poles, and attract with unlike poles approached, whilst either 
pole of either will attract soft iron and repel bismuth. Similarly, take 
two bars of a dielectric and put in them impressed electric force parallel 
to their lengths. Like ends will repel and unlike attract one another, 
whilst either pole will attract a piece of solid dielectric of greater 
capacity than air (in which all are immersed), in which there is no 
impressed force, or repel it if its capacity be less than that of the air, 
or other surrounding medium. The same will happen if there be 
intrinsic displacement in the solid bars, such as arises from so-called 
“absorption.” (If in the conduction current problem there were a 
corresponding tendency for @ to increase, then a copper ball in mercury 
conveying a current would be attracted by either electrode, where the 
current has greater density.) 

Dismissing now the problems (a) and (b), consider something quite 
peculiar to (c), that of dielectric displacement. Both the conduction 
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current and the magnetic induction are continuous, as expressed by the 
second condition in each case. We have also written down the same 
condition for the electric displacement. No arrangement of impressed 
electric force can create any discontinuity in the displacement, provided 
there be no conduction anywhere. Should there be any discontinuity, 
its proper measure is the divergence of the displacement. That is, 
p the volume-density of the electrification—for it is nothing else than 
discontinuity in the displacement—is given by 


p=div D. 


Supposing there to be any such discontinuity, it will remain a fixture, 
or only be varied in distribution by motion of matter carrying the 
electrification with it—of matter, because it appears most probable that 
there cannot be any electrification without the presence of matter ; 
or, the displacement in the electromagnetic medium itself, the ether, 
is always continuous. To get rid of the electrification there must be 
conduction. Conversely, to create electrification there must be con- 
duction. The two statements go together. 

Now the essential property of a conduction current is dissipation of 
energy by the heating effect produced. Destruction of electrification 
by disruption of the dielectric is therefore of the nature of a conduction 
currenf, at least partly, although the simple metallic conduction law is 
not followed, and, in fact, it is not known definitely what is the exact 
course of events, even when considered merely electrically. But we 
should never, in attempting to explain something, go from the complex 
and ill-understood to the comparatively simple and mathematically 
expressible, but pursue the other course. We may say then, with 
tolerable certainty, that to create electrification there must be (1), the 
presence of matter; (2), impressed electric force, i.e., a cause in opera- 
tion which tends to produce an electric current (if we like we may say 
which tends to produce magnetic force, and regard the current as an 
affection of the magnetic force), which is neither the polar electric force 
nor the electric force of induction, these being the only two naturally 
belonging to the electromagnetic medium ; (3), conduction, with dissipa- 
tion of energy. | 

Nothing is easier than to create electrification experimentally or 
involuntarily by the contact or friction of bodies. Imaginative ex- 
planations may be readily made up, and are likely to be of very little 
value. It is, then, necessary to be somewhat general, or vague, in 
order to keep on the straight and narrow path. We may create 
electrification by the contact of different conductors, either by means 
of the small known contact-force of thermal origin, or of the much 
larger air-surface contact-forces of chemical origin, and, so far, it is 
easy to recognise the presence of the matter, of the impressed force, 
and of the conduction. Similarly, by the contact of a conductor and a 
dielectric, if there be similar impressed forces present. No friction is 
absolutely necessary. But if we set two dielectrics in contact, without 
any connection with conducting matter, no impressed electric forces 
can, without a change of conditions, set up any electrification. Some 
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friction is needed, and with it there is conduction, or equivalently 
disruption. The actual original impressed electric forces need not be 
great, and are probably small. It is the act of separating mechanically 
the opposite electrifications produced by the friction, at first extremely 
close together, that is the main cause of the high difference of potential 
observed after separation, together with the similar separation taking 
place during the friction. The electric field is, for the most part, set 
up during the separation, and derives its energy in the main from the 
mechanical work then done. 

Now, having got electrification—p per unit volume, say—the field 
due to it is settled by the three conditions, 


D=cEH/4z, div D=p,, curl B= 0). serica (85) 


differing from the former, equations (800), in the second and third, in 
the absence of impressed force and the existence of p. The field is 
definitely determined by (85); the force is polar completely, and the 


energy is 
» EcE/8r = È 4Pp, 
if P be the potential. 

Should there be also impressed forces, the actual field will be the 
sum, in the vector sense, of the two fields, due separately to the 
electrification and to the impressed forces. Not only that, but the 
total energy of displacement will be the sum of the amounts in the 
separate fields ; or, the mutual energy of the two fields is zero. This’ 
is true because the displacement in the field of the impressed force is 
everywhere continuous, and the force of the other field wholly polar. 

Electrification has no magnetic analogue, the magnetic induction 
being always continuous. It is important that the distinction between 
electrification, as above considered, and imaginary free electricity (as 
when the force is discontinuous, though not the displacement) should 
be clearly recognised. The latter is the analogue of free magnetism. 

Similarly, there is no electrification in a conductor supporting a 
current, provided it be not dielectric as well. In the latter case it 
is the true current, the sum of the conduction and displacement current, 
that is continuous, making them sometimes separately discontinuous, 


thus —~divC=+divD=s; divl'=0; 


C being the conduction, D the displacement current, and their sum I. 
It is usually only at the surface of a conductor that there is electri- 
fication ; should, however, the specific capacity of the conducting matter 
itself be variable from place to place, there will generally be interior 
electrification as well, during the existence of a conduction current. 


SECTION X. DIELECTRIC DISPLACEMENT AND ABSORPTION. 


The most remarkable and distinguishing feature of Maxwell’s theory 
of electromagnetism is his dielectric current, whose introduction into 
the theory gives us a dynamically complete system, with propagation 
of disturbances in time through the medium surrounding and between 
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conductors, doing away with the mathematically expressible but practi- 
cally unimaginable, instantaneous actions of currents upon one another at 
a distance, and similar, though more simply expressible, instantaneous 
forces between imaginary accumulations of the “ electric fluid.” Some 
might say that the distinguishing feature is his dielectric displacement. 
But it is scarcely that, strictly. For that a dielectric medium was put 
into a state of polarisation by electric force was Faraday’s idea, and this 
polarisation is only another name for electric displacement. Again, Sir 
W. Thomson had given mathematical expression to the idea of polarisa- 
tion in a dielectric; the statement D =cE/4r, expressing the displace- 
ment or polarisation in terms of the electric force, had been given in a 
somewhat similar form by him. Whether we call it displacement or 
polarisation does not matter ; the important step made by Maxwell was 
the recognition that changes in the displacement constitute a real electric 
current (though without dissipation of energy in Joule-heating), and 
that the electric current, whether conductive or not, is always continuous. 
Accumulations are done away with altogether, and with their abolition 
the fluid or fluids become meaningless. 

As regards the term displacement, though it may be objected to as 
misleading, suggesting a real displacement in a certain direction, whereas 
the phenomenon, though undoubtedly having some directional peculiar- 
ity, is probably not of the nature of a simple displacement, just as the 
conductive current is not the motion of a fluid through a wire, yet on 
the other hand, it is to be remarked that the term current is firmly 
fixed in use, and, to accompany it, there could be no better term than 
displacement. The time-integral of the current, from the zero configura- 
tion, in a dielectric, is the displacement ; conversely, the current is the 
time-variation of the displacement. It would therefore be a pity to 
abolish the term displacement, unless we simultaneously abolish cur- 
rent ; and it would be hard to find two words which fit together so 
well. 

If we define the displacement as the time-integral of the current any- 
where, not merely in a non-conducting dielectric, the current is the 
time-variation of the displacement anywhere. The displacement, 
reckoned from a proper zero at a certain time (any time when there was 
no dielectric displacement) is then, like Maxwell’s true current, a vector 
magnitude of no convergence at every moment and everywhere. In 
some special investigations this is useful. We may then speak of con- 
ductive displacement and elastic displacement, but I believe in general 
it is best to confine the term displacement to elastic displacement (in a 
dielectric) only, unless we are careful to qualify the word by a prelimin- 
ary adjective. In the absence of any qualification displacement in a 
dielectric is meant, and, should it be also conducting, the conductive 
displacement must be separately reckoned. 

The difference between Maxwell’s and older views regarding electri- 
city and the electric current is instructively brought into prominence 
by making a small change in Maxwell’s system, or rather in taking an 
imaginably possible, though really untrue, special case of the same. Put 
c=Q everywhere. That is, stop all elastic displacement. Make no 
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other change. The electric current is left continuous, and is now neces- 
sarily confined to conductors only, and at their surfaces must always be 
tangential. But there will still be magnetic force and induction, mutual 
forces between circuits, induction of one circuit on another, and there 
will still be transfer of energy through the medium from sources to 
sinks of energy. We have simply done away with the “elastic yielding 
of the connecting mechanism.” The velocity of propagation of waves, 
as the specific capacity is imagined to be reduced to nothing, becomes 
infinitely great, instead of being only that of light. The theory of the 
induction of linear circuits becomes that given by Maxwell, wherein di- 
electric displacement is ignored. No effect is produced upon the dis- 
tribution of steady current set up by steady impressed forces, but in the 
first transient states there are great changes. In a linear circuit, for 
example, the current is now absolutely constrained to keep in the con- 
ductor, so that there can be no surface charges or static retardation. 
Though there is no electrification, there is still electric potential. But 
we cannot charge a condenser. Therein lies the difference from reality. 
To be able to do this, without employing Maxwell’s dielectric current, 
we are necessitated to suppose that the current is not continuous, but 
that it is the real motion of something that can accumulate in places. 
We are also obliged to change the relation between magnetic force and 
current, as it implies continuity of the current everywhere. Many other 
changes are also required to make a consistent system, for one change 
necessitates another, and we shall ultimately come to something ex- 
tremely different from Maxwell’s system. 

In view of the extreme relative simplicity of Maxwell’s views, and 
their completeness without any artificial contrivances to save appear- 
ances, and in their modernness, referring to modern views regarding 
action at a distance, one is almost constrained to believe that the di- 
electric current, the really essential part of Maxwell’s theory, is not 
merely an invention but a reality, and that Maxwell’s theory, or some- 
thing very like it, is the theory of electricity, all others being makeshifts, 
and that it is the basis upon which all future additions will have to rest, 
if they are to have any claims to permanency. 

Electric displacement is primarily a phenomenon of the ether. Ether 
is perfectly elastic. It must be so if there be no absorption of the 
energy of radiation during transmission through space. This conclusion 
is of course independent of Maxwell’s view of light being itself an 
electromagnetic disturbance. If the energy of displacement be potential 
energy, the displacement, whatever it really be, is of a perfectly elastic 
character, in the absence of ordinary matter. 

But when electric displacement occurs in a solid dielectric, if there 
be, as there must be, mutual influence between the ether and matter, 
we may expect the elastic properties of the matter to be communicated, 
apparently, to the ether. Thus, no solid is perfectly elastic, and, con- 
sequently, electric displacement in a solid dielectric is not perfectly 
elastic, as it is assumed to be in the formula D=cH/4z, with c invariable 
at any place, the linear relation between the displacement and the 
electric force. | 
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A solid, under the influence of externally-applied force, is. strained. 
If the strain be under a certain magnitude it is assumed to be perfectly 
elastic, so that whilst the stress remains steady the strain does not 
change ; and on the removal of all stress the strain entirely ceases. But 
in reality, if a certain applied force deform an elastic solid, and the 
force be kept on, the deformation slowly increases, as if the elasticity 
slowly decreased. And on the removal of the applied force the original 
zero configuration is not immediately recovered. The residual deforma- 
tion will then slowly subside. If, after the first approximate return to 
the original state, the body be, by constraint, prevented from changing 
shape, the solid, which at first did not react against the constraint, will 
gradually do so, so that on the removal of the constraint, a second return, 
in a lump, towards the original configuration, will take place. 

Remembering that a dielectric under electric stress 1s in a state of 
strain, we may expect there to be a corresponding electrical phenomenon. 
The displacement produced by a given constant impressed force should 
be, at first, appreciably quite elastic, but should thereafter slowly in- 
crease. On the removal of the impressed force the original displacement 
should at once subside, leaving a small residual displacement which 
should subside very slowly, as it came on. Or, if the residual displace- 
ment be fixed, so that it cannot subside, it should appear to gradually 
come back into existence, as elastic displacement referred to the original 
zero, so that on the removal of the constraint a second sudden subsid- 
ence should take place. 

This is what happens in the phenomenon of electric absorption in a 
perfectly insulating dielectric. Whether it be really true or not that a 
part of the electric displacement becomes intrinsic by reason of some 
quasi-rigid connection with a similar phenomenon taking place in the 
strained solid, there is no doubt that there is a remarkable resemblance 
in the details of the two cases. That the presence of the matter causes 
the displacement to be increased from what it would be with the same 
electric force in ether is a separate matter, as this refers to elastic dis- 
placement (c>1 in all dielectrics, if unity in vacuo). 

An elastic spring is therefore the most correct analogue to a condenser 
when we wish to make up a mechanical illustration of the electro-elastic 
properties of a solid dielectric. We may, for instance, take a flat spring, 
clamp it firmly at one end, and apply pressure or pull to the free end 
in a direction perpendicular to its flat sides. Consider the applied force 
to represent the E.M.F. of a battery joined to a condenser, and the dis- 
placement of the free end of the spring to represent the electric displace- 
ment in the condenser. The displacement will be proportional to the 
force, in both cases, approximately ; and if by any suitable means we 
magnify, mechanically or optically, the motions of the spring under 
varied circumstances, we shall see a corresponding set of phenomena to 
those occurring under similarly varied circumstances in the case of the 
electric displacement. 

But an illustration, which, though less exact, is more easily followed 
by the mind’s eye, when we cannot render visible the absorption pro- 
perties of a spring, is that which occurred to me when first making 
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acquaintance with Maxwell’s mechanical illustration, the parallel vertical 
tubes, containing water. This being rather complex, I substituted the 
following :—Electric displacement in a condenser is represented by the 
actual displacement of a piston in a cylinder from its position of natural 
equilibrium in the middle thereof, when the cylinder is perfectly air- 
tight and contains an equal amount of air on each side. To give motion 
to the piston, rods may be attached to it, passing through holes in the 
closed ends of the cylinder. Call the ends of these rods, outside the 
cylinder, a and b, and the two corresponding air spaces in the cylinder 
A and B, a and A being to the left, b and B to the right. If pressure 
be applied to a or a pull to b, or both, the piston will be displaced from 
left to right, and small displacements will be proportional to the corre- 
sponding applied forces. 

The displacement of the piston corresponds to the total electric dis- 
placement in a condenser ; the applied force to the E.M.F. of the battery 
on the condenser ; the back pressure of the rod a to the difference of 
potential of the condenser plates ; the displacement of a inward to the 
positive charge, and of b outward to the equal negative charge. Insula- 
tion of the condenser is represented by fixing a or b so that the dis- 
placement cannot change. 

If we like to carry the illustration further, we may cause the rods a 
and b to meet with frictional resistance when moving, proportional to 
the speed of their motion. This speed will correspond to the strength 
of current, and the coefficient of friction to the resistance of the con- 
ductor joining the poles of the condenser. We may go further, and 
suppose the mass of the piston and rods to represent the inductance of 
the electric circuit, thus obtaining an illustration of the oscillatory dis- 
charge which occurs with suitable values of the resistance, capacity and 
inductance. Although this analogy, which is well known in one form 
or another, is very close, and therefore educationally valuable, it should 
be remembered that it suggests that the momentum of an electric cur- 
rent is that of matter moving with the current, or of the current itself, 
if it be the motion of matter, having therefore necessarily momentum. 
So far it is apt to mislead ; for electricity has no momentum itself, or 
kinetic energy. The momentum is that of the magnetic induction, or 
is proportional thereto, and it, and the (nominal) energy of the current, 
exist wherever there is magnetic induction, not merely in the wire. 

To imitate absorption, make the piston very slightly leaky. Then 
if a be pushed in by a steady pressure, the first displacement of the 
piston is elastic with reference to the proper zero, the middle’ of the 
cylinder. But air then leaks slowly from B to A on account of the in- 
creased pressure in B, which causes the back pressure of a to decrease, 
and allows the same applied force to slowly increase the displacement. 
(This corresponds to the slow continuous increase of electric displace- 
ment in a condenser when a constant battery is kept on). Or, if a be 
fixed, the back pressure will slowly fall whilst the displacement remains 
constant. (If the condenser be insulated, its difference of potential will 
fall whilst its charge remains constant.) Unfix a; the first return equals 
the first displacement, approximately, but there is left a small displace- 
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ment which will slowly subside if the piston-rods be free; or, if a be 
fixed, a pressure at a will be gradually brought on by the slow leakage 
from A to B, so that a second sudden motion of the piston back to its 
proper zero can be got on unfixing a. (Remove the battery, but close 
the circuit still; the first discharge will approximately equal the first 
charge, but there is left a small charge which will slowly subside if the 
circuit remain closed ; or, if it be insulated, a difference of potential of 
the same kind as before will gradually come on, so that a second dis- 
charge can be got on again closing the circuit.) 

To instantly remove the displacement of the piston after leakage has 
occurred, we must apply an opposite force, a pressure at b or pull at a 
of the right amount to bring the piston to the middle. If we then fix a 
and leave the thing to itself the pressure of the rod at b will gradually 
subside. Similarly if we, after absorption has occurred in a condenser, 
and the first discharge has been taken, charge it oppositely by a reverse 
E.M.F. of the right amount to make the real displacement zero, and leave 
the condenser insulated, the apparent opposite charge will gradually 
disappear. 

Since the first discharge equals the first charge we may regard the 
capacity of the condenser as being constant, and the displacement at 
any moment to consist of two parts, first that due to the battery E.M.F., 
which can be got rid of at any moment, and next a temporary intrinsic 
displacement which is kept up by impressed electric force in the di- 
electric itself arising from its altered structure, or the changed zero of 
its elastic deformation. The displacement due to a certain total E.M.F. 
in the circuit is the same however it be distributed, whether in the 
conductor or dielectric, if, over any cross-section, it be evenly distri- 
buted. But only the part in the conductor causes difference of potential 
in a steady state between the ends of the conductor, so that the intrinsic — 
displacement due to internal impressed force gives no external sign of 
its existence until, by the removal of the impressed force, difference of 
potential is developed between the terminals of the condenser. 

In the case of the piston in the cylinder, the intrinsic force keeping 
up displacement of the piston after the rods have been set free is the 
pressure of air in A against the piston from left to right, which, had it 
not been for the leakage, would have been in B, and have pressed the 
piston the other way. 

Another effect may be mentioned. If the dielectric of the condenser 
be of a such a nature that its capacity increases or decreases with the 
temperature, then, on suddenly charging it, there will be a cooling or 
a heating effect produced in the dielectric. This has also its parallels 
in the metal spring and “ spring of the air ” illustrations. 

Intrinsic displacement in a dielectric, without conducting matter 
surrounding it, to render the displacement wholly latent, has also some 
interesting features, which will be considered later. 


SECTION XI. THE PRINCIPLE OF THERMAL RESISTANCE. 


Suppose we, with a sure faith in the truth of the principle of Conser- 
vation of Energy, and a knowledge of the equivalence of work and heat, 
H.E.P.—VOL, I. 2H 
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observe that the motion of a magnet in the neighbourhood of a closed 
circuit generates heat in it, that this ceases when the motion ceases, 
and that we satisfy ourselves that this heat is the only final result of 
the motion, so far as energy is concerned. This heat must be the equi- 
valent of work done. As we have no reason to suppose that the magnet 
is in a different state at the end from what it was in at the beginning 
of the motion, we cannot attribute the heat to a loss of potential energy 
by the magnet. Hence we may conclude that. the heat is the equivalent 
of work done against resistance to the motion of the magnet. That is 
to say, however the magnet move, its motion is resisted. Here we have 
Lenz’s law, without any reference to the direction of the current induced 
in the circuit, but merely as regards conservation. In fact we made 
no mention of current. If now we bring in other knowledge, that 
there is a current induced in the circuit, the heat being proportional 
to the square of its strength, we are still left without means of 
determining its direction in a given case. ‘Only finally, when we 
utilise Ampére’s determination of the mutual forces between magnets 
and currents, can we exactly say in which direction the induced 
current will be in a given case, for it must always be such as to 
resist the motion. 

Lenz’s law is not, however, the subject of the present section, but 
is used to point out the distinction between the above kind of resistance 
to motion and the kind involved in the Principle of Thermal Resistance, 
to which we now proceed. It is such a large subject, and there are so 
many ways of treating it, that it is difficult to know how to begin ; after 
consideration I adopt a method which I have not met with, and which 
is therefore, if not novel, at least unusual ; believing that, whether it be 
better or worse than other methods, there is advantage in viewing a 
truth from all possible sides, to allow another law, that of the survival 
of the fittest, which, like that of thermal resistance, results from aver- 
ages, to have a chance of operating. 

We cannot, in general, alter the configuration of a body without doing 
work upon it, or letting the body do work. Considering any solid 
elastic body, for example, a straight wire: we cannot twist it without 
doing work. The motion is therefore resisted. On the other hand, if 
we let the wire untwist, it can do work itself against external resistance. 
Here, of course, we must have conservation of energy when all actions 
are taken into account, and nothing novel, so far, is presented. But 
there is, during the changes of configuration of an elastic body, another 
kind of resistance brought into play, depending upon the rate of change 
of configuration, at least, usually. Suppose we twist a wire slowly, and 
at every stage of the process note exactly the amount of the applied 
force, or do the same by small instalments. By summation we know 
the total work done in producing a given twist. Similarly, if we let 
the wire untwist slowly by small instalments, the force will be the same 
in the same configuration as during the twisting, and the same amount 
of work will be done by the body. But if we twist the wire suddenly 
to the same extent as before, more work will have to be done, or there 
will be an additional resistance to the motion at every moment; and if 
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the wire suddenly untwist, it will do less work, or again, there is a resist- 
ance to the motion which did not exist before. 

We may put it this way: If we measure statically the forces in different 
configurations we do not by summation get the total work done. There 
is always an additional resistance to the motion, opposing the change of 
configuration, never assisting it. I call this thermal resistance, because, 
whenever it occurs, there is a thermal effect also produced. It is not, 
however, necessarily a heating, as one might expect, but may be either 
a heating or a cooling. But, whichever it be, the change of configuration 
is always resisted. That is the cardinal fact that must be remembered. 

If, during the change of configuration, the body be allowed to part 
with or to receive heat so as to neutralise the thermal effect if it be a 
heating or a cooling respectively (as by conducting the operation very 
slowly, and not thermally insulating the body), the thermal resistance 
itself is evanescent. On the other hand, if the body be thermally in- 
sulated, so that heat cannot leave or enter it, it will be of the full 
amount. This will serve to elucidate the effect above mentioned of 
suddenly changing the configuration. We then give no time for heat to 
escape or be taken in appreciably. Now given this law, or principle of 
thermal resistance, and a statement of one effect upon a body, deduce 
another. I give a few examples. 

(1). We observe that heat lengthens and cold shortens a bar. What 
should be the thermal effect of suddenly stretching it? It must be 
such as to oppose the stretching; that is, to shorten the bar, and is 
therefore a cooling. 

(2). What should be the effect of removing the stretching force? To 
oppose the return to the unstretched length, therefore to lengthen the 
bar ; therefore a heating. 

(3). Water above 4° C. expands by heating, what is the effect of. 
compression ? Such as to oppose the compression ; therefore a heating. 

(Notice there are two effects—the thermal resistance and the heating 
or cooling effect.) 

(4). Water below 4° C. contracts by heating. The effect of compres- 
sion is, therefore, to cool it, as the compression is thereby resisted. 

(5). Water expands in vaporising. Hence pressure raises the boiling 

oint. 
: (6). Water expands in freezing. Hence pressure lowers the freezing 
oint. 

(7). An india-rubber band at ordinary temperatures, stretched by a 
weight, lifts it when heated. What should result from suddenly stretch- 
ing the band? The motion must be resisted ; that is the invariable fact. 
The thermal effect is therefore a heating, for that, by the previous, lifts 
a weight. | 

(8). A twisted wire is suddenly twisted further. Is it a heating or 
a cooling effect that is produced ? Whichever it be, it must increase the 
torsional rigidity, so as to oppose the twisting. If, then, heat lessens 
the torsional rigidity, it is a cooling effect, and conversely, | 

(9). Compressing a gas heats it. Hence heat applied to a gas increases 
its pressure, for this is the only way to make the compression be addi- 
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tionally resisted. This property of a gas is so well known that it is 
more difficult to recognise the principle. It is hard to imagine the 
possibility of a gas being cooled by compression. Yet the principle 
involved is identically the same as in the less obvious illustrations. 

Other mechanical illustrations may be multiplied indefinitely, but the 
above will be sufficient. When we wish to go further, and make appli- 
cations to electricity or magnetism, it is necessary to be very particular 
that the necessary conditions are complied with. The thermal resisting 
force is always opposed to the motion, and so far resembles a frictional 
force ; but the thermal effect, unlike that of friction, is reversible with 
the direction of motion, and the motion produced by heat is re- 
versed if cold be applied. Thus, during the stretching of a spring, the 
pull of the spring is F+f, if F be what it would be if there were no 
thermal effect, and f is the small increase produced by, or accompanying 
it. On the other hand, when the spring shortens, the strength of force 
is F- f at a corresponding stage, and at the same temperature, f being 
the same quantity as before. Regarding the forces as vectors, F is con- 
stant in direction, f changes, being with F in the stretching, and against 
it in the unstretching. That is, it is always against the direction of 
motion. The heat effect, if it be a cooling during the stretching, is 
a heating during the unstretching. And as regards the effect of heat, 
if heating increases, cooling must decrease the elasticity. If in some 
peculiar state, both heating and cooling produced the same effect on the 
elasticity, or if either stretching or unstretching produced the same 
thermal effect, we could not immediately apply the principle without 
reservation. Further investigation would be needed. 

(10). Given a circuit of two metals A and B, at one temperature 
initially. We observe that slightly heating one junction causes a cur- 
rent from A to B, and cooling it causes a current from B to A. Here 
is a perfectly reversible thermal effect, although accompanied by other 
strictly irreversible effects in the circuit. In accordance with the prin- 
ciple, what should be the thermal effect at the same junction on passing 
. a current from an external source from A to B? The current must be 
made weaker than it would otherwise be, hence the current due to the 
thermal effect is from B to A, hence it is a cooling, by the previous 
knowledge. At the other junction it must be a heating, for the current 
is there from A to B. Thus there is a transfer of heat from the first 
junction to the second. Notice the peculiarity that the thermoelectric 
force in the circuit, due to both junctions, weakens the main current; 
that is the first conclusion. But the E.M.F. at both junctions is from A 
to B, whence it follows that at the first junction the E.M.F. is weaker 
than at the second. Further inquiries would lead us to the full theory 
of thermoelectricity. [See pp. 309 to 327. | 

(11). Given that the capacity of a condenser is increased by heating 
and decreased by cooling the dielectric, what should be the thermal 
effect of suddenly charging it? The charging must be opposed, hence 
a decrease of capacity or a cooling effect. Similarly, suddenly dis- 
charging the condenser should produce a heating effect, which we 
may conclude thus :—The discharge must be resisted. Now, the rate 
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of discharge depends upon the difference of potential of the ends of 
the discharge wire. This must be reduced, therefore. But a reduction 
of potential with the same charge means an increase of capacity, 
for which there must be, by the above, a heating effect. Observe 
here that these thermal effects are independent of the absorption 
phenomenon. 

(12). A curious result of thermal resistance is that a perfectly elastic 
solid, if such really existed, vibrating, would come to rest without any 
external or internal friction to cause it. Thus in a vibrating spring, ther- 
mal resistance opposes its motion whether it be moving to or from the 
equilibrium position. Now, ifthe spring could give out and take in heat © 
instantaneously, so as to keepits temperature constant, the effect would 
vanish, and, without friction, the spring goon for ever. Similarly, if the 
spring could be thermally insulated, the cooling and heating effects pro- 
duced when moving to or from the equilibrium position would balance, 
and the spring could go on for ever. But practically, neither one nor 
the other condition can be complied with, and the spring must be brought 
to rest without friction entirely by the thermal effect being practically 
radiated or conducted away in one motion, without an exactly counter- 
balancing receipt of heat in the opposite motion. 

There is another way of looking at the principle which is useful, viz., 
to direct attention to the flow of heat into or out of the body when it is 
being strained, supposing that the body is, in the first place, in thermal 
equilibrium with its environment, and that it can receive or lose heat 
instantaneously. Thus, in example (9), compressing a gas drives heat 
out of it. Now, go to the other end of the operation. Take heat out 
of a gas. It compresses itself. Or take example (1). Stretching a bar 
draws heat into it, and sending heat into a bar makes it stretch itself. 
From this point of view we regard two events as being invariably con- 
nected—motion of matter of a certain type, and a flow of heat in a 
certain way. But the method is less general than the preceding, 
assuming, as it does, that the flow of heat is always permitted, likewise 
the motion. 

In all cases whatever in which the principle of thermal resistance has 
been experimentally tested, it has been found to be correctly followed 
by Nature. Can we then assert its invariable truth, and apply the 
principle unhesitatingly to hitherto unverified cases, possibly unverifi- 
able? Is it possible to give a rigid démonstration of its truth? The 
first question may [within certain limits] be answered in the affirmative, 
the latter not. We cannot prove it even as we prove the truth of con- 
servation of energy, viz., by seeing that it is a necessary truth in pure 
dynamics, and extending our notions to all the operations of nature ; 
observing that it is experimentally true in a great many cases, and 
convincing ourselves of its universal application with the assistance of a 
little faith. For we cannot deduce the principle of thermal resistance 
from the laws of dynamics. It would be no breach of conservation of 
energy were it to be exactly reversed, were strains to be assisted by 
thermal effects. All we can really do is to convince ourselves that, 
being true in all observed cases, and its negation leading to extra- 
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ordinary consequences which are not observed, though not dynamically 
impossible @ priori, it must, by faith, be generally true. 

First, put the principle in a mathematical form. Let an elastic body 
be strained from one configuration to another, keeping it always at one 
temperature ź, to allow which a quantity of heat H leaves the body, 
whilst W is the work done upon the body. Then the principle asserts 
simply that dW Jdt + H is positive, or that dW/dt and H are either both 
positive or both negative, which is easily verified by the above examples. 
More work is caused to be done by the thermal effect if it be not than 
if it be allowed to escape. 

Next, to see the consequences of its negation, follow the example of 
the founder of thermodynamics, Sadi Carnot, when, in the most masterly 
and scientific manner, he set to work to find the cause of the motive 
power of heat. After the above strain, bring the body back exactly to 
its original state through the same series of intermediate configurations, 
but at a slightly different temperature ¢+dt. This requires there to be 
two other operations (2nd and 4th), viz., to raise the temperature by dt 
in the second configuration, and to lower it by dt when it has got back 
to the first. Now the body does work W + (dW/di)dt at the higher tem- 
perature. Hence, in the complete cycle, the body does work (dW /dt)di. 
What else happens is that an amount of heat H is lowered in temperature 
by the amount dt. Now, without any experience to guide us, H and 
dW |dt may be algebraically positive or negative, and not of the same 
sign necessarily. But if they could be of opposite signs, work would be 
obtained through a substance raising the temperature of heat. If then 
we take it as axiomatic that it is impossible by conveying heat from a 
cold to a hot body to obtain mechanical effect, then we prove that the 
law of thermal resistance is universally true, at least for bodies in mass, 
and inanimate. 

Now this axiom, so called, is really the principle Carnot was led to, 
viz., work is derived from heat by lowering its temperature. Carnot’s 
principle is thus a consequence of the principle of thermal resistance. 
In Carnot’s cycle for a gas engine heat is taken in at a higher and given 
out at a lower temperature, and the pressure is greater at the higher 
than at the lower, so that the gas does more work in expanding than is 
done in compressing it back to its original state, and thus we have finally 
heat lowered in temperature, and work done by the gas. In his water 
and vapour cycle it is similar, so he concluded that the necessary con- 
dition of obtaining work by thermal agency was the lowering the tem- 
perature of heat. He was only wrong as regards the quantity of heat 
lowered in temperature. =. 

Now this being a consequence of the principle of thermal resistance, 
and the various examples above given being commonly regarded as con- 
sequences of the Second Law of Thermodynamics, with which Carnot 
was most assuredly not acquainted, how is it that Carnot was acquainted 
with them? Ido not say he thought of them all. But he knew some 
of them, and, had he been asked what would be the result in a given 
case, according to his principle, he would have given the correct answer. 
Only his reason for the answer would have been erroneous. For the 
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only legitimate reason that Carnot could have for applying his principle 
universally would be that he had proved that all reversible engines 
had the same efficiency between the same temperatures, so that his prin- 
ciple, known to be true for one body, must be true for all. 

But this proof was vitiated by his erroneous assumption of the materi- 
ality of heat, then universally believed in, and was only put right long 
after, by Clausius and Thomson, on the basis of the equivalence of heat 
and work, fully established experimentally by Joule. Carnot founded 
his proof on a perfectly unexceptionable axiom (on his view of the nature 
of heat). Work could be obtained without any thermal agency if all 
reversible engines had not the same efficiency between the same temper- 
atures. The substituted axioms of Clausius and Thomson are by no 
means so satisfying, considered as axioms. They express truths, they 
involve Carnot’s principle, they involve the principle from which Car- 
not’s is derived, but they are not axioms, unless a law of Nature, only 
to be learnt by experience, is an axiom. 

Clausius said that heat will not pass from cold to hot by itself, or 
without compensation. True enough, by definition of cold and hot, if 
the cold and hot bodies be in contact. Otherwise not self-evidently 
true, though a law of Nature. Thomson said we cannot get work out 
of a body by cooling it below the lowest temperature of surrounding 
objects. This I also admit to be true, knowing that it involves Carnot’s 
principle, and believing that ; but it is not self-evidently true. A third 
axiom that can be used is that we cannot convert heat into work with- 
out lowering the temperature of heat. This I believe to be the best of 
all, being the simplest expression of the truth of Carnot’s principle that 
work is got by lowering the temperature of heat. 

Of course Carnot was wrong in his quantitative estimate of the effici- 
ency of reversible engines, but his principle remains unaltered. When, 
with the principle of thermal resistance, we combine that of the equival- 
ence of work and heat, and use Carnot’s criterion of the perfectness of 
an engine, that it must be reversible, we arrive at an absolute measure of 
temperature independent of any particular substance, and using it, give 
quantitative expression to the principle of thermal resistance, viz. :— 


dW/dt= Hjt, 


where ¢ is temperature according to the scale of equal dilatations of an 
imaginary perfect gas under constant pressure, whose energy, at constant 
temperature, is independent of its volume. It now becomes a form of 
the Second Law of Thermodynamics. 

There is a reason for everything, and therefore (if that be an axiom) 
for the axioms of thermodynamics, better called laws. The reason of 
conservation of energy the student of dynamics can understand, if he 
can grant that the laws of matter in motion observed in masses are true 
for the smallest parts of bodies. The reason of thermal resistance is 
also, by the aid of the kinetic theory of gases, becoming evident, and will 
no doubt some day be established for all bodies. It arises from the 
irregular nature of the motions we call heat. We cannot control single 
molecules. Could we do so, down would go the law of thermal resist- 
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ance and heat could be converted straight into work, molecular irregular 
motions to an equivalent amount of motion of a mass, the irregularity 
disappearing, without at the same time having to lower the temperature 
of another quantity of heat, as at present required. But what we 
cannot do with inanimate matter may be going on always to a certain 
extent in living matter ; not because living matter is exempt from any 
law of Nature, but that we do not yet know all its laws. The per- 
petual running down of the available energy of the universe 1s a matter 
that must be cleared up. It is incredible that it can always have been 
going on, and dismal in its final result if uninterrupted. It is therefore 
the duty of every thermodynamician to look out for a way of escape. 


SECTION XII. ELECTRIZATION AND ELECTRIFICATION. NATURAL 
ELECTRETS. 


A dielectric, not including ether, the universal medium, when under 
the influence of electric force, may be said to become electrized. We 
must not say electrified, as that refers to something entirely different 
from electrization, namely, electrification, or discontinuity in the dis- 
placement. The proper measure of the intensity of electrization will 
appear presently ; in the meantime we need only observe that electriza- 
tion is the analogue of magnetization, and, like it, requires the presence 
of matter. 

Electrization may be approximately perfectly elastic with reference 
to the standard zero state, as in a dielectric in which absorption does 
not occur, so as to disappear on the removal of the exciting cause. 
This must be an impressed electric force somewhere, except in a 
transient inductive state, when there may be none, unless we choose 
to consider the electric force of induction as impressed; or else there 
must be electrification somewhere. There may also be residual electri- 
zation, namely, when absorption occurs. This may tend naturally to 
wholly subside, or a part of it may remain. The body is then per- 
manently electrized. But, apart from artificial production of permanent 
electrization, it exists naturally in pyro-electric crystals, if nowhere 
else. 

A word is evidently wanted to describe a body which is naturally 
permanently electrized by internal causes. Noticing that “magnet” is 
got from “magnetism” by curtailment at the third joint from the end, 
it is suggested that we may get what we want by performing the same 
operation upon electricity. An “electric,” which is what results, would 
be a very good name for an intrinsically electrized body, but for two 
reasons. First, it was once used to signify what we should now call a 
dielectric or an insulator; and secondly, electric is now used as an 
adjective, or, equivalently, electrical. The former of these objections 
is of hardly any weight, that use of the word as a substantive being 
wholly obsolete. The latter is heavier, but still of no great importance. 
Another word that suggests itself is electret, against which there is 
nothing to be said except that it sounds strange. That is, however, a 
mere question of habit. Choosing, at least provisionally, the second 
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word suggested, to avoid collision with the adjective, we may then say 
that certain crystals, if no other bodies, are natural electrets; that 
solid insulating substances may be made electrets artificially, with a 
greater or less amount of permanency ; that liquid insulators can only 
be electrets for a minute interval of time, if at all; whilst gases, whose 
particles are always vigorously wandering about, are never electrets. 
But all insulators can be electrized; they are only electrets when the 
electrization, or part of it, is intrinsic. 

Let J be the intensity of intrinsic electrization anywhere, and let 

J =ce/4z, 
c being the specific capacity at the place. Then e is the intrinsic 
electric force, and the displacement D and actual electric force E are 
determinable fully by the conditions 
D =cH/4z, div D =p, curl (e - E) =0; 

supposing that there is no conductivity. Here p is the volume-density 
of electrification, if there be any. Should there be conductors present, 
charged or uncharged, their effect is determinable by the additional 
conditions of there being no force in any conductor (unless there be 
impressed force therein), and every separate conductor to have a given 
total charge, zero or finite, according as the conductor is not or is 
electrified when placed by itself in a space previously free from electric 
force. 

The physical explanation of electrization is of course matter of 
‘speculation, as it depends not only on the nature of molecules, but 
also on their relation to the ether. Webers theory of induced mag- 
netization obviously suggests its analogue. Accordingly, we might say 
that the molecules of a body are always permanent electrets; but 
should there be, in a very small portion of it, but still large enough to 
contain a very great number of molecules, an average uniformity of 
distribution in all directions of their axes of electrization, there will be 
no external signs of its being electrized, or the intensity of electrization 
is zero. Next, the molecules admit of rotation, so that under the 
influence of externally caused electric force the axes of electrization are 
turned to a greater or less extent towards coincidence with the direction 
of the electrizing force. This preponderance of electrization in one 
direction of the molecules in our small volume naturally causes there 
to be a finite intensity of evident electrization, or of electric moment. 
Should this angular displacement of molecules be only elastically 
resisted, the evident electrization will wholly disappear on the removal 
of the electrizing force, or the body was only inductively electrized. 
Should there be a slow slipping, the phenomenon of absorption will 
occur, there being no longer a complete return of the molecules to their 
original state on the removal of the electrizing force. The body is 
then made an electret. Should the slip be permanent, the body is an 
artificially made permanent electret. 

Such a theory is of course very empirical, and admits of considerable 
variation according to the hypothesis we adopt regarding the angular 
displacement and its tendency to subside. There is of course a 


490 ELECTRICAL PAPERS. 


maximum intensity of electrization which cannot be exceeded, viz., 
when all molecules are turned the same way. It is only one way of 
accounting for evident electrization, and may be utterly unlike the 
reality. Weber’s theory of rotation of molecules has a great many 
recommendations, but I do not think they go further than to make it 
anything better than a working hypothesis, even with the support of 
Professor Hughes’s experiments. 

But, admitting that molecules are electrets, we may go a step further, 
and, in a manner, account for it. In the first place, the state of electric 
force and displacement determined by the above equations would be 
identically given in another manner. Do away with e, that is, do 
away with J, the intrinsic electrization, and substitute for it an arrange- 
ment of circuital magnetic current of density 


-—curle/47=G@, say. 


The magnetic current @ and the intrinsic electric force e are equivalent, 
so far as the distribution of displacement is concerned. In the case of 
a bar uniformly electrized longitudinally, the current @ will be entirely 
superficial, going round the bar. But by Ampére’s device, we may 
substitute a network of currents for a current bounding the network. 
Thus we may get down to the molecules, and ascribe their electrization 
to molecular magnetic currents whose moments equal their electric 
moments. But I do not put this forward as being at all a physical 
explanation of why molecules are electrets, if they be. There is merely 
a mathematical equivalence. 

Nor do I, in the parallel case of explaining the magnetism of a 
molecule by means of a molecular electric current, admit that any step 
towards a physical explanation of magnetism has been made. Not 
that I attach much importance to the common objection originating 
from the fact that an electric current in a conductor requires a con- 
tinual supply of energy to keep it up, owing to the Joule-heating that 
goes on. For we observe the effects of heat in mass, and ascribe heat to 
the kinetic energy of agitation of the molecules. Not of the parts of 
molecules, but of their wholes. Now, considering a molecule as an 
atom, for simplicity, if an atomic current generated heat as a current 
in a wire does, the heat would be the energy of agitation of the parts of 
the atom, which, though indivisible, may yet not be of unchangeable 
form. This communication of energy would surely alter the nature of 
the atom. In fact, it is assuming an atom to be like a body in the 
ordinary sense. In brief, conduction as we know it is an. affair in 
which molecules or atoms as wholes are involved, so far as the heat is 
concerned, and it would be far more wonderful if atoms had internal 
resistance than, as we are obliged to suppose, that atoms are perfect 
conductors, if we choose to have atomic currents. 

My reason for not considering a molecular electric current to be a 
physical explanation of magnetism is, that although the more closely 
we look at the matter, apart from old-fashioned notions of an electric 
current as something going round and round, the more we are led to 
the conclusion that the magnetized molecule with its field of force and 
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the Ampérean current with its field of force are really one and the 
same thing, yet we are brought no nearer to an understanding of 
either, so that explaining the former by the latter is futile, regarded 
physically. But let us return, for the present, to electrization. 

Dismissing altogether all ideas concerning the possible electrization 
of single molecules, keep to evident electrization. To illustrate it with 
sufficient comprehensiveness, without any great complication, or difficult 
calculations, let the electrized body be of spherical shape, and let us 
perform a series of simple operations upon it. 

(1). Let there be a uniform field of electric force of strength E, and 
displacement D, in air of specific capacity c, practically equal to unity. 
Then bring into the field a perfectly neutral solid spherical dielectric of 
radius a and specific capacity c. Call those points on its surface 
where it is cut by a straight line through its centre parallel to the 
force of the undisturbed field the poles, the negative pole being that 
where the line of force enters, and the positive where it leaves the 
sphere. This line is the axis. Supposing c, greater than c, the lines 
of force will be drawn in by the sphere symmetrically with respect to 
the axis. The displacement is continuous, and is therefore made 
greater within the sphere than in the field previously. On the other 
hand the electric force within the sphere is weakened. Both are 
parallel to the axis and uniform within the sphere. Let D, and £, be 
the displacement and force, then 

D, =¢,£,/47, and = D,=3De,/(2c+¢,). 

Thus it is not possible to make the displacement more than three times 
as great as before, and that is when c =œ. It is twice as great when 
c,=4c. There is no real electrification, but the sphere appears electri- 
fied, to surface-density D, at the positive pole, and elsewhere propor- 
tional to the sine of the latitude. The potential, not counting that of 
the undisturbed field, which increases uniformly parallel to the axis, is 

orcos@ within, and oa%cos 6/7? without 
the sphere, where o = E(c, -—c)/(2c+¢,), 
at a point distant r from its centre, 0 being the co-latitude. If the 
sphere be taken out of the field, its apparent electrification will dis- 
appear, unless absorption or conduction have occurred. 

(2). Whilst in the field, as above, let absorption occur, and go on 
until the displacement has become increased by D,, such an amount as 
would be caused by an impressed force e, uniformly distributed parallel 
` to the axis. We must not write D,=c,e,/47; D, is less than this 
amount. For continuity in the displacement requires that when the 
displacement in the sphere increases from some cause in itself, there 
must be a corresponding change in the external displacement. The 
effect of the intrinsic electrization of intensity 

Ja = ¢,€,/40 
is to make Dy = 2J ,¢/(2¢ + 6) 


within the sphere. The apparent charge is increased in density to 
(D, + D,) cos 8. 
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(3). Next, remove the sphere from the original field of force. There 
is left the field due to the intrinsic electrization. The displacement 
within the sphere is D,, and the apparent charge is of density D, cos 0. 
The potential is 


prcos@ within and (pa3/r?) cos @ without 
the sphere, where P= cla (20 +6). 


In fact, the field is exactly similar to the magnetic field of a uniformly 
magnetised sphere. If the absorption gradually disappear, so will the 
external field. 

(4). But whilst the intrinsic electrization remains appreciably steady, 
let us cover the sphere with a metal coating, or in any other way 
produce surface-conduction. There will be a current through the 
sphere from the negative to the positive side, and oppositely in the 
conducting coating. Thus the displacement within the sphere must be 
increased by the short-circuiting ; it becomes 


Dz = ¢,€,/ 47 = Jo 


the greatest displacement possible without external aid. The external 
field is done away with altogether. There is now a real distribution 
of electrification on the surface of the sphere, of density —J,cos 0; 
i.e. negative on the positive side and positive on the negative side. 
The potential is zero inside and outside. The electret is now in the 
state of the dielectric of a condenser in which absorption has occurred, 
and a first discharge taken, the remaining charge not being accompanied 
by difference of potential between the metal plates. | 

(5). On removing the metal coating, the surface-charge gives no 
signs of its presence. 

(6). Keeping the sphere insulated, let the intrinsic electrization 
subside. As it does so, an external field of the opposite character to 
before appears, the real surface-electrification remaining constant, 
whilst the displacement it exactly neutralized becomes less. When 
the intrinsic electrization has gone, supposing it to wholly disappear, — 
the displacement, inside and outside, is merely that due to the surface- 
charge. Inside, the displacement is 


+ ¢J,/(2¢ + ¢), 
and the potential is — 4rJ,r cos 0/(2¢ +c). 
Outside, the potential is — 4J aè cos 6/72(2c +c). 


The apparent electrification has density 
— 2J c cos 0/(2c + c). 


(7). Finally we may get rid of the surface-charge by again putting 
on the conducting coating, after which the sphere will be in its original 
neutral.state. 

The study of the theory of electrization is in some respects more 
important than of magnetization ; on account of its greater generality 
it is more instructive. We have conductors and dielectrics, real and 
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apparent electrification. The magnetic problems are less general on 
account of the absence of magnetic conductors, with corresponding 
absence of any magnetic representative of real electrification, as in (4) 
above, the magnetic matter or free magnetism being, except as regards 
a constant factor, the representative of the apparent or imaginary 
electricity, as in (3), where there was no real electrification. 

As regards natural electrets, Sir W. Thomson’s theory of pyro- 
electricity is (so far as is known to me) contained in a short article 
in “ Nicol’s Cyclopedia,” reprinted in Vol. I. of ‘‘ Mathematical and 
Physical Papers,” Art. 48, p. 315. Being only a few lines in length, 
I can scarcely be quite certain that, when fully developed, it would be 
exactly as I state it—that is to say, when details are gone into, similarly 
to the above—though, generally speaking, there is no room for am- 
biguity. A pyro-electric crystal is a natural electret. In its neutral 
state, however, its external field of force has been done away with by 
surface-conduction and convection. Disregarding eolotropy, it is then 
in the condition of the sphere in (5) above, the surface being charged 
so that its density equals the divergence of the internal displacement. 
Warming or cooling the electret, by altering the internal stresses, alters 
the intensity of electrization, whereby the surface-charge no longer 
exactly balances it. If, for example, warming decreases the intensity 
of electrization, the positive end appears to acquire a negative charge, 
the negative end a positive, like the sphere in (6) above. If it be kept 
at the higher temperature, and surface-conduction occur, its surface- 
charge will readjust itself to again balance the internal displacement. 
Evidently we cannot get rid of the surface-charge as in (7), unless we 
can make the intensity of electrization zero. 

The electret may, however, without change of temperature, produce 
external force by breaking it across its axis of electrization, when, 
evidently, the two pieces will not be neutral, unless the act of fracture 
should cause exactly the right amount of electrification on the fractured 
surfaces, which is highly improbable. But by surface-conduction again 
the two pieces will each become neutral. 

Thermodynamic principles have also been applied to the case by 
Sir W. Thomson, under date 1879. This is the easiest part of the 
matter, considered qualitatively, if we know exactly the influence of 
heat. Applying the principle of thermal resistance discussed in the 
last section, we see that moving a natural electret about in an 
electric field must cause thermal effects. If, for example, as above, 
heat decrease the intensity of electrization, by decreasing the capacity, 
if we suddenly put the electric in an electric field so as to in- 
crease the displacement, the increase must be resisted, and this 
requires the electret to be heated. If now, we suddenly invert it, 
so as to decrease the displacement, this decrease must be resisted, 
hence a cooling effect. Should e vary as well as c, the application will 
be more complex. The phenomenon is no doubt very insignificant, 
but is very curious when we consider that it must occur in neutral 
crystals showing no external signs of their electrization. 
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SECTION XIII. SIMULTANEOUS CONDUCTION CURRENT AND ELASTIC 
DISPLACEMENT. 


In the ordinary intercourse of man with his environment he is more 
or less accustomed to overlook, ignore, or treat as non-existent all 
phenomena whose recognition is not of immediate practical utility to 
him. For instance, very few people are even aware, until their atten- 
tion is forcibly called to it, of the multitude of most singular optical 
phenomena that occur in the everyday use of the eyes, some of them 
very difficult of explanation. Their perception would not be of im- 
mediate utility to the average man. They are therefore left unnoticed, 
as if they were not, until even their recognition becomes difficult. The 
phenomena occur, and are seen by the eye mechanically, but the mind’s 
eye is blind to them. 

Most electricians, in a somewhat similar manner, are accustomed to 
confine their attention to only one part of the wonderful phenomena 
occurring during the existence of a conduction current. They may think 
of the wire, of its resistance, the current in it, and the E.M.F. causing it. 
Or possibly, in a more advanced stage, they may think also of the heat- 
ing of the wire, and of external work done, as in driving a motor, 
with the necessary consideration of conservation of energy as regards 
the amount of work done. Still, however, it is the current in the wire 
that is the first object of attention, and what goes on outside it is 
ignored. This is perfectly natural, for what we call the strength of the 
current is the one thing that is, in the steady state, practically alto- 
gether independent of the external conditions ; whilst, again, the steady 
state is of great importance, and may be brought under calculation with 
comparative ease. We are aware of the existence of an external mag- 
netic field, and also of an electric field, or of an electromagnetic field 
having two sides, the electric and the magnetic. They vary under 
different external circumstances. But as the steady conduction current 
is independent of them they are ignored. This independence, which is 
really a fact of an extraordinary character, is, by habit, taken for 
granted, and ceases to have anything remarkable about it. 

If we have a closed circuit with a steady impressed force in it, there 
results a steady current in the circuit, whose strength is calculated 
from the data relating to the wire itself, and is independent of the dis- 
tribution of matter around, provided we do not disturb the insulation at 
the immediate surface of the conductor. If we bring a mass of iron 
near the circuit, or in general alter the distribution of external matter 
as regards its permeability to magnetic induction, there results merely 
a momentary disturbance of the conduction current. When this has 
ceased, the current is just as it was before, although the external state 
has been considerably altered, there being in particular a different mag- 
netic field, and a change in the distribution of the rays of energy con- 
verging to the wire. This, with the similar transient disturbance of 
current by motion of a magnet or another closed current, comprises 
what is ordinarily understood by the induction of currents. Only the 
magnetic energy is concerned, in the main. 
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There are also the inductive effects due to alterations, not of the mag- 
netic permeability, but of the electric capacity outside the wire, or by 
altering the external electric field. The current induced, or the altera- 
tion made in the previously steady current, is, as in the case of magnetic 
induction, transient only, and no disturbance is produced finally in the 
distribution of current. (Except indirectly, as by altering the structure 
of the wire itself, and its conductivity.) | 

The effect of surrounding a wire supporting a current with soft iron 
is to decrease the current temporarily. On the other hand, the effect 
of surrounding it with gutta percha is to increase the current on the 
whole temporarily, it being increased in that part of the circuit next the 
source more than it is decreased in the other part. If in the former case 
T be the increase made in the magnetic energy, the battery does 27 
less work than if the iron had not been brought to the wire. In the 
latter case, if U be the increase made in the electric energy, the battery 
does 2U more work than if the gutta percha had not been brought to 
the wire. 

Both the inductions, electric and magnetic, are in simultaneous action 
always. Ina large class of cases, however, especially with condensers, 
the magnetic induction is of comparative insignificance. In another 
large class, as of coils containing iron, and circuits closed, the electric 
induction is negligible. In intermediate cases, when neither is negli- 
gible, we have very complex effects. But in all cases there is no per- 
` manent effect on the distribution of conduction current, however greatly 
the electric and magnetic fields outside the circuit are permanently 
altered, and likewise the manner of transit of energy from the source to 
the parts of the circuit away from the source. In brief, when the im- 
pressed forces are given, the conductivity conditions alone determine 
the steady state of the current. And, although it is not at once seen, 
the same is true whatever electric capacity or permeability the conductor 
itself may possess, so that there is interior electric or magnetic energy. 
The latter is recognised. Also, the electric capacity of very bad con- 
ductors is known, but there is little or no information regarding the 
capacity of good conductors, though for various reasons, I believe in its 
existence. The coefficient of permeability u is known to never vanish. 
That of conductivity k has an enormous range, and may perhaps also 
vanish altogether—for instance in planetary space, if nowhere else. 
Similarly, the coefficient of electric capacity c may have a larger range 
than it is at present supposed to have in bad conductors. We tacitly 
assume ¢ = 0 in good conductors in general. 

It will be understood that in thus speaking of the electric capacity 
(specific) of a conductor, we do not in any way refer to the Capacity of 
a Conductor of electrostatics, which is really the capacity of the sur- 
rounding dielectric, by all analogy with usage in the corresponding 
conduction problems. We refer to the specific capacity of the material 
of the conductor for elastic displacement in itself. This has, of course, 
nothing to do with the nonconducting dielectric outside. It is some- 
times said that the specific capacity of a conductor is infinite. Thisisa 
mischievous delusion. It is tolerable, for mere mathematical purposes, 
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sometimes to assume c=oo in a conductor, and ignore its conductivity 
altogether ; ùe., do away with the conductor, and substitute for it a di- 
electric of infinitely great specific capacity. We may, similarly, some- 
times conveniently replace a voltaic cell (mathematically) by a condenser 
of infinite capacity and constant difference of potential. Or, we may 
consider a modern accumulator as a condenser, for limited purposes, in 
spite of the obvious radical difference in their physical nature. But the 
absurdity of considering a conductor as of infinite specific capacity is 
readily seen. For although we may, by increasing greatly the specific 
capacity of a dielectric, imitate, in some respects only, a conductor, yet 
as specific capacity refers to elastic displacement, such displacement 
must afterwards subside when allowed to, which is wholly different 
from the behaviour of conductive displacement, which has no tendency 
to return. The proper condition is not ¢ = œ , but c=0 (unless we know 
there is elastic displacement in the conductor, as we do when it is badly 
conducting), with the auxiliary condition, k finite. Conductive and 
elastic displacement are wholly distinct things, and may be combined 
in any proportion. The former dissipates energy, the latter stores it. 

In the following is an investigation of the general problem of steady 
impressed electric force and electrification in space with any distribu- 
tions of electric capacity and conductivity. So far as I know, it has 
not hitherto been fully treated, but only piecemeal, and under limita- 
tions. For instance, Maxwell’s treatise does not consider impressed 
force in the dielectric at all, and the internal capacity of conductors 
but imperfectly. Nor, again, is the determination of the state of the 
dielectric due to currents in conductors treated, which presents some 
curious peculiarities. Also, it is of advantage to deal comprehensively 
with the matter, since in practice we really have this simultaneous 
conduction and elastic displacement, either at the same or at different 
places, but connected. 

Given k and c the electric conductivity and capacity, for conduction 
current C and elastic displacement D, at every point of space, and also 
the distribution of impressed force e; find the steady state, or, rather, 
show how it is determinate. KE being the electric force, we have 


C = kk, div C =0, curl (e - E) =0, ...... P (86) 
D=cH/47, divD=p, curl (e-E)=0, ............ (87) 


for the full statement of conditions at a point. First, the linear 
relations, viz., Ohm’s law and Faraday’s (or Thomson’s or Maxwell’s). 
The second of (86) expresses that the conduction current is continuous 
everywhere, and the second of (87) defines the electrification density. p 
in terms of the displacement, viz., its divergence, the proper measure of 
the discontinuity of the elastic displacement. The third conditions are 
identical. They express that the actual force E is the sum of impressed 
e and of a polar force F, such that curlF=0. If c=0 at a certain 
place we have only (86) to consider ; if # =0, then only (87) ; if neither 
vanishes, then both. Also, there will usually be surface conditions, 
which will come later. | 

. First Imagine c=0 everywhere, and & finite everywhere, that is, an 
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infinite conductor whose conductivity nowhere quite vanishes, and of 
no capacity. Then we may write either 


div k(e + F) =0, CUP SO) e a ices (88) 
and determine F ; or else 
div C =0, curl (C/k- e) =0, oiana (89) 


and determine C. It is obvious that the first of (88) has any number 
of solutions for F ; we must then show that one (and only one) of them 
satisfies the second of (88), thus fixing F. Or, it is obvious that the 
second of (89) has any number of solutions for C; we must then show 
that one (and only one) of them satisfies the first of (89), thus fixing C. 
Thus, since the first of (88) expresses that C is circuital, choosing any 
circuital © settles F. Or, 
kF = curl A — ke 


is the general solution, wherein A is any vector whatever. Similarly 
the general solution of the second of (89) is 
C/k =e- VP, 
wherein P is a perfectly arbitrary scalar. 
Now, whatever F and f may be, if F, =F +f, then 


XF AF, = I (F +f) + f) = E FLF + E fkf + E 2FRf, 


the 2 indicating summation through all space. But if F satisfies both of 
(88) whilst F, satisfies only the first, the third summation on the right 
vanishes. For F is polar, and Åf is circuital, so that, by the elementary 
property of the polar force, > Fkf =0 for any one infinitely slender tube 
of kf, and therefore for all. Thus we are reduced to the first and 
‘second summations on the right side. The first is fixed, the second 
may vary, but is necessarily positive, every element of it being positive. 
Hence f=0 makes the summation 2F,4F, a minimum. But F, is any 
solution of the first of (88), whilst F is a solution of both, so we prove 
that any solution F, of the first, which also satisfies the second of (88), 
makes 2 FAF, a minimum. But this quantity has a minimum, for it is 
necessarily positive, unless F] =0 everywhere. Hence there is a solution 
of (88), viz., F, when f=0. There cannot be two solutions. For, if F 
and F +f be both solutions of (88), we must have 
curl f=0 and div kf = 0, 

and therefore È fkf=0, which can only be by f=0, making F the sole 
solution. 

We may treat (89) similarly. Let © satisfy both conditions, whilst 
C + satisfies only the second, so that y satisfies curl y/k=0. Then the 
total Joule-heat per second is 

D(C + y)k-UC+ y) = E OTIO + E yhly + È 20k-y. 

Here the third summation on the right vanishes, because C is circuital 
and y/k polar. The second summation is necessarily positive, therefore 
y=0 makes the heat a minimum. This closes the current, making 
C + y become C, satisfying both conditions. As the minimum is neces- 
sary, the necessity of a solution of (89) follows, and that it is unique is 
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shown by È yk~1y vanishing when y is circuital and £~1y polar, requiring 
that y=0, if we assume that C and C + y are both solutions of (89). 

As regards (88), we may state the result thus. There is one distri- 
bution of polar force F, a linear function of which, namely, kF, has a 
given distribution of convergence, viz., 


conv ĄF = div ke. 


- Or, there is one distribution of force E differing from e by a polar 
force alone, a linear function of which, namely, £E or C, is continuous 
everywhere. As regards (89), we may similarly state that there is only 
one circuital current C, a linear function of which, namely, C/k or E, 
has a given distribution of curl, viz., 


curl C/k = curl e. 


Or, assuming that Ohm’s law and the continuity of the current are 
always obeyed, let C vary. Then 2F&F is made a minimum by that 
one distribution of C which makes F polar. And, assuming that Ohm’s 
law is obeyed, and also that F is always polar, let F vary. Then È EC, 
the heat, is made a minimum by that one distribution of the current 
that is completely circuital. 

The gist of the above, and also of ‘the more abstruse and complex 
demonstrations that may be given, is expressed by the theorem È FC =0, 
or, a polar force, F, does no work on a circuital flux, C, arising from 
the property of a polar force that its total round any closed curve is 
zero. Given first Ohm’s law, the linear connection between the actual 
electric force and the current-density, and also that the current must be 
circuital. If the impressed force be so distributed that it alone is 
sufficient to satisfy Ohm’s law and continuity (that is, when div ke =0), 
the force e is the actual force, and the current is ke. But should this 
condition not be complied with by the impressed force, it is clear that 
an auxiliary or complementary force, F, is required which, together 
with e, shall make up the actual force E to satisfy continuity and Ohm’s 
law. The question, then, is, how is this complementary force to be 
found? Any number of F’s may be made up, but only one of them is 
completely polar. We then have 2FC=0, and the total heat ex- 


pressed by 2 EC = È eC = È eke — È FEF. 


It is naturally suggested by this making of the total heat equal to the 
activity of the impressed forces, that we examine the effect of subjecting 
the complementary force, not to being polar, but to satisfying > FC =0, 
or 2eC=2 KC, which is possible in other ways than by a polar force. 
Thus, knowing that F uniquely determined polar satisfies this condition, 
and supposing that E, C, and F represents the real solution, let us alter 
the current in any manner, keeping it circuital, also obeying Ohm’s law, 
and finally keeping the heat per second always equal to the activity of 
the impressed forces. Let f be the alteration in the complementary 
force, then Af is the alteration in the current, and is circuital. Also the 
alteration of ZeC is Zekf. But, by our final restriction above, 


2(F+f)(C + kf) =0, or 2 £(C + kf) =0, 
which reduces to Lekf = — ff 
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on putting C = k(e + F), and then È Ff =0, F being polar and Af circuital. 
But 2fkf is positive, hence 2ekf is negative. Hence 2eC is reduced. 
That is to say, any change made in C from the real current, subject to 
Ohm’s law, continuity and conservation, decreases the heat and the 
(equal) activity of the impressed forces. ` Hence, in the real case, the 
impressed forces work as fast as ever they can, and this is by having 
the auxiliary force polar. 

Taking a simple linear circuit, to exemplify, we find that there are 
only two solutions, the real, and C=0. Both satisfy conservation 
(meaning È? eC =È EC), but no other current will. But we need not be 
misled by © =0 being, in this case, the only other solution than the real. 
For if we introduce a shunt, making three wires joining two points, and 
have an impressed force in only one of the wires, we may create 
additional solutions without number. For two simple circuits can be 
made containing the impressed force, furnishing two extreme solutions, 
in which no change from the real current is made in the current in one 
or the other branch not containing the impressed force. Between these 
extremes, by changing the current in all three branches suitably, we 
get any number of other solutions, in all of which continuity ,Ohm’s 
law, and conservation are satisfied. The heat varies from zero up to a 
certain maximum, which occurs in the real case ; then the auxiliary force 
is completely polar, or has a potential. Of course, did we ever find a 
seeming departure from the proper distribution of force related to the 
known impressed force, we should naturally ascribe it to other impressed 
forces, and so come back to potential again. 


SEcTION XIV. CONDUCTION AND DISPLACEMENT (Continued). 


Supposing now that we have, by the previous, satisfied ourselves that 
the distribution of current in the steady state is uniquely determinate 
by the subjection of the current to Ohm’s law and continuity, and of 
the complementary force to being wholly polar, which last condition 
makes the activity of the impressed forces the greatest possible subject 
to conservation. The question then arises, how is this affected by the 
conductor being a dielectric as well, so that there must be elastic dis- 
placement init? If we compare the dielectric conditions (87) with 
those for the conduction current (86), we see that they are of exactly 
similar form, except in the presence of p, the volume-density of electri- 
fication. If, then, we start with p=0, and proceed to find the displace- 
ment produced by the impressed force on the supposition that there is 
no conductivity anywhere (just as before, in the conduction problem, 
we assumed the specific capacity to be zero everywhere), we know that 
the displacement is uniquely determinate, as was the current before. 
Like the current, it is circuital, and is so distributed as to make (not the 
heat, but) the potential energy of displacement a maximum. The total 
work done by the impressed force is twice this. The other half is not 
accounted for. In the transient state the energy is partly electric, 
partly magnetic ; in the absolutely steady state it is wholly electric ; 
practically there is always conductivity somewhere, so that half of the 
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work is spent in the Joule-heat of induced conduction currents, and is not 
radiated away, and, so to speak, lost. But with that we have no concern 
at present. 

Now this distribution of displacement will not in general be consistent 
with that of electric current determined by the conductivity conditions. 
To be consistent, c the electric capacity, and & the electric conductivity, 
must be everywhere in the same ratio, or capacity x resistance (both 
specific) must be a constant. Hence, in general, either only one of the 
solutions is correct, or else neither. A little consideration will show 
that it is the conductivity solution that is correct, and that we must, 
after finding the distribution of electric force E from the conductivity 
conditions without any reference to those of capacity, determine the 
displacement and electrification to correspond to the thus-found electric 
force by the first two conditions of (87), viz., 


D =cB/4z, p=div D. 


For we thus satisfy all the conditions, which we could not do by 
starting with the dielectric problem, finding E to suit, and from it, 
finally, the distribution of current. Why we are able to solve the pro- 
blem by the conductivity conditions alone is mathematically accounted 
for by the presence of p in the continuity condition relating to the dis- 
placement. The distribution of displacement D, and the distribution of 
electrification p, are such as to have no polar force when existing together; 
or the polar force of the displacement alone and that of the electrification 
alone are equal and opposite. Thus the electric field is not in any way 
disturbed, and the current is therefore also undisturbed and independent 
of the existence of elastic displacement. 

On this point it should be remembered that whereas in considering a 
magnet as a collection of very small magnets, or any very small portion 
of the magnet as being polarised, the positive end of a polarised particle 
is that end to which the vector polarisation points, and is the end upon 
which positive magnetic matter may be assumed to be collected ; yet on 
the other hand, if we do the same with electric displacement, it is the 
negative electrification that is on the positive side of a particle, that to 
which the vector displacement points. We cannot, in the magnetic 
problem, imitate the above state of electric displacement and electrifica- 
tion having no polar force. For the magnetic analogue of D, which is 
B/47, B being the magnetic induction, is always continuous. 

Now, to go further. At the commencement we assumed that the 
conductivity nowhere quite vanished, so that we have been, so far, 
considering the current and displacement produced by given impressed 
force in an infinite conductor, in which & is finite everywhere, whilst c 
is quite arbitrary, and may vanish in certain portions if we please; it 
being the conductivity conditions alone that determine the field of force. 
But, practically, we must regard certain parts of space as being wholly 
nonconducting. This, though apparently included in the preceding, 
viz., by taking the special value £=0 in certain spaces, really, to a great 
extent, necessitates a changed mode of treatment. It is not sufficient 
to find E from the conductivity conditions, putting k=0 in noncon- 
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ducting space. For this will not give the proper field in the noncon- 
ductors, but only in the conductors, unless at the same time c=0 in the 
former, or, in special cases, c = constant. 

Also, it may happen that when the conductivity is finite, though very 
small, in certain parts of space, it will be practically necessary to suppose 
it to be quite zero, on account of there being a first approximately steady 
state, and then, a long time after, a wholly different, quite steady state ; 
which last, though it is not what is practically wanted, is what the 
conductivity conditions give. Consider, for example, a submarine cable 
whose ends are earthed through condensers. Puta battery in circuit at 
one end. The practical steady state is reached quickly, in a few seconds 
(of course not counting disturbances or absorption). But as the dielectric 
is slightly conducting, if we keep on the battery, the “ charge of the 
cable” will in time—minutes or hours, according to the insulation— 
nearly disappear ; theoretically, in an infinite time. This is the real 
final state, but the first approximately steady state is what is practically 
wanted, given, very closely, by assuming k = 0 exactly in the dielectric. 

Now divide all space into two sets of regions, the conducting and the 
wholly nonconducting, including in the latter the dielectric in such a 
case as just mentioned. All conducting matter which is continuously 
connected must be regarded as a single conductor. Thus all the wires 
on a line of poles, if they are earthed, together with the earth, and all 
that is in conducting connection with it, form strictly a single conductor. 
But if we loop two of the wires, removing earth, they form a separate 
conductor. (Leakage ignored.) There may thus be any number of 
distinct conductors, each self-continuous, but wholly separated from all 
the rest by nonconducting matter, or else unbounded partly; though 
the last is, as regards conductivity, practically unrealisable. Similarly 
the rest of space, the nonconducting space, forms a number of self- 
continuous regions, each either wholly bounded by conducting matter, 
or else partly unbounded ; which last is practically realised. 

Now, selecting any one of the conducting regions, let the impressed 
force e be given init. It is readily shown, by the simplest modification 
of the conduction problem for all space, that © (and of course E) are 
definitely fixed by the distribution of e and of conductivity. The modi- 
fication consists in applying the space-integrals to the finite space 
occupied by the conductor, at the same time introducing the surface 
condition that the current is confined to the conductor, or is tangential 
at its boundary, which condition is expressed by CN=0, if C be the 
current-density and N the unit vector normal to the surface. But this 
modification may be wholly avoided by integrating through all space as 
before, thus including surface terms, on the assumption k=0 outside 
the conductor. The solution obtained applies to the conductor only ; 
the part for the external space must be wholly rejected. There is an 
exception, namely, if c=0 as well as k=0 in the whole external space, 
when the external solution for the electric force will be the correct one, 
as will also be the case sometimes if c = constant. 

Thus the internal electric state of any conductor depends solely on 
the conductivity and the impressed force in it, and is independent of all 
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external conditions. (This is not true for the magnetic state of the 
conductor, which will be influenced by the external conditions not only 
as regards permeability, but as regards current and magnetisation ; but 
at present it is only the electric state that is in question.) We there- 
fore settle the electric state of the whole of the conducting parts of space, 
one conductor at atime. Not only that, but in the same manner as 
before done in the case of the infinite conductor, we settle the displace- 
ment and electrification in every conductor, one at a time, from the 
known electric force in them, making no alteration whatever in the 
electric field. 

There remain, finally, the nonconducting regions, and now the 
matter gets rather more complex. So far, our knowledge ceases at the 
boundaries between the conducting and the nonconducting regions. 
But at every point on these boundaries, on the nonconducting side, the 
tangential component of the electric force is fixed. For the second 
equation of induction is : 

curl (e ~H)=47@=pH, ...............008- (23) bis 


where @ is the magnetic current, H the magnetic force, and p the 
permeability. Here H-e=F,, the electric force of the field by itself, 
not counting impressed force. Applying the Version Theorem to this, 
interpreting it for a mere surface, we see that the tangential component 
of F, must be the same on both sides of the surface. Otherwise the 
surface would be the location of a magnetic current-sheet, of strength 
G per unit area. This continuity of the tangential component of the 
electric (similarly of the magnetic) force of the field is true whether the 
state be steady or not. When not steady, F, is not polar. At present 
F,=F, and is polar. We know, then, the tangential component of F 
(including its direction) at every part of all the boundaries. In terms 
of potential, we know its surface-variation over every boundary, but 
not its absolute magnitude. The last is unknown, not merely as regards 
a constant, but as regards n constants, one for each conductor, which, 
if we choose to employ potentials, must be mutually reconciled, so as to 
leave only one of them arbitrary. Now we cannot do this without 
knowing the state of the dielectric nonconductors. The potential 
must be found last of all, even in the conductors, whose electric state is 
independent of one another. Obviously, even were there no other 
reason to give, this would be a powerful argument against potential 
representing any physical state, in the same manner as electric force, 
current, etc., do. 

As we took the conductors one at a time before to completely find 
their electric state independently, so now we may take the noncon- 
ducting regions one at a time, and find the electric state of each inde- 
pendently of the others. Selecting, then, a single nonconducting 
region, the conditions to be satisfied within it are, 


D =cB/4z, div D=,, curl (e - E)=0, ...... (87) bis 
where now, of course, e is the impressed force at the point considered. 
Or, eliminating D, and putting E = e + F, F being the polar force, 

div c(e + F) =p, curlF=0. e wees (90) 
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The electrification density p is now not to be found, as in the con- 
ductors previously, but must be given. Thus e, p, and c are given at 
each point, and D, E, F have to be found, or simply F, since that fixes 
the others. 

There is also the before-stated boundary condition; FN being the 
normal component of F, the vector normal component is (FN)N, so 
that it is 

Pe (PRN = VNVEN usna (91) 


that is given over the bounding surface or surfaces. Or, simply VFN, 
the tangential F turned through a right angle on the surface, may be 
regarded as given. 

A preliminary examination, as regards energy, of the three conditions 
(90) and (91), shows that they are insufficient to determine F. We 
need to know, also, the boundary representatives of p, the electrifica- 
tion. But it is not the electrification at every point of the boundaries, 
but only their totals, that is needed, i.e. the charges. Let q,, ga etc., 
be the charges of the separate surfaces, then 


qı = 2 DN,, qo = 2 DN,, GLO auna ai (92) 


must be given, D being the displacement at a surface, and N,, N,, etc., 
unit normals from the conductors to the nonconductor. 

For it is clear, by the continuity of the electric current, that if a 
conductor, wholly surrounded by a nonconductor, had a charge before 
the impressed force in the conductor began to act, such charge will 
not be altered in amount, though its distribution may be changed, 
when the impressed force acts. Similarly, impressed force in the 
dielectric cannot alter its amount, but only its distribution, nor can the 
introduction of external electrification. The same applies partly when 
the conducting surface wholly surrounds a dielectric ; neither e in the 
conductor nor in the dielectric can charge it. But, on the other hand, 
the introduction of any interior electrification, by continuity of the 
current, requires the surface to have a total charge equal to the whole 
interior electrification taken negatively. In any case, then, qj, qa etc., 
must be known, independently of external electrification, in the one 
case, or depending on interior electrification in the other. 

It will be convenient to break up the problem into two, thus :— 


(a). Given e, p, and q,, qo etc., and that VFN =0. Find F. 
(b). Given VFN, and that e = 0, p=0, q =0, etc. Find F. 

We take (b) first, as it is the simpler, and is also directly connected 
with the conduction current. That is to say, we suppose that before 
the impressed forces in the conductors began, the whole system was 
free from electrification or impressed force in the nonconductors. 
We have 

div cF = 0, curl F = 0, = DN =0, VFN =4rg, ...(93) 
F being the force in the region. The first two apply to every point in 
the region, the third to any conducting bounding surfaces as a whole, 
whilst in the last g is given over the whole boundary. We have 


ZB cP, = 2 PR + Shceh+ 2Fef, ow, (94) 
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if F,=F +f, whatever they be. Suppose now F to be a solution of 
(93), and F +f to satisfy the second and fourth conditions, so that F, is 
a solution of the second and fourth, but is otherwise unrestricted. By 
the first, D is continuous within the region, and, by the third, at its 
boundaries as much leaves as enters the region. We may therefore 
close D completely outside the region without disturbing D within it. 
D, thus extended, is a circuital flux, and therefore may be represented by 


4rD = curl Z, 
where Z is determinate in various ways. This makes 
2 Fef = È f curl Z/4r = È conv VfZ/47, eseese, (95) 


This summation extends through the region. By the Convergence 
Theorem, the last form is at once expressible as a surface-integral over 


the boundary, viz., 
2 NVfZ/4r =? ZVNE/47 = 0, 


the vanishing taking place because VfN =0. Thus 2Fcf=0. There- 
fore, by inspection of (94), XF cF, is made a minimum by f=0, 
making F, =F, and proving F to exist. That it is unique follows by 
the same reasoning as in the conductivity problem. 

The physical interpretation of the above, as regards Z, which is best 
taken as the magnetic impulse, or time-integral of the transient in- 
ductive magnetic force, is interesting, but must be left over. In the 
above, however, Z may be any vector whose curl is D in the noncon- 
ductor, its curl in the conductors being arbitrary. Thus, if we close D 
in any manner through the conductors, and call the complete system 
D,, then 

Z = curl È D,/4rr + any polar vector 


satisfies the requirement. Or, instead of the curl of the vector-potential 
of D,, we may form the vector-potential of its curl [p. 206, ante]. 
As regards the transformation used in (95), if f and Z are any vectors, 


we have 
conv VfZ =f curl Z - Zcurlf; 


and (95) follows because f has no curl. 

Lastly, the assumption made in the above demonstration that F, is 
possible, to satisfy the second and fourth of (93), though nearly obvious, 
is made evident by constructing any scalar potential whose tangential 
variation at the boundaries is of the required amount, its value else- 
where being arbitrary, and letting F, be its slope. 


SECTION XV. CONDUCTION AND DISPLACEMENT (Conclusion). 


As regards other causes influencing the electric field in the space 
external to the conductors, there remains the problem (a) of the last 
section. If, in it, we put e=0, we reduce it to the common electro- 
static problem :—Given the volume electrification within, and also the 
charges upon equipotential surfaces bounding the nonconducting region 
(at least when they require to be independently stated, apart from the 
volume electrification), show that the field of force is determinate. We 
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might take this for granted, and confine our attention to impressed 
force only ; but as it makes scarcely any difference to include electrifi- 
cation, we shall do so. We have then the conditions 

div c(e+ F) = 47, curl F = 0, 
to be satisfied by F within the nonconducting region; and at any 


bounding surface, 
| = DN =q, VFN =0, 


the first of these expressing that the given charge g on the surface is 
the total normal displacement from it into the nonconductor, and the 
second that the force has no tangential component at the surface, or is 
normal thereto, or that the surface is equipotential. 

Assuming F to satisfy the above, alter it to F,=F+f in any way 
that does not alter the electrification or the charges. That is, subject 
f to 

div cf = 0, = Ncf=0 


within the region, and at a surface, respectively. We have merely to 
show that this change increases the electric energy 2 FcF/87, a quantity 
that must have a minimum, to show that F is determinate, by reasoning 
used before, which need not be repeated ; and, since 


SF oF, =D FcF +> fof + ¥ 2F of, 


wherein the second sum on the right is positive, we have only to show 
that È Fcf, the third sum, vanishes. Now, by the first condition for f, 
we have cf perfectly continuous within the region ; and, by the second, 
_ as much enters as leaves any bounding surface. That is, cf is any 
circuital flux whatever, either closed entirely within the region, or else 
partly or wholly through the rest of space. Therefore 


cf = curl Z, 


Z being any function whose curl is cf, and 

2Fef=2ZVNF=0; 
the first summation extending through the region, the second over the 
bounding surfaces, and vanishing because VNF=0 at every point 
thereof. 

This finishes the question of the determinateness of F. In any con- 
ductor it is settled by the distribution of impressed force and of con- 
ductivity therein, and the interior displacement and electrification 
follow. Then, knowing the tangential force set up at the boundaries of 
the nonconductors due to impressed force in the conductors, this is 
sufficient to settle the force all through the nonconductors when the 
distribution of capacity is given, provided there be no electrification in 
them, or impressed force, or boundary charges. No electrification or 
charges will be produced, as the displacement in the nonconductors 
can be closed through the conductors. Should there be electrification, 
etc., in the nonconductors, these have no effect in the conductors, 
produce no boundary tangential force, and their effect in the noncon- 
ductors may with convenience be separately considered. Knowing F 
to be determinate through all space, we may construct a potential to 


506 ELECTRICAL PAPERS. 


suit it, fixing its value arbitrarily at any one point. Should we, how- 
ever, make the potential the direct object of attention in our investiga- 
tions, instead of the force, we should greatly complicate certain parts of 
them. For example, to show that e in the conductors fixes F in the 
nonconductors when there is no electrification, etc. If there are n 
conductors, n fields of force (namely in them) are found by the con- 
ductivity conditions. The potential is therefore known over the 
surface of all the conductors, except as regards a constant for each. If 
we assume these constants to be known, we may prove that the thus- 
fixed boundary potential fixes the potential throughout all the non- 
conducting regions. But the resulting fields of force in them will be 
(except by extraordinary accident) entirely wrong. For the potential 
thus determined gives charges to the bounding surfaces, whereas there 
should be none. We must, therefore, to get matters right; communicate 
to the bounding surfaces exactly equal charges of the opposite kind, 
and distribute them in such a manner as not to disturb the already 
correctly settled tangential force, z.¢., distribute them equipotentially. 
The field of force will then get right, and the potential will be the sum 
of the wrong potential and that due to the charges added to cancel 
those given by the wrong potential. 

As regards e in the nonconductors, it may be due to thermal or 
chemical causes, or be any other impressed electric force. Intrinsic 
electrisation is also included under e; thus, if J be its intensity, 
J =ce/4r gives us the value of e to correspond. [See p. 489.] So far 
as producing polar force is concerned, a distribution of e acts in pre- 
cisely the same manner as would a distribution of electrification of 
volume-density o=convce/47. Here, however, the similarity ceases. 
It is quite different as regards the displacement and the energy, as 
e contributes to the displacement equally with polar force, thus, 
D=c(e+F)/47. Sometimes F acts to assist e, but more frequently it 
is the other way. We should also remark that this false electrification 
o may, like p, the real electrification, have surface distributions over 
conductors ; whenever in fact, ce is not tangential. The surface-density 
is then — Nce/4r. But, unlike a real charge, which can be varied in 
distribution by influence, the false charge is fixed under the same cir- 
cumstances. It (e) should never be referred to as electricity or electri- 
fication without the prefix false, or some other qualification to distin- 
guish it from Maxwell's electrification or free electricity, which is always 
discontinuity produced in the elastic displacement, only to be got rid 
of by conduction, with dissipation of energy in producing heat. In 
fact, o is as false electrification as the distribution of electric current 
round a bar magnet, which would correspond to the same magnetic 
field, is a false electric current. 


Various Expressions for the Electric Energy. 


There being any steady state, with impressed forces both in the con- 
ductors and in the nonconductors, also electrification and surface 
charges, let us obtain expressions for the electric energy. We may 
consider the whole field of displacement as made up of four fields, viz., 
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that in the nonconductors due to impressed force in the conductors ; 
ditto, due to impressed force in the nonconductors; ditto, due to 
electrification and surface-charges ; and lastly, that in the conductors. 
The total electric energy will be the sum of the energies of the separate 
fields, together with their mutual energies, if they be not conjugate. 
We shall denote the four fields by the suffixes 1, 2, 3, 4; in all other 
respects employing the same notation. 

1, First, let U, be the electric energy in the nonconductors due to 
e, in the conductors. Then, 


U, =S4E,D, =D4F oF, /4r=D4P,DN=S 4g oe. (96), 


Here the first form of U, is the form common in all cases, the energy 
per unit volume being half the scalar product of the force and the 
displacement. The second form is virtually the same, only putting the 
displacement in terms of the force, which is polar. These summations 
of course extend throughout the whole nonconducting regions. The 
third form is a surface-summation over the whole boundary, of half the 
product of the scalar potential and the normal displacement. The 
fourth form is also a summation over all the boundary, of half the 
scalar product of the vector-potential Z, and the false magnetic current 
gı We have 

- curl Z, =47rD,, VFN = 47g,. 


Z, is the magnetic impulse, or time-integral of the transient magnetic 
force during the variable states which would occur if the impressed force 
were suddenly cancelled, ending in the removal of the displacement D, 
in the nonconductors. Or, without altering the value of the summa- 
tion, we may take Z, to be the time-integral of the actual magnetic 
force, taken negatively, arising from putting on the impressed force, 
though this is less convenient in general. Should there be no electric 
current finally, e, + F,=0, if F, is the polar force in the conductor, and 
therefore 4rg,= VNe,. In this case also, 


U, == he, (Tdi, 
T being the true current at time ż after starting e, so that {dt is the 


total displacement, elastic and conductive. The other half of the work 
done by e, is spent in heat. Observe that it is necessary for the im- 
pressed force in the conductor to reach to its boundary, and to have a 
tangential component there, for it to be able to set up displacement 
outside without at the same time producing current in the conductor. 

2. Next, let U, be the electric energy in the non-conductors due to 
impressed force in them only. Then, 


U,=24E,D, = È he,D, = È 42g: \ (96) 
=È he,ce,/4ar — 24F ck ,/4x = = $e,ce,/4 — 2 4P 0, 2 
The first form requires no remark. The second results because 
E,=¢,+F,, and 2F,D,=0. In the third form Z, is the magnetic 
impulse (of e, now, of course), and 
— curl Z, = 47D,, — curl e, = 47g, ; 
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the object of introducing 47’s being to harmonise as well as possible 
with the usual electromagnetic formule. In the fourth form we have 
the difference of two sums, the first a constant, the second the energy 
of the field of the polar force by itself, as if due to electrification. In 
the fifth form the energy of the polar force is expressed in terms of its 
potential and the false electrification e. All the summations are taken 
throughout the nonconductors. There may possibly be surface sum- 
mations as well, if e exists at the boundaries. All the formule in (96), 
are the same as if there were no conductors present. 
3. Let U, be the common electric energy due to electrification p and 
surface charges q, Jo, etc. 
U, =È 4E,D, = È 4F,D, = È 4 Pap HZ APA a (96); 
The first and second forms are identical, the force being polar. In the 
third form the energy is expressed in terms of the potential and electri- 
fication. We may also here employ the magnetic impulse, by a device, 


but with no utility. 
4. Let U, be the electric energy in the conductors due to e, in them. 


Then 

U,=243E,D,= 2 (e, +F )D =È 4e, D, +E 4P Po ...... (96), 
Here F, is the polar force in the conductors due to e,, and P, its 
potential ; p, is the interior electrification, if any. Should there be 
none, D, is closed within the conductor, and we may write 


U,=242,8,, 
if curlZ,=—-—47D,, and  curle,= — 47g,. 


It is clear that a similar form exists for the energy in any volume in 
which there is no electrification, g being represented by the tangential 
boundary force turned through a right angle, besides the part depend- 
ing on @,, if it exist in the volume. (Here e, is the same as in the 
previous concerning U.) 

5. Lastly, there are the mutual energies. We get rid of U,,, Uz 
and U, at once by observing that the fourth field is in a different place 
from the first, second, and third, so that these quantities are zero. We 
can also get rid of U, and U,,; the first and third fields, though co- 
existent, are conjugate, and so are the second and third. Thus, 


U,,= 2D, F,=22Z,VNF, =0, 
Z, being the same quantity as before. The second summation extends 
over the boundaries, and vanishes because F, is normal to them. 
Similarly show that U,, vanishes. There remains only U,,, which 
does not necessarily vanish. 
Up=? ED, =? E,D, == a 
= 2 Zg =2 Zg; =2 eD.. 
Here the quantities are the same as before used in treating U, and 
U, Finally, U being the complete electric energy in all space, 


U =U + U,+ Uppt U+ U, 
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Here the first three components of U may be taken together con- 
veniently. Let the impressed forces in the conductors and the non- 
conductors start at the same moment, and Z be the magnetic impulse, 


=former Z, + Z,, then 

U, + U,+ U=? 32g, 
where g = former g, + g, that is, 

4rg = -curl (E + E), 
with the equivalent boundary representative. 

Finally, we may, by means of the various conjugate properties, put 
together the potential results. Let P be the resultant potential from all 
causes ; p the electrification density whether in conducting or noncon- 
ducting matter, defined by p = div D, including in it surface electrification ; 
o the density of false electrification, defined by o = conv ce/4r = conv J, 
if J be the (equivalent) intensity of electrisation, i.e., J = ce/4r, whether 
in the conductors or not ; then 


T= TOT + TRP(P—o) ooo (97) 


expresses the total electric energy, the summations being through all 
space. Notice the minus sign before the false electrification. (97) 
may also be easily proved directly. 

Here, and in any of the summations containing a scalar potential, 
any constant may be added to the potential, owing to the sum of the 
electrification being zero, ditto of false. There is an apparent exception 
when, as may be imagined, tubes of displacement go out to infinity, 
though this cannot really occur. In such a case, we must choose P to 
vanish at infinity. But we may get over this by regarding the end of 
space as an electrified surface. The surface-density will be infinitely 
small, but the charge on it finite, being the exact negative of all the 
other electrification. Counting it, the constant in P again becomes 
arbitrary. | | 

We may extend the results to apply to transient states by including 
in e the electric force of induction, = — A, if A be such that curl A =B, 
the magnetic induction. Considering U, during the transient state, 
we find 

U, =È? 42G, + È 428, 
at any moment, Z, being the magnetic impulse that would arise from 


removing e at that moment, G, the veal magnetic current B/4z at the 
moment, and g,,, as before, the false magnetic current at the boundary. 
The first summation extends through the nonconductors. When the 
steady state is reached, G, =0, and Z, and g arrive at their before-used 
steady values. Similarly for U,, U, and U, during their transient state. 


SECTION XVI. MAGNETIC AND ELECTRIC COMPARISONS. 


(a). Let two large masses of iron be united by a thin iron wire. For 
simplicity of exposition let the two masses and the wire be homogeneous 
throughout, and only “ elastically ” magnetisable. Call the masses P 
and Q. and the wire w. Let air surround them to a great distance, to 
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get rid of foreign influences. The masses may be conveniently imagined 
brought near one another, and the wire not to join them straight, but 
to be led round through the air, although these assumptions are 
immaterial. i 

Now let a portion of the wire, which we shall call z, be intrinsically 
magnetised to intensity I parallel to its length. Here, again, we may 
conveniently imagine z to be very short, to be a mere disc, in fact, per- 
pendicular to the axis of the wire. The magnetisation I is the same as 
an impressed magnetic force h similarly distributed, if I = h/47, and p 
is the permeability of the iron. Instead of this impressed force in z, we 
may equivalently have an electric current round z, say in a coil of very 
small depth. Or, instead of this real current, we may refer to a false 
electric current round z. 

The magnetic induction passing through z due to h (or its equivalents) 
is both altered in amount and in distribution from what it would be 
were x alone in the air. Its amount is increased by the permeance of 
the magnetic circuit being increased. And its distribution is altered, 
on account of the permeability being changed unequally in different 
places. It is, to a certain extent, led along the wire to the mass P (of 
course with a large amount of leakage on the way), through the air to 
Q, and through the wire back to z, completing the circuit. But if we 
increase the permeability of the iron we increase the induction, and at 
the same time cause relatively more of it to pass through P and Q, with 
relatively less loss from the wire (out on one side of x and in on the other). 
Indefinitely increase the permeability. The total induction in the circuit 
reaches its greatest value. The leakage becomes relatively insignificant, 
and by making the wire thinner may be reduced indefinitely. Then 
nearly all the induction is led through the wire to P, through the air 
to Q, and back to z through the wire. The total induction depends on 
the form and relative position of P and Q (with which, to be exact, we 
must count the two portions of w on opposite sides of x). In this final 
state the magnetic force in the air is everywhere perpendicular to the 
surface of P, Q, and w, except at x, where it is partly tangential. 

(b). Replace the iron by a solid dielectric nonconductor of high 
electric capacity or low electric elasticity. Replace the impressed mag- 
netic force h by impressed electric force e; or by intrinsic electrisation 
of intensity J =ce/47, if c is the electric capacity; or, finally, by a 
magnetic current round 2, similar to the before-used electric current, 
except that it must circulate the reverse way. The flux is now elastic 
electric displacement. Its distribution is similar to that of magnetic 
induction in (a). On indefinitely increasing c, or doing away with the 
electric elasticity in the solid dielectric, the greatest displacement is 
obtained. It then passes through the air mainly from P to Q. The 
electric force in the air is normal to the surface of the solid dielectric, 
except at x again. 

(c). If in the case (b), before making the capacity infinite, and when, 
consequently, the final state (b) is not assumed, we communicate to the 
solid dielectric throughout its whole substance any finite degree of 
electric conductivity, we shall cause the displacement in the air to im- 
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mediately (practically) assume the final state (b). The conductivity 
may vary anyhow, and likewise the electric capacity, which last may in 
fact be zero now. This is the common case of charging a condenser, 
except that it is usual to consider the conductor as having no electric 
capacity. 

(d). If, in the case (a), of magnetic induction, we could communicate 
to the iron any finite degree of what, by analogy, we may call magnetic 
conductivity, rendering it impossible for the iron to support magnetic 
force without a magnetic conduction current, with dissipation of energy, 
it would be unnecessary to make the permeability infinite to obtain the 
final distribution in the air there mentioned. The permeability might 
be finite or zero, and the magnetic conductivity have any distribution 
inthe iron. The final state would be as in (c), with magnetic induction 
instead of electric displacement. The examples (a), (b), and (c) are real, 
except as regards the assumption of infinite values of u and c in (a) and 
(b) respectively, which may be conveniently imagined to become very 
great, though not really infinite, thus letting us approximate to the 
required results without using impossible conceptions. The example 
(d) is unreal. It is introduced to show the analogy. 

In examples (b) and (c) the displacements out from P to the air, and 
in from the air to Q are identical. (The final state (b) is referred to.) 
But there is no electrification in case (b), whilst there is in case (c). If 
in case (b) we remove the wire from P and Q to a distance, we shall at 
the same time do away with the former apparent charges of P and Q. 
There will be left merely the small displacement from the wire on one 
side to that on the other side of x where the impressed e is, some small 
part of which will of course go through P and Q viá the air. But if, in 
case (c), we remove the wire, P and Q will be left charged as before ; 
besides that we have an insignificant wire-charge. Herein lies the 
difference between the elastic and conductive displacement. 

Similarly, if in the example (a) we remove the wire from P and Q, we at 
the same time do away with their apparent magnetic charges. Whilst, 
if we could realise the case (d), on removal of the wire the bodies P and 
Q would be left really charged magnetically. They would apparently 
be unipolar magnets, though without any interior polarisation, it being 
a matter of the terminal induction of the medium between them. In 
the final states of (a) and (b) there is finite interior induction or displace- 
ment, being the exact complements of those outside in the air, although 
there is no interior magnetic or electric force, and consequently no 
interior magnetic or electric energy. But in examples (d) and (c), having 
the same external induction or displacement as in (a) and (b), we have 
no interior induction or displacement, as well as no magnetic or electric 
force and no interior energy. ; 

(cc). Going back to (c) with an impressed electric force in the wire, 
let us join P to Q by a second conducting wire, attaching it to them 
anywhere, but for distinctness, away from the first wire. We shall now 
have a steady conduction current in the closed circuit made, as well as 
elastic displacement in the air, having a different distribution to the 
previous ; the amount of change depending materially upon the resist- 
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ance of the second wire compared with that of the rest of the circuit, 
being small when it is great, and conversely. The electric force is no 
longer normal to the conductors at any partof their boundary. There 
may now be any amount of internal electric energy, existing inde- 
pendently of the external, depending upon the internal capacity of the 
conductor, in which there is electric force, and consequently elastic dis- 
placement if there be capacity for it. 

(bb). If, in the final state (b), we unite P to Q by a second dielectric 
wire also of infinite capacity, we make a closed dielectric circuit which 
has no elastance (or elastic resistance to displacement), and in which 
infinite displacement corresponds to finite impressed force, and likewise 
infinite electric energy. Clearly this is an impossible example, and we 
should never reach the final state. Let us therefore modify the condi- 
tions somewhat. Do away with the impressed force e at x, and sub- 
stitute a bodily distribution of impressed force similar to that of the 
polar electric force (reversed) in the conductor in example (cc). Or, 
substitute equivalent intrinsic electrisation. Or, finally, a distribution 
of magnetic current on the boundary, given by g = VFN/4z, if F is the 
external electric force in example (cc), and N a unit vector normal from 
the solid to the air. This magnetic current goes round the wire at x in 
the same direction as in (b), and oppositely round all the rest of the 
circuit. It is strong at x and weak elsewhere, of such strength that 
total at x equals that elsewhere. 

With this changed distribution of impressed force or equivalents, the 
external electric field will be identically that in (cc). The impossible 
infinite internal displacement is abolished, the total impressed force 
round the circuit (of the solid dielectric) is zero ; there is a finite internal 
displacement which exactly closes the external; and there is no internal 
energy, because there is no electric force. (That is to say, as c is 
increased the internal energy becomes less and less without limit, the 
electric force going down to zero, the displacement assuming a finite 
value. 

ay If in the final state (a) we unite P to Q by a second iron wire, 
also of infinite permeability, we make a circuit of infinite permeance in 
which is a finite impressed force, so that we have infinite internal induc- 
tion and magnetic energy to correspond. Modify as in (bb). Do away 
with the impressed magnetic force h at x, and substitute a bodily dis- 
tribution of impressed magnetic force (or intrinsic magnetisation) 
similar to that of impressed electric force in (bb) or of the polar auxiliary 
force (reversed) in (cc). Or, substitute a distribution of electric current 
on the boundary given by y= VNH/4z, if H is the external magnetic 
force, when similarly distributed to the external electric force in (cc) 
and (bb). This boundary false electric current is similarly arranged to 
that of magnetic current in (bb), except in reversal of direction of 
circulation everywhere. 

Under the changed circumstances, there will be no internal magnetic 
force, and no magnetic energy, but finite magnetic induction, which will 
exactly close the external induction, which, again, has the same distri- 
bution as the displacement in the air in cases (cc) and (bb). 
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(dd). We should cause the same external induction as just arrived at, 
without modifying the distribution of impressed force, if we could impart 
magnetic conductivity to the iron-circuit. That is to say, in example 
(d) unite P to Q bya second magnetically conductive iron wire. If the 
distribution of magnetic conductivity be the same as that of electric 
conductivity in (cc), we shall have the external magnetic induction dis- 
tributed like the electric induction in (cc) and (0d), and like the magnetic 
induction in (aa). There would be a steady magnetic conduction 
current in the iron-circuit, similar to that of electric current in (cc), and 
the internal magnetic energy (like the internal electric energy in (ec) ) 
would be arbitrary, depending upon the permeability of the iron. (In 
this replacement of electric conduction current by magnetic conduction 
current, the electric conductivity of the iron-circuit is ignored. Similarly 
in (ddd), later). 

ny magnetic field is accompanied either by true electric current T 
or by impressed magnetic force h. For the latter we may substitute a 
distribution of false electric current y, such that if it were real the in- 
duction would be the same. Similarly, in a nonconducting dielectric in 
which there is no electrification, the elastic displacement is accompanied 


either by a true magnetic current G=B/4z, if B is the induction, or 
by impressed electric force e (or equivalent electrisation). For the 
latter we may substitute a false magnetic current g. Also, U being 
the whole electric and T the whole magnetic energy, we have 

4ry=curlh, 4rg=-curlee JT=Z3A(T+y), U=242(G+¢Q). 
Here A and Z are the electric and the magnetic impulses that would 
arise on the sudden removal of h and of e respectively (also partly due 
to T or to G), when the induction or the displacement would wholly 
subside and spread. 

Now, if we confine ourselves to a limited region, we shall still have 
the electric energy within it expressed in the same manner, provided 
we include in the false magnetic current g a boundary magnetic current 
given by g = VFN/4z, if F be the electric force (not counting impressed 
e) and N a unit normal from the boundary to the region ; and further, 
provided that it be possible to close the displacement outside the region, 
thus not interfering with that within it. This is not always possible. 
And the magnetic energy is expressible in the same manner, if we include 
in y a boundary false electric current given by y= VNH/4z, if H is the 
magnetic force, not counting impressed h ; with no reservation as to the 
possibility of closing the induction outside the region, because it is always 
possible. 

But in neither case is it generally true that these distributions of 
current (including those on the boundary), would, if they existed alone, 
set up the identical displacement in the one case and induction in the 
other, independent of what may be beyond the region. (To illustrate 
this, we need merely take a piece of a round tube of induction, with 
plane ends cutting the tube perpendicularly. If the induction is 
uniform and steady, the only electric current is the false current round 
the round part of the tube, and this solenoid will clearly not produce 
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uniform induction, but induction that spreads out in passing from the 
middle to either end of the tube.) But we may very easily produce 
independence of the external state, by short-circuiting the unclosed dis- 
placement or induction, as the case may be, by making either the electric 
capacity or the permeability infinitely great beyond the region. Or, 
merely by making c or p infinite in a mere boundary-skin, or over enough 
of it to completely close the displacement or the induction. When this 
is done, the currents, magnetic or electric as the case may be, pro- 
duce the exact given displacement or induction within the region, 
without external aid. 

In examples (b) and (c) we have identical displacement outside the 
solid dielectric or the conductor. Since the states are steady, G@=0. 
And, as there is no impressed force in the air, which is our region of 
electric energy, g is reduced to the surface-current g = VFN/4r. This 
is zero except round zx (because F is normal elsewhere), and there it is 
g = VNe/4z, which is the value of g in the expression U = È 4Zg for the 
electric energy in the air. 

In examples (a) and (d) the total magnetic energy in the air in the 
identical distributions of induction is T=2Z}Ay, since there is no 
true electric current. And the false electric current (or it might 
be a true current in a thin coil) is confined to round z, being given 
by y= VhN/4z. 

But in example (cc), with electric current in the wire, and in (bb) as 
modified, the magnetic current is no longer confined to be round z, but 
extends over the whole conductor in (cc), and solid dielectric in (bb); 
being g=VFN/4z7, wherein F is no longer normal to most of the 
surface. This g, used in U=24Zg, gives us the electric energy in 
the air in both cases. But there is a perfectly arbitrary amount in 
the conductor in example (cc), and none in example (bb). In order, 
therefore, that in (bb) the magnetic current should exactly correspond 
to the external displacement, we must, as before explained, short- 
circuit the latter beyond the air; i.c, make c=o outside the air- 
region. We then get the case (bb) as modified, and see the reason 
of the modification. 

Similarly, in examples (aa) and (dd) the energy of the identical 
external magnetic inductions is 7=24Ay, wherein y is the boundary 
electric current given by y= VNH/4z7. But in (dd) there is also an 
arbitrary amount of internal magnetic energy, so that the boundary- 
current y would not generally, existing alone, produce the actual 
external magnetic induction. It can be made to do so by abolishing 
the impressed force h at a in (dd), and making »=00 throughout the 
iron. Then we obtain (aa) as modified. 

(ccc). In example (cc), with dissipation of energy by conduction, there 
is also magnetic energy, not before mentioned, as it would have intro- 
duced some confusion. For all space its amount is 7 = E 4AC, if A is the 
electric impulse and C the conduction current in the wire. That part of 
it in the air is 24Ay where y= VNH/4z7. This is a boundary-current, 
not round the wire, but along it, of the same total amount as the real 
current in it, as if it were all pressed to the surface, It would not alone 
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set up the external field, but would do so if we short-circuit as much of 
the induction of the field as is unclosed (at the boundary). 

(ddd). Similarly, in the unreal example (dd) with dissipation by the 
magnetic conduction current in the iron-circuit, there is, besides the 
magnetic energy, also electric energy. In all space, the amount is 
U=2432G, if @ be the magnetic current in the wire. That in the air 
alone amounts to 24Zg, where g is a surface magnetic current given 
by g=VFN/47. It is along the wire, like @ inside, and of the same 
total amount, as if @ were pressed to the boundary. It would exactly 
correspond to the external displacement, if the latter were short- 
circuited at the boundary. 

The unreal (d), (dd), and (ddd) are merely brought in because they, 
to a certain extent, assist the other comparisons. 


SECTION XVII. THE MAGNETIC FIELD DUE TO IMPRESSED E.M.F. 


Sections XIII, XIV., and XV. were principally devoted to the con- 
sideration of the electric field set up by impressed electric force, also as 
modified by previously existing electrification. There is also simultane- 
ously a magnetic field, if there be electric current. This will.depend on 
how the impressed forces are distributed, which question we need not 
return to further than to say that should they be wholly in nonconduct- | 
ing regions there can be no steady current, but merely a transient one 
producing elastic displacement ; and that if there be impressed force in 
a conducting region, which is the first condition for there to be a steady 
current, it must not be polar in its distribution therein, and with its 
‘lines perpendicular to the boundary, or there can be no current again. 
(The term polar force is borrowed from magnetism to signify any force 
whose distribution is such that its mtegral round any closed curve is 
zero. This is the most useful property by which to identify a polar 
force. The lines of force start from certain places and terminate at 
others; these places are the poles, in an extended sense; any pole, 
positive or negative, may be conceived to send out a definite amount of 
“ force,” uniformly in all directions, i.e., according to the inverse square ~ 
law. The mathematical expression is curlF=0, if F be polar; the 
boundary representation of curl F being the tangential component of F 
turned through a right angle on the surface. ‘That the lines of F must 
be perpendicular to a series of surfaces does not sufficiently identify a 
given force with a polar force, as this is not inconsistent with the 
integral force in a circuit being a finite quantity, and so giving rise to 
the corresponding flux.) Thus to have current in a conductor the 
impressed force must have a finite value in at least one closed path 
entirely within the conductor. The current thus depends upon the 
“curl” of the impressed force. This is of great importance in the 
theory of the Volta-force or other boundary forces. The curl of any 
force is always arranged in closed lines, e.g., the closed line at the 
common meeting-place of zinc and copper (in contact) and a medium 
surrounding them. [As stated, the current produced by impressed 
force depends upon its curl, but this does not necessitate that the 
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impressed force should be im the conductor. If the curl is the same, 
the force may equally well be outside it, and yet produce the same 
fluxes. Of this, more later. | 

Supposing now the arrangement is such that there is current, the 
determination of the state of the magnetic field from it is, in comparison 
with the determination of the state of the electric field anywhere, a 
comparatively simple matter, the former being a reduced and greatly 
simplified form of the latter, with changed meanings of the quantities 
concerned. The flux is the magnetic induction. That has no diverg- 
ence, to begin with—one simplification as compared with electric dis- 
placement. Next, there is no magnetic current, as it ceases when the 
state becomes steady. And, finally, the ratio of the flux to the force 
(magnetic), or the permeability, is everywhere finite, so that there is no 
division of space into permeable and impermeable regions. In brief, 
the full statement of the conditions is contained in 


B = pH, div B=0, curl (H —~h)=47C; ......... (98) 


the first being the linear connection between the flux and the force, the 
second expressing the continuity of the flux, and the third the relation 
between the magnetic force H and the current C, in which h is the 
impressed force of intrinsic magnetisation I=ph/47.. As; by the 
linearity of the equations, the field due to C and to h is simply the sum 
of their separate fields, we may put h=0 at once, and therefore deal 
entirely with induced magnetisation (quasi-elastic). 

If we integrate the third equation (98) on this understanding, we see 
that H may be any vector whose curl is 47C, and is therefore indeter- 
minate as regards a polar force, F. We have then H = h, +F, wherein, 
on account of the presence of F, we may choose h, to have no divergence. 
It is then definitely given by 


h, = curl of vector potential of C = curl 2 C/r, 


if r be the distance from an element of C to the place where h, is 
reckoned. : 

As thus defined, h, is what is usually called the magnetic force of 
the current. It ¿s the magnetic force of the current if there be no 
variation of permeability anywhere; otherwise it is what the magnetic 
force would be if there were no such variation. The absolute value of 
the permeability, provided it be the same everywhere, is a matter of 
indifference, so far as h, is concerned. The polar force F therefore 
represents the change made in the magnetic force by variations of 
permeability, due, of course, principally to the presence of iron. 

For limited purposes, h, may be regarded as the impressed magnetic 
force due to a distribution of intrinsic magnetisation I, =h,/4a. That 
is, if we abolish the electric current and substitute I,, the magnetic 
force and the induction would be unchanged. But whilst h of real 
intrinsic magnetisation may be arbitrary, and is usually in very limited 
portions of matter, the lines of h,, as we have chosen it, are closed, and 
extend over all space in general, though by particular arrangements of 
current they may be shut out from certain spaces. 
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` Let T be the total magnetic energy due to C. The two most note- 
worthy forms for T are 
T=2 1 HB/ir=2 4A, sonens (99), 
the first summation being of the scalar product of the magnetic force 
and induction (+ 87), and probably representing the real distribution 
of the magnetic energy ; the second of half the scalar product of the 
current and the electric impulse A, which is excessively unlikely to be 
anything near the real distribution. In (99), A may be any vector 
whose curl is B; but to give it the most physical significance, it is best 
to take it to be the electric impulse arising from inertia, or the time- 
integral of the electric force ‘of induction on sudden removal of the 
impressed force e keeping up ©. It is a scientific concept which does 
not express any physical state or condition. The electric impulse A at 
a given place does not depend upon the magnetic state there, but upon 
its condition everywhere; as, on removal of e, disturbances are pro- 
_pagated to the place, these determine the electric force of induction 
whose time-integral is A. 
: Other forms are useful in showing the influence of variable perme- 
ability. Thus 
T= Z4h,B/4r (because 2FB=0), 
=2 th], - 2? 4FuF/4r =? hh I, -È A 


Here h, and I, are definitely known, by the preceding. The new 
quantities 2 and p are the magnetic potential and the volume-density 
of magnetic matter; the polar force being the slope of 2, or F= - VQ, 
whilst p is given by 

p=convI, = —(47)~'h,V», (when p is scalar). 


Thus p exists only at places where the permeability varies, therefore 
mainly at the bounding surfaces of different kinds of matter, or, dis- 
regarding perfectly abrupt changes, in thin layers at the bounding 
surfaces. 

If Vu be perpendicular to h,, we have p=0. Hence, starting with 
p constant, when h, is the real magnetic force, if we select a complete 
tube of force, or any region bounded wholly by lines of force, and alter 
its permeability to any other value (constant throughout the region), 
the magnetic force will be unaltered,.whilst the induction will be 
altered within the region in the same ratio as the permeability. If 
now we choose to ignore the changed permeability, we may ascribe the 
altered induction to an additional electric current, on the surface of the 
region, perpendicular to the magnetic force and of the proper strength 
to produce the increased induction. In (99),, A will be altered by a 
quantity depending upon this false current. By adding more and more 
tubes of force to the region, we finally include all space, or alter the 
permeability everywhere in the same proportion. Then, as might be 
expected, the false current to account for the increased induction on 
ignoring the altered permeability, occupies the same situation as the 
real, in fact increasing its strength in the same ratio as the permeability 
was increased. l 
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There is another form for T which is very curious, related to the 
electric energy due to the same impressed electric force e. Let U be 
the total electric energy, then U=24ED, if E be the electric force and 
D the elastic displacement. Now this last is the time-integral of D, the 
transient displacement current during the charge. Let D, be the 
simultaneous transient conductive current, so that their sum is the 
transient current of induction during the charge, a circuital system of 
current which finally ceases, and which, when added to the final 
current C, makes up the actual current I’ at any moment during the 
charge. Thus, 


Pr=C+D+D.. 
The time-integral of D, is D,, the complement of D ; the two together 
being circuital. Then, to match U=24ED, we shall have 
T= PED ys: e a (99); 
This we may verify by a former equation. Assuming it to be true, 


we have 
U-T =234(D+D,)=243e(D +D,), 
or, 2(U -T)=2 Er -C)dt = 2Ze| (T - oas} 


by definition of D and D,, which expresses that the work done by e 
during the transient state is 2(U — T) more than if the current started 
instantly everywhere in its final distribution. This proof of (99), 
therefore rests upon equation (64). But it is easily proved directly, by 
using the electric impulse A. Thus, by (99), 


T=Z4AC=Z3AkKK, if k= conductivity, 
=> ye |tådt 
Now, let E, be the electric force in the transient state, i.e. 
E,=e+f-A, where fis polar. 
Then kA=k(e+f)-(T-D), 
therefore, T=24}4E | {ke +f) -(C+D,)}dt, 


by definition of D,; and, since 2teH=ZeC=2EC, and >fC=0, we 
are reduced to (99), as required. 
The equation (99), may be transformed to 


eT SAGE. c tiacintimaicitecngen: (99), 


~curlZ=47(D+D,), and -curle=4zg. 

Here g is the false magnetic current corresponding to the impressed 
force, e, going round the lines of e, roughly speaking. And Z may be 
taken to be the magnetic impulse at a point, the analogue of A, as we 
may thus verify. By the just-given equation of Z, differentiating to 
the time, we get 


— curl Z= 4r (D + D,) = 47(I' - C) = curl (H, - H), 


if we have 
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if H, be the magnetic force at any moment during the variable period, 
H being its final value. Therefore 


-~Z=H,-H+F,, 


where F, is polar, showing that -Z may be taken as the magnetic 
force of induction. Or thus: remove e suddenly, the time-integral of 
the magnetic force in the variable period following at any point will be Z. 
The definition of Z may be extended so that its time-variation shall be 
the actual magnetic force ; but it is simplest, and harmonises best with 
the electric impulse, to make it refer to the variable period only. 

Take e to exist only across a single thin slice of a wire, the most 
elementary case. Then g will be round the boundary. D +D, is then 
the integral current through g during the charge (not counting the 
final current, if any); or, reversed, it is the integral current through g 
when e is removed. If this current be oscillatory, it may amount to 
nothing in the total. If so, the potential and kinetic energies were 
equal. The value of Z at the place of g is also zero, of course, by (99),, 
the magnetic force there reversing with the current. (The place of g 
is where energy leaves the seat of e when it is working.) | 

Another pair of allied expressions for the parts of U and T outside 
the conductors is expressed by 


T= pfa Zconv VE,H/4r, U=} | diZconv VEH,/4m. ...(99), 


Here E, and H, are the values of the electric and magnetic forces at 
time ¢ after e was started, and E, H, their final values ; the time-integral 
to include the variable period, and the 2 being summation through 
the whole space outside the conductors. 

By means of the convergence theorem we may at once transform 
these expressions to surface-integrals over the boundaries of the con- 
ductors. Thus, let N be the unit normal out from conductor to non- 
conductor, and 

VE,N=47rg,, VNH,=47y,, VEN =4rg, VNH=4ry; 
y and y, being therefore boundary (false) electric, and g, g, boundary 
(false) magnetic currents. Then 


T=-> pH ed > [Bat Say 
pass $8 [0 => efaa: -E 1Zg, 


wherein of course the X’s are mere surface-integrals, since on the surface 
only are the quantities g and y. In the last forms, which we had 
occasion to employ in the last section, A and Z are, as there and in the 
former part of the present section, the electric and magnetic impulses. 
Notice, however, that the g in (99), is not the same as the g in (99),, 
and there defined ; the present g extending over all the boundary in 
general; although, should T= 0 (no final current), we see by (99), and 
(99), that they are then identical, situated round e, which must reach 
the boundary. 
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Here we may notice a peculiarity of interest in connection with the 
difference of treatment of vectors according as they are circuital or 
polar. Suppose we have two conducting bodies in air, and charge them 
oppositely by an impressed force in a connecting wire. The electric 
energy set up is U=2iZg, g being round e only. But now suppose 
we disconnect the wire from the bodies and take it, with e, away toa 
distance. We have altered the field very slightly, so that Z has nearly 
the same value anywhere as before, and U also. But g has gone alto- 
gether. How then does 23Zg apply, the force being normal to the 
conductors ? 

Notice that, as stated in the last section, this formula only applies 
when it is possible to close the displacement outside the region in 
which U exists, so as not to pass through it and alter the field. Thus 
the formula applies to all the space between the two oppositely charged 
conductors provided we leave out a little piece joining them, along 
which to let the displacement return. This little piece may be reduced 
to a mere line, thus infinitesimally altering the field. The formula 
then reduces to a line-integral, which will be found to become 


4 charge x difference of potentials, 


the common electrostatic formula. 

On the other hand, if we join the conductors by a wire through 
which they will discharge (unless balanced by impressed force in it), 
the formula acquires reality at once; g at first moment being at place 
of contact (round the spark), and thereafter over the conducting surface 
generally. During the discharge there will be a real magnetic current 
G in space, and the value of U at any moment will be 2iZ(@ + g). 
[See last section, p. 513 ] 


SECTION XVIII. NORMAL ELECTROMAGNETIC SYSTEMS. ENERGY | 
CONJUGATE PROPERTIES. | 


The specification of the complete state of the electromagnetic field at 
a given moment requires a knowledge of seven quantities. We must, 
in the first place, know the electric capacity and conductivity, and the 
magnetic permeability, c, k, and p. Next, we require to know the 
electric and the magnetic force, E and H. From these five data we 
know, by the linear relations, the conduction current C = E, the elastic 
displacement D =cE/47, and the magnetic induction B=pH. We also 
know the electric energy 4ED, the magnetic energy }HB/47, and the 
dissipativity EC ; all per unit volume. But, in addition, we require to 
have given the impressed electric and magnetic forces, e and h. Then, 
by the two equations of induction, 


curl (H — h) = 47T = 47(C + D), 
curl (e — E) = 4rG =B, 
we know the true electric current T, and therefore the displacement 


current D; and also the magnetic current G. As for the electrification, 
it is known because D is known, of which it is the divergence. The 
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seven data may be otherwise stated ; for instance, instead of E and H, 
we may have D and B, or Cand B. As regards the number of distinct 
numbers on which these seven quantities depend, if we take any three 
rectangular axes of reference, the four vectors E, H, e, and h require 
three numbers each, making twelve, and the three operators c, k, and p 
require six numbers each (if there be no rotatory k), making eighteen. 
Thus altogether thirty numbers are concerned ; or thirty-three, if there 
be rotatory. conductivity. In case of isotropy, the number is fifteen, 
owing to c, k, and p being then simply scalars. ; 

We not only know the complete state of the system, but the rate at 
which it is changing; for E and H are known, and therefore, if the 
impressed forces be given at every moment, we can find the changes it: 
goes through under their influence; or, if they be absent, in settling 
down to a state of equilibrium. 

The equation of activity at any moment is 


Sel+TDhA@=Q4+U+T; 


the left member being the total activity of the impressed forces in all 
space, and the right its equivalent, the sum of the dissipativity Q 
(Joule-heat per second) and the rates of increase of the electric and 
magnetic energies. 

Now, suppose no relative motion of masses is permitted, thus making 
c, k, » functions of position only, and excluding the impressed forces 
brought into play by such motions. If now e and h be constant with 
respect to the time, the system will settle down to a steady state, in 
which 2eC=Q simply. If, further, there be no e in conductors, or, 
more generally, only such distributions as may cause elastic displace- 
ment, but; no steady conduction current, the final field is simply that 
due to h and to the e left, and to electrification and its surface equiva- 
lent, the charges of conductors. 

But, by the linearity of equations, the inductive phenomena during 
the subsidence to the final state under the influence of steady e and h 
may be got by superimposition. We may therefore, in investigating 
subsidence, take e= 0, h=0, and no electrification or charges on con- 
ductors; so that the subsidence is to a final state of no E or H 
any where. 

We then have, at every moment after removal of impressed forces, 


Q+U4¢T=03 wc. spices (100) 


the rate of decrease of the sum of the electric and magnetic energies 
being equal to the dissipativity. Q, U, and T are all necessarily 
positive, being sums of squares, or else of positive scalar products. 
(For instance EC = EXE; if C is parallel to E, it is a square, kE? ; if not 
parallel, their mutual angle must be always acute.) This necessary 
positivity is of the greatest importance, as it excludes the possibility of 
indefinite increase of normal systems of force left to themselves, making 
them always subside, either without or with oscillations. | 

Let, next, there be two systems of electric and magnetic force dis- 
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tinguished by the suffixes , and ,, so that their equations of induction 


are 
curl H, = 47T, — curl E, = 47G,, 


curl H, = 4rT ~ curl E, = 47rG,. 

Using the third and second of these, we find by space-integration, 
LET, = 2 E curl H,/4r = 2 H, curl E, /4r = — 2 H,G.. 
Similarly, by the first and fourth, we shall get ZET, = -2H,G,; so 

that we have 
2 (E r,+ H,G,) = 0, and = 2(E,I,+H,G,)=0; 
or, DEC, + E,D, += H,B,/40 = 4 
DEC, + 2 E,D, + 2 H,B,/47 = 0. 
If we add these, we shall obtain 
Ot 0 tT E E E T (102) 


the equation of mutual activity, U,, and T}, are the mutual electric 
and magnetic energies, and @,, the mutual dissipativity, or the excess 
of the total dissipativity when the two fields co-exist over the sum of 
the separate dissipativities. 

Let, next, the arrangement of E and H be such that in subsiding they 
change in magnitude only, not in distribution. Let E, and H, be the 
distributions at time ¢=0, and, at time £, 


E-B, HEB: oesie (103) 


The constant n is the reciprocal of a time, and is of course negative, if 
the subsidence be real. The larger n, the more rapid the subsidence. 
E and H thus defined constitute a normal system of electric and 
magnetic force. 


Now, 
Q= = EXE, U=? EcE/8r, e 
= Qe", a Oe", =T, of 9 
by (103), if Q, U» To, be the initial values. From this, T=2nT, and 
U=2nU, which makes the equation of activity (100) become 
Q+2n(U+T)=0; 

or the ratio of the energy left at any moment to its rate of leaving is 
constant, = — (2n)7}. 

If then the two systems to which equations (101) refer be both 
normal, with rates of subsidence n, and n, we shall have 


Q, + 2n,(U, + T7,)=0, \ 
and Q + 2n,(U, + T,) = 9, 
when they exist separately ; and, in addition, when they co-exist, the 


equations (101), in which d/dt=n, or na according to whether it 
operates on the first or second system. Now 


E,D,=E,D,, H,B,=H,B, and 2E,C,=2,C,, 
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if there be no rotatory conductivity coefficient ; so that (101) becomes 


4Qig + noU, + MT, = 0, } NE errs (105) 
$Qia +n Uia + Mol 1. =, . s 


Qe=22H,C, U,=2ED, 1,,=2H,B,/4z. 


Between the equations (105) we may eliminate in succession either 
the Q, or U, or T. Thus we get, if we leave out the common factor 


(n z5 no), 
: 0 = U- Tio | 


where 


O= SQ io + (m + n)Tig 
O= 30). + (m +n) Urg 


which are the universal conjugate properties of normal systems. 

The first tells us that the mutual potential and kinetic energies of 
two normal systems are equal. This being true at every moment 
during the subsidence, it follows, by (102), that the mutual dissipativity 
is derived from them equally. This is the interpretation of the second 
and third of (106), the second saying that the mutual dissipativity 
equals twice the rate of decrease of the mutual kinetic energy, and the 
third that it equals twice the rate of decrease of the mutual potential 
energy. 

Any one of (106) enables us to decompose a given initial state of 
electric and magnetic force into the sum of normal distributions, when 
the nature of the latter has been found, and hence determine the 
manner of subsidence. Thus, let E,, H,, be the initial state, and 
E, H, E, H, E, H, etc., the various normal distributions, with con- 
stants n, na etc. Let 

E, = 4,E, + 4E, +4,E, + >) 

H, = 4,H,+4,H,+4,H,+..., 
where the 4’s are coefficients fixing the absolute magnitudes of the 
normal solutions. If the 4’s can be found, then, at time ¢ later, we 


shall have 
E= 4, Be" + A,B +..., 


E being what E, then becomes; and a similar equation for H. 

The ’s are found thus:—K, and H, being given, and the 7 co- 
efficient A,, being required, calculate the mutual potential and the 
mutual kinetic energy of the given state with respect to the 7** normal 
distribution. Let them be U„ and 7’... Their values are 


U = A Ur + AU a, + AgU op +... HAU 
T= A,Ty, + Ag op + Ag] ap + oes HAD yp Hoes 
Subtract the second line from the first, and there results 
Un -T,p-= AAU, -— Ty) 5 or, A,=(U,,-T.,)|(Un - Tr), (107), 
since, by the first of (106), all the remaining terms cancel. Thus, the 


r“” coefficient equals the excess of the mutual potential over the mutual 
kinetic energy of the given state and the 7" normal state, divided by 
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twice the excess of the potential over the kinetic energy of the normal 
state itself. 

The second and third of (106) give two equivalent relations, by 
widely different processes, viz., 


A, = (Qor FANT 5) (Qor HANT) cc cv ccc eeeeeeees (107), 
and A, = (Qor + ANU n) (Qr FANT ay). oeenn (107), 


As the first of (106) is the easiest to remember, so it is in general 
the most readily applied, giving (107),. But some special cases should 
be noticed. 

If there be no potential energy, but only kinetic energy and dissi- 
pativity ; that is, in all problems in which dielectric displacement is not 
taken into account, as, for instance, any combination of conductors 
between which there is electromagnetic induction, but with no con- 
densers, we have 


c=0, T,.=0, Q=0; and 4,=T,,/T,-=Qor/ Qe  ...(108), 


If there be no kinetic energy, but only potential energy and dissi- 
pativity; that is, in all cases in which electromagnetic induction is 
ignorable, as in any combination of conductors and condensers, but not 
coils, we have 


p=0, Uyg=0, Qy=0; and A, =U y-[Ure=Qor/ Qe (108): 
If there be potential and kinetic energy, but no dissipation, 
k=0, U,,=T7,,; and 4,=(U,,-T.,)/(U..-T,). ...(108)3 


In this last case conductors are excluded. We have a strictly con- 
servative system, from which all radical friction is excluded. It goes 
on oscillating for ever, but never does any useful work. We must 
therefore abolish it. A peculiarity connected with (108), will be 
noticed in the next section. Also that the general properties (106) are 
true whether the rates of subsidence of the two systems be unequal or 
equal, although in the latter case special procedure is required. 

The nature of the normal distributions themselves depends upon the 
distribution of c, 4, and u throughout space. We have 


curl H = (47k + cn)H, —curlE=pnH, ............ (109) 


in a normal arrangement. Hence, either E or H being found, the other 
follows. Thus, eliminate H to get the equation of E, 


curl y~?! curl E + n(4rk+n)B=0. oo... eee. (110) 


Any solution of this is a normal E, and the corresponding H is de- 
finitely fixed by the second of (109). Not counting the simple cases of 
linear circuits and similar problems, (110) has been solved in three 
dimensions in a very few cases. 

Presuming we have obtained the normal solutions, the question 
arises, what values of n shall we take? We must take all that satisfy 
all the conditions of the problem. One form of the determinantal 
equation, whose roots give all the admissible values of n, is the equation 
of activity itself, 


Q+U+T=0; or, Q+ 2n(U+T)=0, 
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applied to the normal solutions. It is an equation in n only, with 
various constants, but independent of x, y, z, and £ That is, if in some 
special case of (110), we know the normal solution, we can find the 
equation of n by writing out the equation of activity extended over 
the whole system. But the equation of n is usually to be obtained from 
the boundary conditions, when the normal functions are known through 
bounded spaces. [This is the proper way. The other way may be 
accidentally, but is not generally true. | 

If we extend our calculation of the excess of the mutual potential 
over the mutual kinetic energy of two normal systems through a 
bounded space, instead of all space, we shall obtain, not U,, — 7,,=0, but 


An(n, —n,)(U,, — Tid) = 2 N( VEH, - VEH), ........ (111) 


the summation being over the boundary, N being the unit normal 
drawn inward. Hence U -T for a single normal system n is given by 


8r(U - T) = X (EcE - Ha H) 
‘= = N(VEH’ - et 


where the accent means differentiation with respect to n. The first is 
a volume-, and the second a surface-summation. 

There are, of course, corresponding buundary forms for the second 
and third of (106). ai 

The general properties of normal systems (100), (102), (104), (106), 
(107), and (108), are not peculiar to the special dynamical connections 
which are involved in the electromagnetic equations, but belong to any 
dynamical system in which forces of reaction are proportional to dis- 
placements, and resistances to velocities, with reciprocal relations 
amongst the coefficients which are equivalent (in the electromagnetic 
case) to the three linear relations between forces and fluxes being of a 
symmetrical nature; or c, k, and p self-conjugate, with no rotatory 
power. Conservation of energy requires this to be true for c and p; 
and (106) are not true unless + be also self-conjugate. 


SECTION XIX. REMARKS ON NORMAL ELECTROMAGNETIC SYSTEMS. 
CONDITIONS OF POSSIBILITY OF OSCILLATORY SUBSIDENCE. 
EQUAL Roots, AND THEIR EFFECTS. 


In the last section I omitted to define the three symbols, U,, Tn 
and Q, except by implication. They express the doubles of the 
potential energy, kinetic energy, and dissipativity of the r* normal 
system E,, H,; being quantities formed in the same manner as Q 
U,,, and Tio defined just after equation (105). 

As a preparation for what follows it will be useful to bear in mind 
the general character of the subsidence to equilibrium of a displaced 
elastic body, which, for our purpose, may be simply a stretched elastic 
thin wire fixed at its ends. Let it be bent into the form of the arc of 
a bow, or, more accurately, into the form of the sinusoidal curve, and 
then be left to itself. If there be no resistance the wire will go on 
vibrating for ever with uniform frequency, always preserving the 


* 
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sinusoidal form. But if there be resistance to its motion, proportional 
at every moment to its speed, its amplitude of vibration will con- 
tinuously decrease, although the frequency (lowered) will be still 
uniform. By a sufficient increase in the coefficient of resistance (say, 
by motion in a viscous fluid), we shall ultimately stop the vibrations, 
the displaced wire returning to, but never crossing its equilibrium 
position. The displacement at time ¢ in the original frictionless vibra- 
tion was represented by 
(a, sin +b, cos)c,t. 

Friction makes it e~ (a, Sin + b3 CO8) Cel, 
showing the oscillatory subsidence to equilibrium. When, by sufficient 
Increase of resistance, the oscillations are just stopped, it is 

e~ (a, + bt); 
and finally, further increase makes it 

ae" * + be“, 
the sum of two independent non-oscillatory subsidences. 

In general, if inertia be altogether negligible, but not elastic yielding, 
or the friction, there can be no oscillations. Similarly, if the elastic 
yielding be negligible, but not inertia and friction, there can be no 
oscillations. To have oscillations we require both inertia and elastic 
yielding ; besides that the resistance must not be too great. 

Coming now to the electromagnetic applications, we shall expect the 
subsidence of normal systems to come under these four types. If there 
be no elastic displacement, and therefore no potential energy, the sub- 
sidence of a normal system must be non-oscillatory ; and it must be 
real subsidence, not indefinite increase according to the same law. 
Similarly, if there be no inertia (4=0, no magnetic induction, no mag- 
netic or kinetic energy), the subsidence must also be real and non- 
oscillatory. But if neither elastic displacement nor inertia be negligible, 
there will be either non-oscillatory or oscillatory real subsidence, 
according to the relative importance of the resistance. In these three 
cases there is supposed to be always resistance. But if there be none 
_ but only elasticity and inertia to consider, the normal systems will be 
simple harmonic with respect to the time, and go on vibrating for ever. 
Cases in which two of the three quantities c, k, and p are non-existent, 
scarcely belong to the present subject. And the fourth case above 
(vibrations in dielectric media, with no dissipation) does not occur in 
ordinary problems, as it requires unrealisable conditions. 

Now the equation of activity of a normal system is 

2n(U + T)+ Q=9, 

where U = £ EcE/8r, T= 2 HpuH/8r, Q=? EKE. 

Here E and H constitute a normal system, E being a solution of (110), 
and H derived from it by the second of (109); or else H being a 
solution of the H equation corresponding to (110), and E derived from 
it by the first of (109). (If there be no inertia, the electric force is 
polar. Then the single scalar, the electric potential, will serve for 
variable.) 
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If n be real, the normal functions E and H are real, or may be so 
chosen as to be real. Then also Q, U, and T are real. Further, it is 
necessary in the electromagnetic applications that they cannot be 
negative. This is secured by the angle between a force and a flux 
being less than 90° at the most. 

(c=0.) First, ignore elastic displacement. Then c=0, U is non- 
existent, and nT +Q=0. 


We see at once that if n be real, it must be negative. If then, we 
show that it cannot be imaginary, we prove that all the n’s are real and 
negative, when c vanishes, but not u and k. Thus, if i stand for 
(-1)}, let Nn, =at bi, nN, =a— bi, 
be a pair of imaginaries. They turn H into L+Mi and L- Mi re- 
spectively, and E into L,+M,i and L,- M,i respectively, L, M, etc., 
being real. Using n,, the expressions for 7 and Q become 

T =È (Lul - MM + 2iLuM)/8r, 
Q=? (L kL,- MAM, + 2iL,4M,). 
Using these in the equation of activity, with n =n., and separating the 
real from the imaginary parts, we get 
O=2 {2a(LeL - MpM) - 4bL eM + 8r(L kL, - M\4M,)}, 
O=2 {2b(LyL — MyM) + 4aLpM + 167L,4M, }. 

But also, by the conjugate properties in (108),, we have the mutual 

T and Q of the two systems n, and n, both zero; or 


2(LpL - MyM) = 0, 2 (L kL, - M|kM,) =0; 
the imaginary parts cancelling. These bring the previous equations to 
bz LuM =0, a> LuM/ir + 2 LkM, = 0. 


From the first of these we conclude that }=0, unless L and M are 
the magnetic forces of two normal systems, which is not.the case here. 
The imaginary parts are therefore non-existent, which brings us to 

n =A, Ny =A, T =0, Q=0. 

What we wanted to show was that imaginaries could not exist. In 
addition, we show that if there be a pair of equal n’s, they will make 
the kinetic energy and the dissipativity of the (equal) normal systems 
both zero. The only way this can happen, T and Q being the sum of 
quantities that cannot be negative, is for each of their elements to 
vanish, and, therefore, H=0, H=0. That is, ifn be double (or repeated 
any number of times), that value of n will make the normal functions 
vanish over all space. 

(p=0.) Next, ignore magnetic induction. Then p=0, T is non- 
existent, and 2nU + Q=0. - 


We can show that the n’s are all real and negative, excluding oscil- 
latory subsidence, and that the first conditions of a repeated n are 


U=0, Q=0, 
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which necessitate the vanishing of the normal functions for that value 
of n. But, owing to the peculiarities arising from the division of space 
into conducting and non-conducting regions, the matter cannot be 
shortly treated, and will be returned to. 

(c, k and p.) Take next the general case of T, U, and Q all existent. 
Write the activity equation thus, | 


2n?(U + T)+nQ=0, 
and solve as a quadratic. Then, 


n={—-Q+(Q? - 4n?UT7)1}/40, 
n={- OF (Q? — 4n2UT)t} /47. 

Remembering that if n is real, Q, U, and T are all positive (if not 
zero), we see that Q?>4n?UT, or Q?>UT, or the dissipativity greater 
than the geometrical mean of the rates of decrease of the potential and 
kinetic energies, must be true. And n is negative. The limit of 
reality is reached when Q?=4n?UT; or 

U=T, 4nU +Q=0, 4nT + Q=0. 

Thus U= Ti» the general conjugate property of two normal systems 
(n, and n,) when they are unequal, is also true when they are equal, 
ie., when n is a double root of the determinantal equation of n. This 
includes the previous special cases of either c=0, or else »=0. Further 
information regarding imaginary n’s may be obtained by separating the 
real from the imaginary parts in the above. 
= (k=0.) When we take k=0, in the equation of the normal E 
functions, we have 


curl »~! curl E + cn?E=0, pnH = ~- curl E. ....... (113) 


If, on the other hand, we take c=0, we have an equation for E of 
the same form, but containing n instead of n?. Hence the same normal 
functions serve in both cases, if 4rkn and cn? be exchanged. Former 
conclusions regarding n in the case c=0 are therefore now true of n?. 
That is, every n? is real and negative, making the n’s pairs of oppositely 
signed equal imaginaries, as 


n, =a, n= —ai,. N,=bi, n= —bi, ete, ...(114) 


where a, b, etc., are real, indicating simple harmonic oscillations without 
subsidence. 

The property U2 = Tg is true for any two roots, whether naturally 
associated or not; 2.¢., for n) with respect to all the rest, including its 
companion n» whose square is the same. But also, the second and 
third conjugate properties (106), keeping in the (n, -— n) factor there 
omitted, are 

(1,7 — 047) Uy9 = 9, (n? — nq”)T.=0, 
hence U,,=0=T,,, except if n,?=n,?; that is, in case of the naturally 
paired ws. Also, the equation of activity becomes 


U+T=0, 
for every single root n. 
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As the first of (113) contains n?, if we take the E normal functions 
from it, they will be identical in pairs, E,=E,, E, = E,, etc., for the 


roots (114). 
But then the second equation (113) shows that the corresponding H 
functions are the negatives of one another in pairs, thus H, = — H,, 


H,= —H,, etc. Thus the expansions of E, and Hy, the initial states of 
electric and magnetic force, become 


E= (4, + 4,)B, + (4,+ 4,)B,+..., 
H, = (4, - 4,)H, + (4,- 4,)H3+.... 


The mutual potential energy of any two double normal systems is 
zero, and the same is true of the mutual kinetic energy. We therefore 


have 
2 EE =(4,+4,)2 Ech, 
2 HoH, = (4, - A4,)2 Hyd, ; 


giving 4, and A, in terms of the initial state E, H, Using these, 
and putting the solutions in the appropriate real form, taking H;i = M., 
H,? = M,, etc., we find that 


E ; 
E, = TEE,” E cE cos — 2 H,uM, sin)at+..., 
=- _M l 
H, SEE, E cE, sin + 2 H uM, cos)ai+... 
express the values E, and H, reach at time ż later. 

_The proof that there cannot be any imaginary n?”s requires some 
modification from the proof of absence of imaginary n’s in the case 
c=0, owing to the changed conjugate properties. It also shows that a 
repeated n? makes the normal functions vanish. (See Thomson and 
Tait on Cycloidal Motion with no Dissipative Forces, “ Natural Phil- 
osophy,” vol. I., part 2). 

(Equal roots.) This remarkable property of the vanishing (with equal 
roots) of the normal functions in case any one of the three c, k, and p 
is zero, is closely connected with another property, viz., that of shutting 
out the fe term from the solutions. Looking to the formule at the 
commencement of this section, we see that on the boundary between 
oscillatory and non-oscillatory subsidence we have, instead of the form 
a,c" + a,e™, that of (a+bt)e". Also, when by a change in the value of 
some constant, two roots are made to approach one another, and then 
again diverge imaginary, between the two states we have a pair of 
equal roots. If, then, the oscillatory form of solution is possible we 
have the fe” term on the very verge of oscillation. Now, in certain 
cases we know that oscillations are impossible; they require both 
kinetic and potential energy to be concerned; so, if either be absent, 
something must happen to prevent solutions taking the oscillatory 
form. That something is the vanishing of the normal functions, 
thus excluding the że terms, and making the solution in case of 
a double root take the form ae“, the same as if the root were not 
repeated. 

H.E.P.—VOL, I. 2L 
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Let n, and n, be a pair of n's, and write down the corresponding 
terms of the E, expansion. They are 


2 (EE, - HoH) eme | 2 (BycB, - HoH) 
5 (EE, B) E y e ETD 

Here there are no restrictions put upon c, k and p; E, H, and 
E,, H,, are the normal functions corresponding to n, and na and the 
7A = Tə formula has been employed to find 4, and 4,, the coefficients 
of E, and E, (the fractions). 

At first glance it might appear that if, by some change in the value 
of some electrical constant concerned, or generally, by a changed dis- 
tribution of c, k, p, the roots n, and n, are made to approach and finally 
reach equality, making E, and H, also approach to and finally be the 
same as E, and H, their coefficients 4, and 4, will also approach and 
ultimately be equal. But, in general, nothing could be further from’ 
the truth, and instead of equality, we shall have infinite inequality, on 
account of the denominators approaching zero from opposite sides, 
sending one 4 up to positive and the other down to negative infinity. 
For if n, =n +h, and n=n - h, where h is very small, we shall have 


E, =E+h¥’, H,=H+AH’, 
E, = E - h¥’, H,=H -/AH’, 


if the accent denote differentiation to n, provided the functions E, H, 
_and their differential coefficients do not vanish. These make 


© (E,cB, — H uH,) = 2h (E - HypH’). 


This is the value of the denominator of 4, in (115), and that of 4, is 
the same taken negatively, thus showing the infinite divergence of the 
A’s, [There is an example worked out on p. 90. ] 
The two terms, when united, and ) made to vanish, give rise to a 
solution of the form | 
C Ee” + 0C Ete, 


where C, and C, are new constants, E is the old E, and F is a new 
function derived from E. From this we see that when the repeated n 
makes the normal functions vanish, as when any one of c, k, p is zero, 
the second term goes out altogether. 

The double-root solution in these cases of vanishing E and H is 


2 (E cE — H,vH’)n, 
3 (cl -HE er Net satenete -++(116) 
differing from the original form only in this, that instead of the normal 
functions E and H, we take their differential coefficients with respect to 
n. This single term takes the place of the former two terms. 
If the root n be triple, E’ and H’ will also vanish. Then take E” 
and H” instead ; and similarly go on to further differentiations in case 
of further repetitions of n. 
If N=0 be the determinantal equation of the n’s, the function U -T 
of a normal system contains NV’, the differential coefficient of N with 
respect to n, as a factor. JV’ =0, in addition to N =0, is the condition 
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that n is a double root. Similarly, the function U — T, not of E and H, 
but of E’ and H’, contains M”, the second differential coefficient of N, 
as a factor, and so on. 

Before leaving this curious subject of the effect of equal rates of sub- 
sidence, we should notice that when the duplicity of an n, making the 
conjugate properties of unequal n’s hold good for two of the same value, 
necessitates the simultaneous vanishing of the normal functions, it does 
so in virtue of the positivity of Q, U, T, as before mentioned. But 
should they be allowed to be negative, although, for example, in the 
case c= 0, we still have 7=0, Q=0, when an n is double, there is no 
longer any necessity for E and H to simultaneously vanish. Then we 
have the ¢e“ term, and the ¿2e term if a triple root, and so on. The 
vanishing of T will then depend on its expression containing J, for the 
special value of n, as a factor. As our expressions for Q, U, and T are 
in the form of the sum of scalar products, we can only make any one of 
them negative by allowing that the force and the flux, in some parts of 
space at least, can make an obtuse angle with one another ; that is, be 
opposed, which is a contradiction to common sense. In special appli- 
cations, involving only a limited number of degrees of freedom, the 
positivity of U, T, and Q will require that certain functions of the 
electrical constants, usually determinants, cannot be negative for any 
values of the electric variables. 


SECTION XX. SOME CASES OF SUBSIDENCE OF DISPLACEMENT. 


In the electromagnetic scheme we have the equations of a dynamical 
system, involving the potential energy of elastic displacement (or of 
electric polarisation, if that very vague term be preferred ; any vector 
function may be made up of polarised elements, whether it be circuital 
or polar, so it is as well not to attach too much importance to the idea 
of polarisation), the kinetic energy (or magnetic energy), probably of a 
rotational motion, and dissipation of energy by forces analogous to 
frictions proportional to velocities, when the electric current in a 
conductor is taken as a generalised velocity. There is nothing peculi- 
arly electrical until we specify the connections of the different magni- 
tudes. It is one out of the infinite number of dynamical systems 


subject to Sn 
Q+U+T=0, 


the general equation of activity when energy is neither communicated 
to the system nor allowed to be withdrawn except through the irrever- 
sible frictional forces. 

The three qualities to which c, p, and k refer, relate to the potential 
energy, the kinetic energy, and the dissipativity. In order to render 
practically simple the theory of special cases, it is necessary to place 
restrictions upon their values, restrictions that we may know to be 
untrue. This is perfectly legitimate, as it is the common-sense pro- 
cedure in all matters of reasoning to simplify as far as possible. But it 
becomes. necessary to be careful in the interpretation of the extreme 
results of a limited theory. © | 
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Consider, for example, the discharge of a condenser through a wire. 
The first approximation to its theory is got by ignoring inertia. If 4% 
be its initial charge, that left at time ¢ later is qe’, where ?, is the 
time-constant, the product of the capacity of the condenser and the 
resistance of the wire. An appropriate mechanical illustration is the 
restoration to equilibrium of a bent spring of negligible mass in a 
viscous fluid. 

But if we push this to extremes, by shortening the discharge-wire 
indefinitely, this theory says that the discharge will always be of the 
same character, though finally instantaneous. This is entirely wrong. 
The influence of inertia may be negligible when the resistance is great, 
but is not when it is small. We allow for inertia by introducing the 
inductance of the circuit, bringing in an electromotive force proportional 
to the rate of decrease of the current. Then we find that when the 
resistance of the wire is below a certain value the discharge becomes 
oscillatory. This is quite correct, and the theory as amended is then 
true within a far wider range than before. But it, again, must not be 
pushed to extremes. It shows that if the resistance be reduced to 
nothing, whilst the inductance of the circuit is finite, as it must be, the 
oscillations continue for ever undiminished in strength, with frequency 
(27r)-1(sp)-', if s be the inductance and p the capacity of the condenser. 
I.e., short-circuiting a condenser would never get rid of its charge, 
except momentarily, when the energy is all kinetic. Here, of course, 
the objection is that we cannot indefinitely reduce the resistance in 
circuit, on account of the resistance of the metallic coatings, previously 
neglected, when the external resistance was great in comparison. 
Allowing for that, we still have oscillatory subsidence. But when we 
consider further that a short-circuited condenser can scarcely be treated 
as a linear circuit, and that we have ignored the dissipation of energy 
by the oscillatory phenomenon in the magnetic field producing vibratory 
electric currents in neighbouring conductors, we see that the complete 
theory of a short-circuited condenser may be only roughly represented 
by taking into account three constants, the capacity of the condenser, 
the inductance, and the resistance. What is true enough within certain 
limits (or uncertain, because no definite line can be drawn between the 
true and the false) may be wholly untrue beyond them, owing to cir- 
cumstances of the minutest previous significance becoming then of 
(relatively) paramount importance. 


Retardation in a medium in which p=0, c/k = constant. ` 


This is a very singular case, and of considerable interest. In general, 
we have 


d 
div (4rk + cy) =0, 


to express the continuity of the true electric current, E being the 
electric force, k the conductivity, and c the specific capacity. 

It will be convenient to put c/4r=p. The new quantity p is the 
capacity per unit volume considered as a condenser. We may avoid 


‘ 
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ambiguity by using the word “specific” in connection with c, in the 
absence of a better nomenclature. 


In any normal system d/di=n, a constant, so that the above becomes 


div (K+ pn)B=0, oo. eecesscecsceceeeen ees (117) 
or, since the displacement is D = pE, 
div (kjp +n) D=0. e (118) 


Now, if there be no inertia, or 4=0, and no impressed forces, we 
shall also have 


curl E=0, or curl D/p = 0. 


In (117), (4+ pn) is a function of position, k and p being variable 
from place to place, whilst n is constant. Apply Sir W. Thomson’s 
theorem of determinancy. If (4+ mn) be everywhere positive, the only — 
solution of (117), subject to the first of (119), is E=0. Similarly, if 
(k+pn) be everywhere negative, the only solution is E=0. In both 
cases the point of the demonstration is that È (k + pn)E? is necessarily 
positive if (k+ pn) be everywhere positive, and negative if it be every- 
where negative. This quantity ÈX (k+ pn)E? is Q+ U, and is therefore 
zero. It follows that, in any normal system, (4+ pn) must be positive 
in some parts of space and negative in others (unless it be zero every- 
where). Therefore, if k,/p, be the least, and k,/p, the greatest value of 
k/p, it follows that (k,/p,+n) is negative and (k /p, +n) is positive. 
Hence the values of n for all the normal systems lie between —k,/p 
and —k,/p,. Or, their time-constants all lie between the greatest and 
least values of p/k. If then k/p is the same everywhere, there is only 
one rate of subsidence for any initial state, given by (k/p+n)=0. (To 
show that there cannot be imaginary n's, make use of U,,=0, Q,,=0, 
applying them to the solutions corresponding to a supposed pair of 
imaginaries. It follows that the unreal part of the roots is zero, and 
that the normal functions vanish in the case of equal roots.) 

Given that the initial displacement is D, in a medium in which p/k 
is constant, and »4=0, and that it is left without impressed force, we 
therefore obtain the subsequent state in the following manner. Let 


div D, = pp, 
so that pọ is the initial electrification. Find D,, such that 
div D} = pp, curl D,/p=0. 


D, is uniquely determinable by these conditions. Then D, = D, + (D, - D,), 
where (D, —D,) is a system of circuital displacement. It will subside 
instantaneously, leaving D,, which will then subside so that the dis- 


placement D at time ¢ later is given by 
DED ene ioien RN .. (120) 


The conduction current is kD/p, and the displacement current the 
negative of the same, so that the true current is zero. It is not a case 
of propagation at all, every elementary condenser discharging through 
its own resistance. It is the instantaneous vanishing of the circuital 
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displacement that is connected with propagation, it being what would 
happen if £=0 with the same distribution of p. First the displacement 
readjusts itself to make the electric force polar with the same electrifi- 
cation; and then, what is left subsides everywhere at the same rate, 
according to (120). 

Now, any distribution of impressed force sets up a corresponding 
distribution of circuital conduction current, and, therefore, since k and 
p are everywhere in the same ratio, of circuital displacement, without 
electrification. But it is only displacement with electrification that has 
a finite rate of subsidence. Hence there is no retardation whatever in 
connection with impressed force. However it vary with the time, the 
corresponding displacement will vary with it instantaneously. Evi- 
dently this is a case in which inertia is not negligible. Maxwell (Vol. I., 
chap. X.) treats of the case p= constant, k= constant. The extension 
to »/k=constant allows us to distribute capacity as we please, and so 
obtain immediately the solutions of various problems connected with 
shunted condensers. 

Now let there be inertia. Although (119) is no longer true, yet 
(118) is; and, since (k/p +n) is constant, it may be written 


(k/p +n) div D=0. 


There is, therefore, no electrification in any normal system, unless 
(k/p+n)=0. It follows that if there be electrification initially, the 
above process of dividing D, into D) and D,- D, is applicable to give 
us the part of the subsequent state depending on electrification. Thus 
(120) is true whether there be magnetic induction or not, the left 
member, however, being not the complete displacement, but only that 
depending upon the initial electrification. The other part of the 
initial displacement, D,—D,, will subside, not as before, instantane- 
ously, but according to the nature of the normal distributions 
other than the (4/p+n)=0 solution, depending upon the distribution 
of k and p in space, and also upon the initial state of magnetic 
induction. 

Why (120) is true in spite of inertia, is because there is no true 
current, the force being polar, and therefore no magnetic induction in 
connection with the electrification solution. As before, no electrification 
can be produced by any impressed forces, so that the (k/p+n)=0 
solution may be left out of account. The retardation in connection 
with the effects of impressed force will depend wholly upon the other 
n’s. 

As a simple application of the preceding, let k=0 everywhere except 
in a single wire, forming a closed circuit. It is a perfectly insulated 
dielectric wire whose conductivity may vary as we please along it, 
provided its capacity vary in the same ratio. Let now k and p signify 
the conductance and capacity per unit length of wire, and D the total 
displacement across its section. Then D/p is the electric force per unit 


length, and 
d ad\D 
g +P) 57° 
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is the equation of continuity, if x be distance measured along the wire. 


Or, 
(kjp +n) dD/dz =0, 


in a normal system. If then D, be the initially given displacement, 
divide it into D, and D, - D, such that 


aD,/dz=dD,/dz = po, 


the initial electrification of a cross-section, and such that the EMF. 
round the circuit is zero. At time ¢ later, the displacement is 


DED ey cis snicancensiecdas secre (121) 


the part D- D, which is circuital, and is the mean initial displace- 
ment all round the circuit, instantly vanishing (if there be no inertia). 
As before, there is no true current during the subsequent subsidence. 
By the “ mean” displacement is meant the quotient of the total initial 
E.M.F, round the circuit by the total elastance, that is, (2 D/p) + (È 1/p), 
the summation extending round the circuit. 

To corroborate, insert a conductor in the circuit having no capacity. 
There will now be two normal rates of subsidence, one of which is the 
previous. If n, be the new n, it is given by 


0=K+K,+&n,, 


where K and K, are the conductances of the old and of the new wire, 
and S is the total capacity of the old wire, i.e., S=(Zp-')-}, the 
reciprocal of the sum of the elastances round the circuit. The solution 


will now be 
Ds(D -DJT FDE E. uapa (122) 


As the auxiliary wire is shortened, n; goes out to negative infinity. 
Then we return to the former instantaneous subsidence of the mean 
displacement when the whole wire has capacity, (122) becoming (121). 
When K;, is finite, there is necessarily electrification somewhere ; if not 
in the old wire itself, then at its ends, where it joins on to the new one. 
If the circuit be open instead of closed, there will be no instantaneous 
subsidence in any case; the solution is then (121) with D, instead of 
D, on the right side. 

Any impressed force in the circuit will only suffer retardation in its 
effects as regards the n, term. It would be very convenient, as well as 
wonderful, if some ingenious inventor could construct a telegraph cable 
whose electrostatic capacity should be in the conductor instead of. 
outside it. Having it there, however, a first approximation towards 
lessening the retardation is to give greater conductivity to the insulating 
covering. Even a leakage-fault raises the speed of working consider- 
ably. Nothing is worse for rapid signalling (when pushed to limiting 
speeds) than the most perfect insulation. The lower it can be made 
(natural high conductivity, not due to faults which by getting too bad 
would stup communication) consistent with getting enough current at 
the receiving end, the better, and much better, it is for the signalling. 
Of course there are other considerations, but we must return to the 
immediate subject. 
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We can easily obtain the effect of inertia in modifying the solution 
(121). Let s be the inductance per unit length of wire, constant for 
purposes of calculation, and really so if the wire be circular. Let also 
k and p be constant. We have only to examine how the circuital 
displacement, (D, - D,), subsides, in which alone magnetic induction is 
concerned. Let I be the true current over the cross-section, like D. 


The electric force to correspond is that of inertia, viz., - s. Hence 
T= (t + A (- sÙ), or T=(k+pn)\(- snr), 


in a normal system ; and the determinantal equation is 
spn? +skn+1=0, 
giving the two n’s, 
N, OF n= — k/2p + (k/4p? - 1/ps}. 
Besides the circuital displacement, the initial current may be arbitrary. 
Let it be T, Then at time # later, 


DP, +2,(D -D,)» I’, + 2,(Dy — D) 
Tto TUT a) ome p oT Malo TS) orgt 
2+ksn, A ksn ái 
D = - spn, x ditto — spn, x ditto + Dye“, 
The current is oscillatory if 
k/p<2/(ps)', 


and non-oscillatory if it be greater. This differs completely from the 
condenser and coil theory ; for now we get oscillations by reducing the 
inductance, whereas in the other case, it is by reducing the inductance 
that we get rid of oscillations. 

Although in this solution we take into account the magnetic field, 
yet we only regard that part of the electric field that is within the 
conductor, so that the specific capacity c in the wire must be much 
greater than in the surrounding air to render the latter negligible. 


SECTION XXI. A NETWORK OF LINEAR DIELECTRIC CONDUCTORS, 
OR OF SHUNTED CONDENSERS. 


Let any number of points be connected by linear conductors, thus 
forming a network of any degree of complexity. They will be referred 
to as Branches. Let each branch consist of any number of conductors 
in sequence, to be called the Shunts. Let every shunt have its ends 
joined to the poles of a condenser by wires whose resistances we do not 
count. This makes the combination complete. We have a linear 
combination of inductive branches exactly similar to the conductive; 
they are side by side, as it were, and in connection at certain points. 
We may regard the conductors as shunts to the condensers, or the 
other way, as we please, but the former plan is perhaps the best. 

Instead of thus shunting the condensers by external conductors, we 
may do away with the shunts, giving instead equal conductances to the 
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condensers themselves, thus making a combination of unshunted leaky 
condensers. 

Or, we may abolish the external condensers, and give equal dielectric 
capacity (uniformly distributed in the wires) to the former shunts 
themselves, thus making a network of dielectric conductors. The 
theory is in all cases the same, with certain exceptions as regards the 
effects of impressed force and of magnetic induction. In many respects 
the theory is most simply expressed by having the two qualities, con- 
ductivity and dielectric capacity, coincident, as in the dielectric con- 
ductors, instead of side by side, as in the case of the shunted condensers. 

If the shunted condensers were all disconnected from one another so 
as to form independent circuits, partly conductive and partly dielectric, 
any charges they might have would discharge through their shunts, 
each charge at its proper rate depending upon the time-constant of the 
condenser concerned, which is rp, if r be the resistance of the shunt 
and p the capacity of the condenser. (Inertia is ignored.) When they 
are in connection, as above described, the time-constants of the normal 
systems will all lie between the greatest and the least of the time- 
constants of the separate shunted condensers. If these be all equal, 
there is but one time-constant, viz., the common value of rp. In this 
case, if the condensers be charged in any manner and then be left in 
connection without impressed force anywhere in the system, the charges 
will at once readjust themselves to a new distribution, to be found by 
the two considerations that the E.M.F. in any circuit in the new state 
is zero, and that the charges that disappear form a system of circuital 
displacement in the combination. This new state will then subside 
uniformly everywhere, each condenser discharging through its own 
shunt. If an impressed force be introduced at the junction of two 
shunted condensers, say in an infinitely short wire joining one shunt to 
the next, it sets up the appropriate state of conduction current in the 
branches and of charge in the condensers instantly ; these charges are 
equal in all the condensers in one branch, and in different branches are 
simply proportional to the currents in the branches. The same will be 
true if the impressed force be in a shunt, if there be an equal and 
similarly directed impressed force in the corresponding condenser. (In 
the case of the dielectric wires there is no need for this reservation.) 
But if the impressed force be in a shunt only, the charge of its con- 
denser will be opposite to that of the others in the same branch, and 
there will be retardation according to the common time-constant. 
Thus, if the condensers be charged in any manner which could be pro- 
duced by impressed forces in any of or all the branches (equally in 
shunts and condensers), and be left to themselves, the subsidence is 
instantaneous. There is only retardation in connection with those 
parts of the system of charges which could not be produced in the 
described manner. And, considering electromagnetic induction, if it 
operate equally on conductor and dielectric, as in the case of the 
dielectric wires, it will only affect the discharge of the parts that before 
subsided instantly, the subsidence being no longer immediate; whilst 
the other parts will subside just as before, independently of inertia ; 
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for as the conductive and dielectric currents are equal and opposite, 
there is no true current and no magnetic induction in connection 
therewith. 

The above are conclusions from the general theory in the last section. 
As regards the proof of the limits between which the time-constants 
must lie, let Æ be the E.M.F. in any condenser, p its capacity, and k 
the conductance of its shunt. Then, in any normal system, if Q be the 
dissipativity and U the potential energy, 

2 (k+pn)E?2 =Q + 2nU=0, 
the È to include all the shunted condensers. If n do not lie between 
the greatest and least values of —/p, the summation cannot vanish, as 
it must; therefore every n does lie between these limits. 

The differential equation of the combination, and the determinantal 
equation of the rates of subsidence, are most directly found by the 
method used in the paper on Induction in Cores, when treating of 
combinations of coils [p. 415]. The sum of the steps of potential in 
any circuit must be zero; get, then, the expression for the step of 
potential between any two points in terms of the currents, and we 
have one equation for every circuit. Eliminate the currents by their 
conditions of continuity, and the result is the differential equation, or 
the determinantal equation, according as we treat d/dt as the differ- 
entiating operator or as a constant. 

In the present case, if I be the sum of the currents in a shunt and 
in its condenser, reckoned the same way in both (or the true current in 
the dielectric conductor), we have 

T =(k+pn)E, 
if n stand for d/dt. Every condenser has an equation of this form. 
Here £ is the fall of potential through the shunt and through the 
condenser. Since T is the same along the whole of any one branch, 
the fall of potential between its ends is 


T? (k+pn), | 
the 2 to include all the condensers in the branch. Hence, if the com- 
bination consist of only one closed circuit, 
2(k+pn)1=0, 

when cleared of fractions, is the differential, or the determinantal 
equation, according as n is d/dt or algebraical. That is, we equate the 
(generalised) resistance of the circuit to zero. Thus, if there be three 
condensers, and y stand for k + pn, the equation is 


(n) + (Y) + (Y) =0; Or, Yo t+ YY + Ya, = 9. 

The determinantal equation of m condensers in one circuit is of the 
(m — 1)* degree ; one freedom is lost. The missing root is the negative 
infinity root of the instantaneous subsidence. To bring it to finiteness, 
put in the circuit a conductor without condenser. Then its y is its 
real conductance, say kọ and the equation is 

ky 1+ 2y! =0. 
This has the full number m of roots. 
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Let 9,, qa ..-» be the charges, and £,, E, ..., be the E.M.F.’s of the 
condensers (of capacity p,, Pa ..., whose shunts have conductances 
kis ky, ...,) going round the circuit in the + direction of I. A charge 
is + when the displacement is in the + direction. Then we have 


q =P, Fy, Io=Polin etc., 
or, q = PT /(k, + pn), q2 =P /(ka + pn), ete. 
Therefore, in a normal system, the ratios of the charges are 


qi: 92: -e = (a/p +n)? : (kapo +n)! : 0. = P/V € PY: s 
and thus we have m sets of ratios, by giving to n its m values in suc- 
cession. To determine the absolute size of a particular normal system, 
use U,,.=0, taking p,/y,, ... as the normal functions. If 4 be their 
common multiplier, we get 


A = (2 Dy!) + (2 py”), 
if D,, D,, etc., be the initial charges. 
hen, by shortening the wire k, we send the root depending upon 


its presence to — œ , the above ratios become 1: 1:1: ... in the normal 
system of thisroot. Taking, then, 1, 1, 1, etc., as the normal functions, 


A =(2Dp-)+2p7} 
gives the common charge of all the condensers that instantly disappears. 
It is the charge due to the initial EM.F. in the circuit. Its disappear- 
ance makes the electric force polar. 


If all the time-constants p/k of the separate condensers are equal we 
have y:-0 repeated (m -— 1) times. The charges at time ¢ are therefore 


q, =(D, - 4)e, Qo=(D,—-A)e, ete., 


where e = €7*P, and 4 is given by the previous equation. 

So far relating to a single closed circuit, the next simplest case is that 
of any number of branches uniting two points. Here the sum of the 
currents leaving either point is zero. If T}, Ta ..., be the currents in 
the branches, all reckoned parallel, p,,, Pip .-., the capacities in the first 
branch, Pas Poo -.-, in the second, with a similar notation for the other 
quantities, we have 


Dy = (k/u +) 91 = (ki/Pia + ™) Nie = 0s 
Dy = (Koy/Dor + ™)Qor = (koa/ Poo +N = -+s 
etc., and the sum of the I"s is zero. These give the determinantal 


equation 
(Ey!) 1+ (Zy) + (Z yg) +... =O, 


each summation to include all the y’s in one branch only. That is, the 
sum of the generalised conductances of the branches in parallel is zero. 

The number of missing roots is one less than the number of branches. 
The full number, equal to the number of condensers, may be got by 
inserting condenserless conductors in all the branches except one; if in 
that one also, it makes no difference in their number, though altering 
their magnitude. 
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If there be no inserted condenserless conductors, it will be necessary 
to determine what part of each charge instantly: disappears. We have 
to make the electric force polar, and therefore equalise the E.M.F.’s in 
the different branches reckoned the same way between the two points, 
and do it by making equal changes in the initial charges in any one 
branch. The charges q at time ¢, after they were given D, are, if k/p is 
the same for every condenser, given by 


M1 = (D 117 A) la = (Da -A a)€os etc., 
2= (Diz -Á 1)€0» G22 = (Doo -A g&, ete., 
etc. etc. 


where «¢, is, as before, the time-function of the repeated root, and there 
is one A to be found in each branch. It will not be necessary to take 
up space by describing how they are got in this special case, or in 
writing them out, as the following method, applicable to any com- 
bination, will apply. 

In any network of linear conductors there is a certain number of 
degrees of freedom, i.e., the number of branches in which the currents 
must be given in order that they may be known in all the rest. Thus, 
in the common “ Bridge,” the currents in three branches being given, 
those in the rest follow. 

(If m points be joined by 4m(m — 1) conductive branches, the number 
of current-freedoms is 4(m—1)(m-—2). This is (m—1) less than the 
number of branches.) 

This number of current-freedoms is just the number of the missing 
(-—«) roots in the determinantal equation when the branches have 
condensers connected along them as described at the beginning. As 
for the equation itself, if the characteristic function of the conductive 
combination be known, it may be got by turning every k into k+ pn in 
it, and equating the result to zero. 

(The characteristic function is of the degree (m-—1) in terms of the 
conductances (one less than the number of points); hence, when for k 
we put (4+ yn), the determinantal equation is of the degree (m — 1) in n, 
so that the roots are fewer in number than the branches by the number 
of current-freedoms in the conductive network, if there be but one con- 
denser in each branch, and fewer in number than the condensers by 
the number of current-freedoms in the conductive network if there be 
many condensers in each branch. If, on the other hand, there are no 
condensers, but we take account of the self-induction of every branch, 
we get the determinantal equation by turning k into (k~1+4sn)7}, if s 
be the inductance of a branch. There will now be (m -— 1) fewer roots 
than the number of branches.) 

Now, suppose k/p is the same for every condenser, and we want to 
know how the initial charges subside. Let us number the branches 
1, 2, 3, etc., and choose (arbitrarily) a certain direction in each for the 
positive direction in which the current, E.M.F., and charges (displace- 
ments) are reckoned. Let every capacity have two suffixes, the first to 
denote which branch is referred to, the second to show its position in 
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the branch; and do the same with the charges and the conductances. 
The currents I‘ only want one suffix, to show which branch is referred 
to. We have, then, in the case of the infinity roots, if 4,,, etc., are 
the charges that disappear, 7 
Aj, =A,,=Ajg=...=A,, say, 
a = 4 =Agg=... = Ag say, 
etc. ; that is, the same portion of the charge of every condenser in one 
branch disappears instantly. Besides that, 4,, A» ..., in the different 
branches, are connected together by the same conditions of continuity 
as the currents in the different branches. That is, 4,, Á» ..., forma 


system of circuital displacement. 
The solution is therefore of the same form as in the previous 


equations, and we have only to find one 4 for each branch to complete 


the solution. Initially, we have 


Dy, = 4, +(Dy - 4) Dy, = A,+(Dy- 44), ete., 

Dy, = A, + (Dy. - 4), Da = Ay +(Dy- Ag), etc., 

D,3= A, + (Dis - Aj); Dog = 4+ (Do -42), ete., 
etc. etc. 


The system of the 4’s is circuital. -That of the (D—A)’s is such 


that its electric force is polar. The mutual energy of the latter and 
any circuital displacement is therefore zero. The mutual energy of the 
D's and any circuital displacement is therefore equal to that of the .4’s 
and the same. Let this “any circuital displacement” be the charges 
set up in the system by a unit impressed force in any branch (equally 
in shunt and condenser). For instance, let di, dio dig etc., be the 
charges of the condensers in branches 1, 2, 3, etc., due to unit impressed 
force in branch 1. Then the mutual energy of the D’s and d’s equal 
that of the 4’s and d's. But the latter equals twice the product of the 
impressed force of the d’s into the displacement of the .4’s; or, since 
the impressed force is unity and is in the branch 1 only, it equals 2.4, 
itself. Hence 4, is one half the mutual energy of the D’s and ds. Or, 


A, =4,,2 D,/p, + di2? Da/Po + d1? D/P + «+5 


where the first È relates to branch 1, the second to branch 2, and so on. 
Similarly, if da, doo, dog, .--, are the charges in 1, 2, 3, ..., due to unit 
impressed force in 2, we have 


A,=dy2 D/P +da% Dof Po + dog? Dog/ Pa + -»- - 


Thus the 4’s are known in terms of initial charges and of the a’s. 
The latter may be found in precisely the same manner as the current 
in the branches due to the unit impressed forces. In fact, instead of 
mutual energy, we may employ the idea of mutual dissipativity and 
activity. Let Yı Yı» Yı» etc., be the currents in 1, 2, 3, ... due to 
unit impressed force in 1. Then 


A= Yn? Dylhy + YÈ Doko + Yis? Dglkg +.. 
is an alternative form of 4,. In the reasoning we should now imagine 
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the D’s to be currents (not closed), and the 4’s closed currents, and 
speak of mutual dissipativity or of activity. The matter is therefore 
reduced to the problem of finding how current due to impressed force 
in any branch divides through the conductive system. 

(When the time-constants of the condensers (shunted) are not equal, 
the charges that are left after the first readjustment require to be 
decomposed into their proper normal systems, to be done by the 
U,.=9 property. This does not present anything unusual.) 

The following is the tridimensional representative of the above 
method of finding the 4’s. Referring now everything to the unit 
volume, let D, be the initial displacement, and p the capacity. Divide 
D, into two parts, of which one is circuital, whilst the electric force of 
the other is polar. That is, let A be the circuital displacement, so that 


div A=0, curl (D, - A)/p=0; 
find A. The mutual energy of D, and any circuital displacement equals 


that of A and the same, because the force (D,- A)/p is polar. Let the 
any circuital displacement be that due to unit e at any point, and call 


itd. Then SdD,/p=ZdA/p=2(e+f)A, 
` if f is the polar force of e, | 
= 2eA = tensor of A at the place of e, 


if e be parallel to A. 
Thus we know the distribution of A as soon as we know the dis- 
placement due to impressed force. 


SECTION XXII. THE MECHANICAL FORCES AND STRESSES. 
PRELIMINARY. THE SIMPLE MAXWELLIAN STRESS. 


As this is not a treatise upon the theory of Elasticity, it will be only 
necessary to say so much on the subject of stresses in general as will 
serve to introduce us to the principal formule connecting stresses with 
‘ the corresponding mechanical forces, which we may find useful hereafter. 
This can be done very briefly. 

A simple stress is either a tension or a pressure acting in a certain 
line. It implies the existence of mutual force between contiguous parts 
of the substance in which it resides, and of a corresponding state of 
strain, with storage of energy in the potential form, i.e., depending 
upon configuration, though perhaps ultimately resolvable into kinetic 
energy. Thus if we fasten a cord to a beam, and hang a weight to its 
free end, the cord is slightly stretched, the work done by gravity 
during the stretching is somehow stored in the altered configuration, 
and the cord is put into a state of tension. At its lower end the tension 
in the cord is equal to the weight attached, at its upper end to the same 
plus the weight of the cord. The state of strain of course extends to 
the beam, and to the beam’s attachments, and so round to the earth, to 
which we ascribe the gravitational force, which is somehow stressed 
across the air to the weight, and from the weight to the earth. 

If the stretched cord be in motion in its own line, as when a horse 
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tugs a barge along a canal, there is, besides the transfer of energy 
through space by the onward motion of the horse, rope, barge, and 
dragged water, carrying their kinetic energy with them, a transfer of 
energy through the rope from the horse to the barge, and through the 
strained barge to the water, where it is wasted in friction. The rate of 
transfer per second equals the product of the tension of the rope into its 
speed, and the direction of transfer is against the direction of motion. 

If motion be transmitted from one machine to another by means of a 
horizontal endless band, the transfer of energy is through the stretched 
half of the band, and is again proportional to its speed (and against its 
motion), and to the difference of tensions of the two sections ; a uniform 
tension meaning continuously stored potential energy. | 

A pressure is a negative tension. Ifthe tension or pressure in a cord 
or rod be not uniform in amount across every section, we see at once 
that any small piece of the cord is pulled in opposite directions by 
forces of different amounts. Their difference is the mechanical force on 
the small piece considered, and measures its rate of acceleration of 
momentum. Thus, if P be the tension across a section at distance x 
from one end, dP/dx is the mechanical force at that place, per unit 
length of cord, acting in the direction of x positive. Unless otherwise 
balanced, it increases the momentum of the cord. Thus —dP/dz is the 
force that must be applied to keep the stress-difference from working. 
Examples :—(1). A vertically hanging cord; unequal tension ; applied 
force gravity. (2). In the endless horizontal band moving with uniform 
speed, there is no force resulting from its tension except where it 
changes in intensity, for example where it passes over pulleys. Ata 
pulley where the band gives out energy, the force and velocity product 
is positive, and where it receives energy, negative. These forces of the 
stress-variation are the negatives of the forces the pulleys exert on 
the band. 

The most general stress considered in the common theory of elasticity 
consists of three simple stresses (pressures or tensions) acting in three 
lines at right angles to one another in a substance. 

When, as is necessary in general, the axes of reference are not the 
lines of action of the mutually perpendicular simple stresses, the follow- 
ing notation is the most convenient. Although a tension or a pressure 
is not a vector in the usual sense, since it, although acting in a certain 
line, acts both ways, yet we may consider only one side of a stress at a 
time, and so represent the stress on any plane by a vector. On this 
understanding, let P,, P,, P, be the vector stresses per unit area on 
planes whose normals are x, y, z respectively. These are the forces 
exerted by the matter on the positive side on that on the negative side 
of the three planes, and, being forces, are vectors. Let the scalar com- 
ponents of P, be P,,, Pio Pig etc. ; and i, j, k be unit vectors parallel 
to X, y, Z. Then 


Pi =iP + JP. t KP 
P, =iP,, +P +KP 
P, =1P3) +j Pa + KPa | 


544 ELECTRICAL PAPERS. 


(The first of a double suffix fixes the plane, and the second the direction 
of the force.) Here there are nine components in a general stress. But 
examination of the force on a unit cube arising from this stress shows 
at once that the transverse stresses must be equal in pairs, Pig = Pov 
etc., if the force is to be purely translational, thus reducing the number 
to six. Then, the translational force due to the stress is 


i div P} +j div P, +k div P}; .....ccsseseeseeeees (2a) 


i.e., the z-component is div P,, etc. 

Should, however, we admit the possibility of nine coefficients (as we 
may do, at least on paper, in some kinds of magnetic and electric 
stresses), the z-component of the translational force is not the divergence 
of P,, but of its conjugate ; thus 


z-component isnot =dP,,/dx+dP,,/dy+dP,,/dz, 
but is =dP,,/dr+dP,,/dy+aP, /dz; .......+ (3a) 


a distinction which disappears when P,,=P,,, etc. Besides this, there 
is rotational force arising from the stress, whose vector moment per unit 
volume is [the torque per unit volume] 


i(Pog — Pye) + J(P a1 — Pig) + E( Pig — Pah ceececeeeeeeees (4a) 


which also vanishes when P, =P,,, etc. Should this be the case, the 
negative of (2a) is the applied force required for equilibrium. If not, 
then the negative of (3a) is the zcomponent of the applied force 
required to balance the translational force, and the negative of (4a) is 
required to balance the torque. 

There are three applications of this theory of stress. The first is in 
the dynamical theory of elastic bodies; the second is, after Faraday 
and Maxwell, in the explanation of forces of unknown origin 
by means of stress in a medium; and the third application consists 
in the use of the stresses, not for explanation, but for purposes of 
investigation. 

Thus, as from a given state of stress we derive the corresponding 
mechanical forces by differentiations, so we may obtain a state of stress 
that will produce a given distribution of force of any origin by integra- 
tions. The former is an exact process; the latter is to a certain extent 
indefinite ; for we may clearly add to the state of stress that gives rise 
to certain forces any state of stress that gives rise to no forces. We 
should naturally choose the simplest forms that present themselves, 
unless there should be reasons against this. We have a choice of 
formule for yet another reason, viz., when it is not the exact distribu- 
tion of force that is known, but only its resultant effect on a solid body, 
of which examples will occur later. We need not bind ourselves to the 
hypothesis that a certain state of stress really exists in a certain case, 
but merely use the stress-vectors as auxiliary functions to assist the 
reasoning, if the investigations should be assisted thereby. 

~The gravitational application made by Maxwell requires a pressure 
along a line of gravitational force combined with an equal tension in all 


`N 
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directions perpendicular to it. But the intensity of the stress is some- 
thing stupendous, being at the earth’s surface 


_1 614 x 10% 3. 10 

s- (3028-687 n To) 59 x 1010 dynes per sq. cm., 

or 3770 tons per square inch. (Maxwell made it ten times as much, so 
I give the above figures, in which I do not see any error; the unit mass 
is that of 3928 grams, 614 x 10” that of the earth, and 637 x 106 cm. 
its radius.) In the earth, on the supposition of uniform density, it 
would be proportional to the square of the distance from the centre. 
But a very severe mental tension is caused by an endeavour to imagine 
this stress to really exist. Yet the action of gravitation must be 
transmitted somehow. 


First Electromagnetic Application. 


No objection on the score of enormously great stresses being required 
applies when the electric and magnetic mechanical forces are in question. 
In fact the method seems peculiarly fitted for their explanation. The 
cause of this would seem to be twofold. Gravitational matter is all 
attractive, and is collected in great lumps. The electric and magnetic 
“ matters,” on the other hand, are comparatively superficial affairs, and 
are always in equal amounts of opposite kinds. If, as some suppose, 
the earth is full of electricity, it might as well not be there, for all the 
: good it does. 

As a first simple application, let us confine ourselves to a portion of 
space in which there are no impressed electric or magnetic forces, and 
the dielectric capacity, the conductivity, and the magnetic permeability 
are all constants, i.e., a homogeneous isotropic medium. There are 
three mechanical forces to be accounted for by a state of stress. 

(1). The mechanical force on electrification. This is, per unit 
volume, — í 

Ep = E div D =pE div E, 0o (5a) 


if E and D are the electric force and displacement, and p=c/4r the 
condenser capacity per unit volume. It acts parallel to E, which is the 
force per unit density. 


(2). The mechanical force called by Maxwell the Electromagnetic 


force. This is, 
VIB = V(kE + pH)yH, .......... cece cee cee eens (6a) 


k being the conductivity, p the permeability, H and B the magnetic 
force and induction, and T the true current, the sum of the conduction 
current and that of elastic displacement. It is perpendicular to both 
the current and the induction, and is in strength equal to the product 
of their tensors into the sine of the angle between their directions. 
Its existence in a dielectric is speculative, but it is difficult to do 
without it. 

(3). A mechanical force that we may call the Magnetoelectric Force. 


It is p x 
4r VDG = VDB = pu VEH, 


H, E.P. —VOL, I. 2M 
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where G is the magnetic current, or the time-variation of the magnetic 
_ induction +47. Its existence anywhere is speculative, but it is 
absolutely needed as a companion to the last. It is perpendicular to 
the electric displacement and to the magnetic current. If v be the 
velocity, the activity of this force is 


AmVVDG =47GVVD 5 . oo. cece cence ees (8a) 


hence 47VvD is the magnetic force “of induction,” due to the motion, 
the second form of (8a) expressing its activity. The existence of this 
magnetic force due to motion in an electric field was concluded before 
by general reasoning. [See p. 446. Notice that the impressed force 
required to balance the magnetoelectric force is the negative of (Ta); 
so that the motional magnetic force, regarded as impressed, is the 
negative of (8a). Similarly as regards the electromagnetic force and 
ne motional electric force, p. 448. Some worked out examples will 
follow. 

TEG magnetoelectrie force can only exist in transient states. The 
electromagnetic force exists in steady states as well, but then there 
must be dissipation of energy going on. The force on electrification is 
independent of whether the state is steady or transient. 

The forces (1) and (3) are explained by a simple Maxwellian stress, 
elèctric ; whilst (2) is explained by a similar magnetic stress. A simple 
Maxwellian stress consists of a tension along a certain line combined 
with an equal lateral pressure. Let U, and T, be the electric and 
magnetic energies per unit volume, or pE? and 4uH?/4r. Then U, 
is the intensity of the electric stress, and T, that of the magnetic stress. 
The tension is parallel to the electric force in the one case, and to the 
magnetic force in the other, the pressures being perpendicular to their 
directions. 

The electric stress on any plane, defined by its unit vector normal N, is 


(EN)D— UN, cieceeccececccseeeseseeeerees (9a) 


that is, a force parallel to D of intensity EN x tensor of D, combined 
with a normal pressure of intensity U, Similarly the magnetic stress 


on the plane is 
(FIN) 3/47). orreee (10a) 


i.e., a force parallel to B of intensity HN x tensor of B/4r, combined 
with a normal pressure of intensity 7,. By taking N =i, j, k, in 
succession, we may obtain the corresponding three stress vectors on 
their planes. But the simple Maxwellian stress is fully defined by the 
single expression (9a) or (10a), according as it is electric or magnetic, 
N being in any direction we please. 

To prove that these stresses give the required forces, it is sufficient to 
differentiate them. The divergence of the N-plane stress-vector is the 
N-component of the mechanical force due to the stress. Thus the 
divergence of (9a) gives the N-component of the forces (1) and (3), 
whilst that of (10a) gives the force (2). As the transformations will 
occur later in a more general manner, space will not be occupied by 
them here. Whether these stresses be realities or not (physically) 


there can be no doubt as to their appropriateness, 
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The medium is in equilibrium in all places where there is no electrifi- 
cation, or electric or magnetic current. Thus, in the region outside a 
wire supporting a steady conduction current, the stress-vectors have no 
divergence, and there is no mechanical force arising from the stresses. 
On the plane containing both the electric and magnetic forces, the 
stress is a normal pressure, of intensity U, + T}, acting in the line of 
transfer of energy. If, further, the electric and magnetic forces are 
perpendicular, as when the circuit lies in one plane, we have a tension 
U, — T, in the line of the electric, and a tension T,- U, in the line of 
the magnetic force. Lastly, if also U, and T, are equal, we have left 
only the previously mentioned simple pressure. 

Generally, let the normal N to any plane make an angle 6 with E 
and # with H; then the force on the N-plane is compounded of a 
normal tension 

U, cos 20+ T, cos 24, 
and two tangential forces 
U, sin 20, and T, sin 24, 
the first being in the plane of E and N, the second in that of 
H and N. 

There is another important case (not a steady state) in which the 
stress reduces to a pressure in one line, viz., in the propagation of a 
plane wave through a homogenous isotropic nonconducting medium. 
Let z be measured in the direction of propagation, x and y at right 
angles to z; then if E is parallel to x, H is parallel to y. If we look 
along z in the + direction, and E be + upward, H will be + to the 
right. They keep time together in all their variations of intensity at 
any place, and are of such relative magnitude that U, and T, are 
equal. Thus, 


E= wVHN, H = w VNE, P= (pe), eee. (11a) 


if v be the speed of the wave and N a unit vector parallel to z. Or if 
E, and H, are the tensors (magnitudes, apart from direction) of 
E and H, 

E, =p0H, Hy, = cE). 


Here, E and H being perpendicular and such that U, = T, the stress 
is a simple pressure P= 2U,=27;, in the line of z. The only mechanical 
force arising therefrom is one parallel to z, due to the variation of P 
along z. This force is the sum of the electromagnetic and magneto- 
electric forces, which are equal, and parallel to Zz, each represented by 
— 4dP/dz, per unit volume. 

Since the medium is not in equilibrium under the stress P, there is 
translatory motion in the line of z. This requires the medium to be 
compressible. Thus a wave of compression travels with the electro- 
magnetic wave. The compression is, however, only an effect of, not the 
electromagnetic disturbance itself. Thus, in the case of a simple 
harmonic wave, there is a translatory to-and-fro motion of the parts of 
the medium in the line of propagation, accompanying the wave; having 
double its frequency, as there are two maxima of pressure in a wave- 
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length. Assuming a light-ray to be an electromagnetic wave of this 
kind, and taking the amplitude of H to be 02 c.g.s. in strong sunlight, 
requiring the amplitude of E to be 6 x 108, or 6 volts per cm., with an 
electric current-density of 240 c.g.s., the maximum translational force, 
-daP/dz parallel to z, is about 5 dynes per cubic cm. It is here sup- 
posed that the disturbance is simple-harmonic, and that vA/m=4 x 105, 
if X is the wave-length. The translational momentum parallel to z is, 
in general, 2U,/v+ a constant independent of the time. 

This motion of the medium parallel to z, not to be confounded with 
the internal motions of the disturbance, must react upon the electro- 
magnetic wave. For, if v, be the z-velocity (vector), the electric force 
induced by the motion is »VHv,, and the magnetic force induced by 
the motion is cVv,E; to a first approximation E and H are altered to 
these extents. If we compare these expressions with (11a) above, we 
see that vN =v, makes the electric and magnetic forces induced by the 
motion equal to the original electric and magnetic forces. This result 
of a uniform speed of motion of the medium in the direction of propa- 
gation does not, however, mean more than the expression of the fact 
that if we travel with a wave, and at the same speed, the wave will 
appear stationary. 

The size of v, depends upon the density of the medium, varying 
inversely with it. But v, is not likely to be anything but a very 
minute fraction of the velocity of propagation, and therefore negligible, 
unless we artificially increase the electromagnetic or magnetoelectric 
forces by passing a ray of light through a strong magnetic or electric 
field. Noticing that H = -02 is quite small, we can greatly multiply the 
electromagnetic force by sending a ray across the lines of force of a 
strong magnetic field, whilst keeping its direction the same (along the 
ray). If, on the other hand, we send a ray parallel to the lines of force 
of the field, there is transverse electromagnetic force, and transverse 
motion produced, far exceeding the original in amount. Under such 
circumstances we might expect the effect of v, to be not negligible. 
These remarks, it will be noticed, rest upon the existence of the 
supposed stress. 


SECTION XXIII. THE MECHANICAL ACTION BETWEEN Two REGIONS. 


Summary of some results of Vector Analysis. 


In order to keep the present section within limits, it will be desirable 
to first give a short summary of certain general relations, discussed at 
length in previous articles. 

Let there be a distribution throughout space of a vector H, to be 
mentally realised by drawing lines following its direction, packing them 
closely where H is strong, loosely where it is weak. H may be the 
intensity of electric or magnetic force, the mechanical force on the unit 
of the corresponding matter. The field of H is decomposable into two 
fields of very different natures, say, H =F + K, such that F is a polar 
force, its line-integral round any circuit being zero, and K has no diver- 
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gence, or is circuital. From this property it follows that £ FK through 
all space is zero, making 
2H? =2F? +2 K?. 


The divergence of H is that of F only; the curl of H is that of K 


only. Let 
div H = 4p, CULM Saas: oeenn (12a) 


then p is the density of the “matter” of F, and T is the density of the 
“current” of K. (Say magnetic matter and electric current, or electric 
matter and negative magnetic current ; but, so far as the present section 
is concerned, the matter and current are simply defined by (12a). Let 
P and A be the potentials at any point, Q, of the matter and the 
current, according to 

P=2Zp/r, BeOS. aaeei (13a) 


r being the distance from p or T to the point Q where P or A is 
reckoned. Then 

F= -VP, KS curl A, -sesciatistasasis: (14a) 
show the derivation of F and K from the corresponding potentials. 


Also 
F= — % of, K= -EVT esses. (15a) 


if f be the vector force at the place of p or T, due to unit matter at Q, 
where F or K is reckoned. If we call the quantity = H?/87 the energy 
of H, the total energies of F and K are 


2 4F?/4r = È} Pp, 2 4K? Jtr =Z ZAT. n, (16a) 
The mechanical force per unit volume is 
PHEVTCH. pice acu (17a) 


Limitation to a bounded region. 


The above referring to all space, in order to apply the results to a 
-bounded region we must suppose H=0 outside it, for our temporary 
purpose, but without altering H within the region. This makes p and 
I zero in the outer region, keeps them unaltered in the inner region, 
and, owing to the sudden cessation of H at the boundary, introduces 
new matter and current there. Let co, and y, be the surface repre- 
sentatives of p and I. They are given by 


N H= 4ro, . VN H =Aryp nieee (18a) 


corresponding to (12a), N, being the unit normal from the boundary to 
the inner region. If, now, we include this surface matter and current 
in the former p and T, the results are applicable to the inner region 
outside which H has been abolished, or to all space if we like to keep 
the outer H zero. P must be the potential of p and c}, and A the 
potential of T and y, 

As H in the inner region is the same as before H in the outer 
region was abolished, it follows that the force in the inner region due 
to the surface matter and current is identically the same as that due to 
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the abolished p and T` in the outer region. And, as there is now no 
force in the outer region, it follows that the force in the outer region 
due to the surface matter and current is the negative of that due to 
the matter and current in the inner region. If, for example, there was 
originally no p and no T in the outer region, the force in the inner 
region due to the surface matter is the negative of that due to the 
surface current, so that together they produce no force in the inner 
region, whilst in the outer region their joint effect is the negative of 
that of the p and T in the inner region. 

Similarly we may treat the outer region as self-contained, by making 
H =0 in the inner region, and introducing surface matter and current 
given by 


NH = 47, VN.H = 4rry,, 
N, being the unit normal from the boundary to the outer region. 
Since N, = —N,, c, and y, are the negatives of the former o) and y, 


The force in the inner region due to c, and y, is the negative of that 
due to the p and T in the outer region, whilst in the outer region it is 
the same as that due to the abolished p and T in the inner region. It 
will be convenient to have a fixed way of reckoning the normal and the 
surface matter and current. Let the normal be always + from the 
boundary to the outer region, and be called N, the same as the former 
N.. Similarly call the surface matter and current o and y, correspond- 
ing to N, being the former o, and y, so that o, = —o, and y, = -= y. 


Internal and External Energies. 


Let p T and p,, F, be the matter and current densities in the 
inner and the outer regions, o and y the surface matter and current 
(as just defined), P,, A,, Pa Ap and P,, A), the potentials of the inner, 
the outer, and the boundary matter and current, after (13a). Then the 
energies in the internal and the external regions are 


2=3(A,- A(T, —y)+242, Scat * aceasta (19a) 
and 2 H(A, +AT +y) + 23(P, + Poto), 


respectively, by (16a). But also, by disregarding the boundary alto- 
gether, the total energy in both regions is 


ELA HANTI +T) + 2 4( Py HPN HP) oee (204) 
So the sum of the two expressions in (19a) equated to that in (20a) 
gives us the necessary relation 
2 (AT; + Pip) == {V(4, - Ay) +0 (P3 - Py) + Agy + Poe} ; 
both members being expressions for the mutual energy of the matter 
and current in the two regions. If there is no p or T in the outer 
region, this is equivalent to 


0 =} (Ay + Pe — Ay - Po), 
and the external and the internal energies are 
= (Ay + Pye), and ZAAT + Pp) - 23 (Any + Poo), 


ELECTROMAGNETIC INDUCTION AND ITS PROPAGATION. 551 


respectively. The first of these we may also write as >4$Po, if 
H = - VP, as it can be expressed; or else as 24Ay, if curlA=H, 
which is possible when Èo =0. 


Mechanical Force between the Regions. 


There being matter and current in either or both regions, the 
resultant force on the inner region is 


Spa NTA); eceran (21a) 


the summation extending throughout the region. It is zero on any 
region in which there is no matter or current. Similarly 


D (ac VEN) osieeaatetaceneieanae (22a) 


is the resultant force on the outer region, the summation extending 
through 7. Since the summations in (21a) and (22a) together include 
all space, the one sum is the negative of the other. Or, as (21a) is the 
resultant force of the outer on the inner region, and (22a) is that of the 
inner on the outer region, the one is the negative of the other. That is 
to say, action and reaction are equal and opposite ; or, stress is mutual ; 
or, a complete dynamical system cannot set itself moving, when taken 
as a whole. Both (21a) and (22a) are expressed by 


+E A(CH+V YH), ceecee (23a) 


taken over the boundary, using the + sign to express the force of the 
outer on the inner region, and the — sign to express that of the inner 
region on the outer. Comparing (23a) with (22a) and (21a), we see 
that boundary matter and current take the place of the matter and 
current in the inner or the outer region as the case may be. We may 
verify the equivalence of (23a) to the others by differentiation, applying 
the perennially useful and labour-saving Theorem of Convergence to 
either region with the common boundary ; but the reason of (23a) and 
its hecessity may be more simply seen thus. When we abolish the 
external field, and put —o and -y on the boundary, we make the 
inner region, with the boundary matter and current, a complete system, 
on which there is no resultant force. The resultant force on the surface 
matter and current —o and — y is therefore the negative of that on the 
internal p and I’. But the surface matter and current are, so far as the 
mechanical force between the regions is concerned, equivalent to the 
external matter and current. Hence the resultant force on o and y is 
the same as that of the p and T in the outer region on the p and T in 
the inner. Hence, in (21a) we may put o and y for p, and T,. But 
then, since by this we turn the volume-integral into a surface-integral, 
we must take the mean value of H through the infinitely thin layer of 
the surface matter and current. This is 4H, since H =0 outside when 
the surface matter and current are taken instead of the external p, and 
T, Hence the presence of the 4 in (234). 
The vector in that expression, viz., 


HoH +VyH) Arzeeasecccveraduceanties (244) 
is the vector stress, according to the last section, regarding one side of 
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it only, the force of the outer on the inner region per unit area of the 
boundary. Putting o = NH/4r, y= VNH/4r, it takes the form 


H(HN/4r) — N(H?/8r). 0.. (25a) 


Hence it is a simple Maxwellian stress of intensity H?/87. 

It is not necessary, in reckoning the resultant mutual force between 
the regions, to take H in the formulae, i.e., to take the intensity of the 
force due to the matter and current in both regions. Thus, H, being 
the force-intensity due to p, and T), and H, that due to p, and je the 
resultant forces on the inner and outer regions are 


Z(p,H,+VI,H,) and (p,H,+VI,H,) ...... (26a) 


respectively. Comparing with (21a) and (22a) we see that this is 
equivalent to saying that 


0=2(e,H, + VTH), 0=2(p,H,+ VTH). ...... (27a) 
Remember that in the inner region H, is the same as the force- 
intensity due to -ø and — y; whilst in the outer region H, is the 


same as that due to +o and +y. The (26a) expressions are equivalent 
to the boundary summations 


2(cH,+VyH,) and -2(cH,+VyH,); 
or, in terms of the surface H, and H, only, to 
+2 {H,(NH,)+H,(NH,) —- N(H,H,)}/47. .......... (28a) 


H and P in either region due to p and T in the other. 


For distinctness, let there be no p or T in the outer region. H is 
then given by 
H= -—2(pf+ VIf) = -VÈ pp+ curl Zpr, ........... (29a) 


H being reckoned at a fixed point Q, and p and f being the potential 
and force-intensity at the place of p and T due to unit matter at Q. 
That is, 

p=l1/r, f=r;/7?, 
if r be the distance from Q to the place of p or T, and r, a unit vector 
along r from Q. For p and F we may substitute the surface matter 
and current, when the point Q is in the outer region ; thus, 


= — X (of + Vyf) = -VÈ po + curl È py. essnee. (30a) 


Then, since o and y depend only upon the boundary H, if H be given 
only over a closed surface, we know H through the whole external 
space, so far as it depends upon p and T within the surface, and there- 
fore definitely throughout the external space when there is p and T 
only within the surface (or, in the extreme, upon it). As we change 
the form of the boundary, the distributions of the surface o and y 
change. There may be matter only, viz., when H is normal every- 
where, or the boundary is an equipotential surface (say due to an 
electrically charged conductor). There would be current only if H 
could be everywhere tangential, but this is not possible if H be magnetic 
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force, at least without having current in the outer region. In general, 
we have both matter and current. Although the external field is 
definitely fixed by the surface H, we can get no information from it as 
to the internal field, except that Zo =È p, or the matter on the surface 
is the same in amount as that within it. If this be not zero, there is 
matter of amount — Èo or — È p on the surface at infinity, if we stop the 
extension of space. A closed current is equivalent to equal amounts of 
+ and — matter; so is a magnet. 

In the second form of (30a), the force H is derived from the scalar 
potential of o and the vector potential of y. We can, however, derive 
it from a scalar potential only, thus :—Since the surface H, say Ho, is 
given, the surface potential can be found, except as regards a constant, 
by a line-integration on the surface from a fixed point, whose potential 
is taken as zero. Thus, P, being the surface potential, 


Pae | Huds, ae eee (31a) 


Hds being the scalar product of H, and ds, the vector element of the 
line of integration. Then, if P is the potential at the external point Q, 
we shall have 

P=} po -È (fN)P 4r, eaae. ESTE (32a) 


and H= - VP. The first 2 gives that part of the external potential 
due to the surface matter, c =H,N/4r. The second part is the scalar 
potential of the current; that is, if it be electric current, it is its mag- 
netic potential. Or, it is the external magnetic potential of a closed 
magnetic shell, normally magnetised to strength P,/47. For, if I be 
the vector magnetic moment of a small magnet, its potential at Q is 
—If; in the present case I = NP,/47, and P,/4m is the moment per unit 
area. It is the same as Maxwell’s “current-function” of a current- 
sheet. Test (32a) by the Convergence Theorem. The indeterminate- 
ness of P, as per (31a) as regards a constant does not affect (32a), the 
external potential of a closed magnetic shell of uniform strength being 
zero. 


The external P in terms of the Surface Po 


Let it be the surface P, that is given, not H, the surface force. A 
part.of P is known, viz., the second term on the right of (32a). But 
the first term being in terms of the force, through o, must be got rid of. 
Let x denote the operator that finds the external potential of the mag- 
netic shell; that is, x = — È (fN)/4r operating upon Py finds xP, the 
external potential of the shell of strength P,/4r ; this potential zP, is 
not the same as P. Let zP, denote the surface value of xP), not the 
same as P, Then we may denote by z,~1 the operator which, acting 
upon Po, finds z)-1P5, the strength of shell whose potential is P, at the 
surface. Then, at an external point, 


P = Tg Pi 
To render this process intelligible, expand x71 thus :— 
ty t= {1-(1-2))}-!=14+(1-%)+(1 — a)? 4+.... 
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Then we have FF 
PHa{ Pot (1 — to) Po t+ (1-2) Pot nef, ereere (33a) 
giving the external P in terms of the surface P, by direct operations, 
when for z we put its rational equivalent — È (fN)/4z7. 

The first approximation is zP, The next is 7(P)-2)P)), and so on. 
It is a process of exhaustion. But it, only works when 2p=0. (33a) 
therefore solves the problem of finding the potential throughout a region 
bounded by a closed surface (taking N as the inward normal) in terms 
of the surface potential, the p and T being on the other side. And, 
when p and T are inside, it finds the external potential if È p = 0. 


Annihilation of the Surface Current. 


To get rid of y and substitute matter giving the same external 
potential. Thus, given Hy. The first of (30a) gives H in terms of H, 
through o and y. The first distribution of matter is o=NH,/47, and 
the force due to it is— 2f(NH,)/47. Call this yH, and let its surface 
value be yHọ Then . 

H = yyy” Ho = y{ Hy + (1 - yo)Hy + (1 - y) Hot -h ++ (34a) 
in direct operations. 

Or thus, H, gives a first e and y. Find the field due to the first y. 
It has a normal and a tangential component, and therefore gives a 
second ø and y. Find the field due to the second y, which gives a 
third o and y; and so on. As we proceed, the y left gets smaller and 
smaller, and is finally annihilated, leaving a distribution of matter, the 


sum of all the o’s, say sọ Then H= -È fs, where oy is given by 
oo =N(1 -2)-1H,/4r, where z=ZfVN/4z, 
or, Cy NH Age Hyt An aa (35u) 


Annihilation of the Surface Matter, when possible. 
Starting with F, it gives a first o and y, and the H due to the latter 


is 
2 Vfy == VfVNH,/47=wH, say. 
Let wF, be the surface value. Then 
H = ww, 1H, = w{H, + (1 -wHo + (1 - w) H+...)  ....(36c) 


Or thus; in the manner (354) was got, but annihilating o instead of 
y, we shall have H=~Vfy,, where y, is the finally-arrived-at current 
given by 

Yo = VN(1 - y) 71H, /47; where y= —2£.(N/47). 


Or Yo = VEVN(H, + yH)+y°Hy+...)/4m. wee, (37a) 
Here y is the same as in (34a). 
P in Terms of the Surface Ho. 


When the p and T are in the inner region, the first approximation to 
the value of P at the external point Q is =pNH,/47, say wH,; and the 
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force due to this is - VuH,. The complete external potential is 
P=u( — Vu) Ho =u{1 + (1+ Vu) +...} Ho, (380). 


But if the point Q be inside, and the p and T outside, this formula © 
does not give the internal P (with N as the inward normal), but leaves 
it indeterminate as regards a constant. 


A in Terms of the Surface Hy 


The first approximation to A (such that H = curl A) being 2pVNH,/4r, 
say qH, and the force due to this being curl gH), the complete external 
A at Q, when p and T are inside, and Èp = 0, is 


A = q(curl.g,)1H, = ¢{1+ (1 — curl. go) +... } Ho seeen (39a) 
But if Xp or Èo is not zero, we shall have 
H=curlA-VP,, 


where A is given by (39a), and P} is the potential due to 2 p distributed 
equipotentially. The external energy will now be expressed by 


StAy+ 3P, 2p 
where y= VNH,/47; the mutual energy of the fields of A and P, being 
zero. 


Remarks on these formule. 


The process indicated by the right member of (33a) consists in the 
substitution of magnetic shells for matter, and finding their potentials. 
Let the final result be P}, and P,, be its surface value. Then P,,=P, 
if Zp=0. Otherwise, their difference must be a constant, say 
Py — Pio= Pæ For «Py, must be zero, therefore Pw is constant. It is 
the potential of the surface when the quantity of matter ~p=2o is 
distributed over it equipotentially. 

Similarly, in the (36), (37a) annihilation of the surface matter, so 
far as is possible, we arrive at the force which differs from the real force 
by that due to the matter 2o which is left, and which is distributed 
equipotentially. 

It will be observed that whilst the first e and y together produce no 
field on one side of the surface, the annihilation of either completely 
alters this. The complete o,, for example, produces a field on both 
sides, although it is the same on one side as that due to o and y, i.c., 
on the side where H was under investigation.. 

There is always a distinction between the external and the internal 
regions as regards the determination of P from the surface force. It 
fixes the external force, when p and T are inside, and it also fixes the 
potential, so as to vanish at an infinite distance. It also fixes the 
internal force when the p and T are outside, but cannot then fix the 
potential. (£.9., no surface force, yet a constant internal potential, 
depending upon external matter.) This puts a difficulty in the way of 
the estimation of the external P in terms of the surface P, when the p 
and T are inside, and 2p is not zero, even when we apply Greens 
method. We do not arrive at the proper Greenian distribution of 
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matter, but at another, giving a surface potential differing from what is 
wanted by a known constant, so that we have to find another distribu- 
tion, to give this constant potential. 


SECTION XXIV. ACTION BETWEEN A MAGNET AND A MAGNET, OR 
BETWEEN A MAGNET AND A CONDUCTOR SUPPORTING AN ELECTRIC 
CURRENT. THE CLOSURE OF THE ELECTRIC CURRENT. ITS 
NECESSITY. 


The section before the last being preliminary to the subject of the 
stresses, and the last section being of a perfectly abstract nature, the 
one to follow this will be on the magnetic stress in general, as modified 
by differences of permeability and other causes. The present section 
is of an intermediate nature. Though dealing with the magnetic stress 
outside magnets, its principal object is to direct attention to the vexed 
question of the closure of the electric current; which I endeavour, as 
far as I can, to bring down to a question of definition. 

Let us forget, if possible, for a time, all knowledge of the electric 
current—or rather, let us make no use of it. Suppose that we are fully 
acquainted with the mechanical actions of rigid magnets upon one 
another. That there is probably no such thing as a perfectly rigid 
magnet (that is, in the larger theory, an unmagnetisable magnet, whose 
permeability is unity, or the same as that of the enveloping medium) is 
immaterial. We suppose there is. Except that the argument would 
be more complex, it would not alter our general conclusions to take a 
magnetisable magnet. 

We may put any collection of little rigid magnets together to form a 
complex magnet, having any distribution of magnetisation. Its ex- 
ternal field of force is to be got by observing the mechanical force it 
exerts upon one pole of an exceedingly weak and slender magnetised 
filament, uniformly and longitudinally magnetised, so as to localise its 
poles strictly at its ends. Upon the basis of the definition of a unit 
pole, that it repels a similar unit pole at unit distance with unit force, 
we can map out the external field of force. Let F be the magnetic 
force intensity, that is, the force on a unit pole placed in the field. 
F is subject to the conditions 

div F =0, curl F = 0, 
outside the magnet. The lines of F start from the surface of the 
magnet, proceed in curved paths through the air, and end upon its 
surface again at other places. 

If we describe a closed surface in the air, completely enclosing the 
magnets, of whose position within the surface we might be ignorant, 
we should be entirely unable from our examination of the field outside 
the surface, to determine the interior distribution of magnetisation, or 
even to determine the situation of its poles, that is, the distribution of 
the imaginary magnetic matter, to which, if we ascribe self-repulsive 
force according to the inverse-square law, we may attribute the external 
force. We might ascribe F to a distribution of matter o over the 
surface itself, of total quantity zero; or to a distribution of a vector 
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quantity y over the surface in closed lines, producing external F 
according to another law, viz., Vfy=force at a point Q due to the 
element y; f being the force at y due to unit matter at Q; or to com- 
binations of both o and y, one of which is unique, inasmuch as it pro- 
duces no internal field. Contract the surface until it reaches the 
magnet itself. Then we may ascribe the external field to a, or to y, or 
to combinations, definitely, on the surface of the magnet, or in its 
interior in various way, but not definitely. The distribution of mag- 
netisation is, a fortiori, still more. undiscoverable, for there may be 
distributions corresponding to no magnetic matter, giving no external 
force. 

But, making use of our knowledge of the effect of building up a 
magnet from smaller ones, we may suppose that the magnetisation is 
known. Let the vector magnetisation be I, and its convergence be p, 
the density of the magnetic matter. Then ; 


div F = 4rp, ‘ curl F=0 


fully determine F. It is of considerable practical utility in theoretical 
reasoning not to treat the surface- and the volume-densities separately, 
but to include them both in p, the volume-density. Thus, if a magnet 
be quite uniformly magnetised, there is, strictly speaking, no p. The 
convergence of I is on the surface. But, by'supposing I not to cease 
abruptly on reaching the surface, but gradually, however rapidly, 
through a thin surface-layer, we make the matter have a space distri- 
bution, of the same total amount per unit of surface as the surface dis- 
tribution it represents. We can always derive the surface expressions 
from those of the volume with great ease, when we want them; whilst 
our work is much simpler without them when we do not want them. 

The resultant force between any two magnets may now be easily 
represented. ÈŁ Fp, is the resultant force on a magnet whose matter 
density is p, due to another magnet whose polar force is F, And 
È Fp, is the force of the first magnet on the second. (We need not 
trouble about the forces of rotation at present, which are nearly as 
simply represented.) These are equal and opposite. Also 2F,p,=0 
and È F.p,=0; that is, a magnet cannot translate itself (or rotate itself 
either). So if F=F, +F, making F the actual force of the field, the 
forces on the magnets are 2 Fp, and È Fp, respectively. | 

Describe any closed surface separating one magnet from the other ; 
let the first magnet be inside. The force on it may, as in the last 
section, be represented by the surface-integral 


2 4(oF + VyF), 


if o= NF/4r, y= VNF/4z, N being a unit normal from the inner to the 
outer region. Or, which is the same thing, by 


= {F(NF) - N(}F?)}/4r, 


in terms of the Maxwellian stress. 
The following is the process of showing that this stress gives rise to 
the required mechanical forces, The quantity summed up is the vector 
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stress on the plane whose normal is N. If we fix the direction of N, its 
divergence is the N-component of the force per unit volume, by the 
principles of varying stress. 


Now div {F(NF)} = (NF) div F + FV(NF), 
d i dF 
1N C1) pes 
and div {NGF?)} = PGF ) roi, 
if n be length measured along N. 
Also, H 2 v(NF)} -NVF curl F, 


so, S being the vector stress on the N plane, 
4r div 8 = (NF)div F - NVF curl F, 
= N{F div F - VF curl F}, 
div 8 = N{Fp + VIF}, 
if T =curl F/47. This being the N-component of the force, the force 
itself is Fo+VIF 


per unit volume; or, since I‘=0, the magnetic force of the magnets 
being polar, simply Fp per unit volume. 

The length of this process depends upon our wishing to develop the 
term VTF. If it were not for that, we would see at once that . 


when F is polar, N being in any direction, and so get the force Fp 
immediately. 

The question now asks itself (remembering that we are ignorant of 
the electric current), what is this T, whose vanishing cuts the work 
short at the beginning, in our case of F being polar. Can it really 
represent any physical magnitude ? 

It is defined by curl F = 47T, and is necessarily zero in the case of 
magnets. It indicates closed lines of F, which are impossible with a 
strictly polar force in all space. T is a vector which is necessarily 
circuital, This is a mathematical consequence of its definition. 

Furthermore, whilst F, as a polar force, with T =0, is a special kind 
of distribution of a vector, if we allow T to be not zero F becomes of 
the most general type possible, any distribution of force, or any field of 
force, without the polar limitation. Given the divergence, and the curl 
of a vector, the vector itself is fixed, if it is to vanish at infinity. 

Supposing, then, we allow that T can exist, we can predict what the 
mutual force between a magnet and it will be. Let there beT in a 
certain region, outside of which there is only p, therefore only magnets. 
The resultant force on this region is equivalent to VTF per unit 
volume. We cannot localise the foree—we can only know its total 
amount. It is necessarily 2VI'F. The reason we cannot say that 
VIF is the force on unit volume is that T is necessarily circuital, and 
so we cannot work down to a unit volume without having current in 
the external region as well, which is against our previous knowledge. 
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So far, I’ has a merely speculative existence. It is got by making 
the assumption that there can be circuital magnetic force. Admit that 
there can be, the laws of T follow. T is necessarily circuital. The 
magnetic force it produces at Q is È? fT, if f be the force at T due to unit 
matter at Q. The force between one T and another, and between T 
and p follow, viz., that the resultant force on any region containing p 


and closed I’ is = (pH + VITHE), 


H being the actual intensity of the field due to all the p and T. 

Now, we do know what T is, under certain circumstances. By the 
researches of Ampère, the father of electrodynamics, we know that 
I‘ measures the density of current in a conductor when it is steady. 
His researches were conducted in a very different manner, and are 
indeed very difficult to follow, like most novel researches, but the 
results are exactly these, without his hypotheses as to the action 
between different elements of a current. We virtually measure the 
strength of current in a conductor, when we use a galvanometer, by 
the line-integral of H round a current, and that is the amount of the 
quantity T = curl H/47, passing through the line of integration. 

Also, steady currents are closed. So far, then, we identify T with | 
the conduction current. | 

But our T is closed under any circumstances. We know also that 
conduction currents are not always closed; for instance, when we charge 
a condenser. We still measure the conduction current in its transient 
state by I. We do so by the continuously changing instantaneous 
magnetic force if the charge or discharge be slow enough; otherwise, 
by the ballistic method, which is virtually the same. T being then 
unclosed in the conductor, has necessarily its exact complement, to 
close it, outside the conductor, t.e., our T has, though it may be only 
called current when in the conductor. 

But our I’, being identified with current when in a conductor, both 
in steady states when the current is closed in the conductor, and in 
transient states when it is closed through the dielectric, and this I’ in 
the dielectric being related to the magnetic force in the same way as if 
it were conduction current, why should we not call it electric current 
also? As it demonstrably exists, we see that the closure of the current 
is reduced to a question of aname. It would be positively illogical not 
to call it electric current. 

To sum up :— 

l. From magnetic knowledge only, there should be no circuital 
magnetic force in the space outside magnets. 

2. If we admit the existence of circuital magnetic force, or, say 
generally, if we admit that the line-integral of the force in a circuit in 
air can be finite, we arrive at a vector quantity I‘ having also the 
property of being circuital, and we can find the mechanical force 
between it and magnets or other I’, and can thus definitely measure T. 

3. This ! we know to be conduction current, when steady. 

4, But in transient states, conduction currents are not always 
circuital. 
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5. But a part of T still measures the conduction current. 

6. The other part, the complement of the conduction current, is out- 
side the conductor, continuous wit the conduction current, and closing 
it. 

7. Then why not call it electric current ? 

We see that it is not a question for experiment, for no amount of 
experimenting could alter this reasoning, but of definition, an agree- 
ment to call a certain function of the magnetic force always by one 
name, viz., the electric current, which, if in a conductor, heats it and 
wastes energy, whilst in a nonconductor does not, energy being stored 
potentially. It is, of course, needless to add that this current in a non- 


conductor is Maxwell’s current of displacement, D, the rate of increase 


of the displacement, whilst ED is the activity of the electric force E to 
match, and 4ED the stored potential energy of displacement. 


NOTE on equation (32a) [p. 553].—For mnemonical purposes, the 
following is a concise form of this equation. The potential being 
given = P, over a closed surface, due to matter or current within or 
on it, the potential P at any external point Q is 


Pecs PE (Pap), PTEE TE (32a) bis. 


if p be the potential due to unit matter at Q, and n be length measured 
along the normal outward. 


[The second half, Sections 25 to 47, of this Article, is in vol. 2). 
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